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GEOPHYSICS

Corresponding Member of the Academy of Sciences of the USSR G. I.
MARCHUK

ON NONLINEAR PROBLEMS OF OCEANIC
CIRCULATION
In recent years a number of investigations have been carried out on the theory
and methods of solving nonlinear problems of the dynamics of the baroclinic
ocean (1–4). In the present paper a further development of this theory is given
on the basis of the method of splitting the complex operators of the problem
into the simplest ones. The methodological basis for posing the problem is
the construction of an equation for the pressure in the ocean, the principles of
which have already been set forth in a linearized model (5). We shall write the
equations of the dynamics of ocean currents in the form

𝑑𝑢
𝑑𝑡 − 𝑙𝑣 = −1

𝜌
𝜕𝑝
𝜕𝑥 + 𝜕

𝜕𝑧 𝜈 𝜕𝑢
𝜕𝑧 + 𝜇Δ𝑢,

𝑑𝑣
𝑑𝑡 + 𝑙𝑢 = −1

𝜌
𝜕𝑝
𝜕𝑦 + 𝜕

𝜕𝑧 𝜈 𝜕𝑣
𝜕𝑧 + 𝜇Δ𝑣,

𝜕𝑝
𝜕𝑧 = 𝑔𝜌, (1)

𝜕𝑢
𝜕𝑥 + 𝜕𝑣

𝜕𝑦 + 𝜕𝑤
𝜕𝑧 = 0,

𝑑𝜌
𝑑𝑡 + Γ𝑤 = 𝜕

𝜕𝑧 𝜈1
𝜕𝜌
𝜕𝑧 + 𝜇1Δ𝜌.

Here 𝑢, 𝑣, 𝑤 are the components of the velocity vector; 𝑝 and 𝜌 are the deviations
of the pressure and density of water from the standard values ̄𝑝 and ̄𝜌; Γ = 𝑑 ̄𝜌/𝑑𝑧;
𝑙 is the Coriolis parameter. Note that here the 𝑧-axis is directed from the ocean
surface downward. Following (5), from the equation for the free surface 𝜁 we
pass to the condition relating the functions 𝑝 and 𝑤,

𝜕𝑝
𝜕𝑡 + ̄𝑔𝜌𝑤 = 𝐷𝑝0 − (𝑢 𝜕𝑝

𝜕𝑥 + 𝑣𝜕𝑝
𝜕𝑦 ) for 𝑧 = 0, (2)
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where

𝐷𝑝0 = 𝜕𝑝0
𝜕𝑡 + 𝑢𝜕𝑝0

𝜕𝑥 + 𝑣𝜕𝑝0
𝜕𝑦 ;

𝑝0 is the atmospheric pressure at the level of the ocean surface. To system (1)
we adjoin the conditions

𝜈 𝜕𝑢
𝜕𝑧 = −𝜏𝑥𝑧

𝜌 , 𝜈 𝜕𝑣
𝜕𝑧 = −𝜏𝑦𝑧

𝜌 , 𝜕𝜌
𝜕𝑧 = 𝛾 for 𝑧 = 0, (3)

where 𝜏𝑥𝑧, 𝜏𝑦𝑧 are the prescribed wind stresses on the ocean surface; 𝜈𝛾 is the
density flux due to changes in the temperature and salinity of the surface layer of
water—a prescribed function of the coordinates and time. At the ocean bottom
the conditions are imposed

𝑢 = 0, 𝑣 = 0, 𝑤 = 𝑢𝜕ℎ
𝜕𝑥 + 𝑣𝜕ℎ

𝜕𝑦 , 𝜕𝜌
𝜕𝑧 = 0 for 𝑧 = 𝐻, (4)

where 𝑧 = ℎ(𝑥, 𝑦) is the equation of the ocean-bottom surface, and 𝐻 is a
certain“mean”depth of the ocean. It is assumed here that the orography of the
ocean can be taken into account within the framework of the theory of small
perturbations. The question of allowing for orography is discussed more fully
in (1).

Let us suppose that the ocean is bounded by a cylindrical surface 𝑆, on which
we impose the no-slip condition and the equality to zero of the flux of dens-

through the boundary 𝑆

𝑢 = 0, 𝑣 = 0, 𝜕𝜌/𝜕𝑛 = 0 on 𝑆, (5)

where n is the normal to the surface 𝑆.

As initial data we take

𝑢 = 𝑢0, 𝑣 = 𝑣0, 𝜌 = 𝜌0 for 𝑡 = 0. (6)

We shall seek the solution of problem (1)—(6) by means of a difference method.
To this end, the entire interval 0 ≤ 𝑡 < 𝑇 is divided into partial intervals of
width Δ𝑡 = 𝜏 , and within each such interval 𝑡𝑗 ≤ 𝑡 ≤ 𝑡𝑗+1 the problem under
consideration is approximately represented in the form of two problems. First
we solve the problem of transport of the substances ̄𝜌𝑢, ̄𝜌𝑣, and 𝜌 along particle
trajectories
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𝑑𝑢/𝑑𝑡 = 0, 𝑑𝑣/𝑑𝑡 = 0, 𝑑𝜌/𝑑𝑡 = 0 (7)

under the condition that the functions 𝑢, 𝑣, and 𝜌 are prescribed at those bound-
ary points where the velocity vector is directed into the domain 𝐷 in which the
solution is defined. As initial data we take the functions

𝑢 = 𝑢𝑗, 𝑣 = 𝑣𝑗, 𝜌 = 𝜌𝑗 for 𝑡 = 𝑡𝑗. (8)

Suppose that the solution of problem (7)—(8) at the time 𝑡𝑗+1 has been found
and denote it by the index 𝑗 + 1/3. Then we shall have 𝑢𝑗+1/3, 𝑣𝑗+1/3, and
𝜌𝑗+1/3. Next we choose the obtained solutions as initial data for the solution of
the problem of nonstationary turbulent diffusion on the interval 𝑡𝑗 ≤ 𝑡 ≤ 𝑡𝑗+1

𝜕𝑢
𝜕𝑡 = 𝜕

𝜕𝑧 𝜈 𝜕𝑢
𝜕𝑧 + 𝜇Δ𝑢, 𝜕𝑣

𝜕𝑡 = 𝜕
𝜕𝑧 𝜈 𝜕𝑣

𝜕𝑧 + 𝜇Δ𝑣, 𝜕𝜌
𝜕𝑡 = 𝜕

𝜕𝑧 𝜈1
𝜕𝜌
𝜕𝑧 + 𝜇1Δ𝜌 (9)

with conditions on the ocean surface

𝜈 𝜕𝑢/𝜕𝑧 = −𝜏𝑥𝑧/ ̄𝜌, 𝜈 𝜕𝑣/𝜕𝑧 = −𝜏𝑦𝑧/ ̄𝜌, 𝜕𝜌/𝜕𝑧 = 𝛾 for 𝑧 = 0 (10)

and at the bottom

𝑢 = 0, 𝑣 = 0, 𝜕𝜌/𝜕𝑧 = 0 for 𝑧 = 𝐻. (11)

On the coastal surface 𝑆 we impose the conditions

𝑢 = 0, 𝑣 = 0, 𝜕𝜌/𝜕𝑛 = 0 on 𝑆. (12)

As “initial”data for 𝑡 = 𝑡𝑗 we take the following:

𝑢 = 𝑢𝑗+1/3, 𝑣 = 𝑣𝑗+1/3, 𝜌 = 𝜌𝑗+1/3 for 𝑡 = 𝑡𝑗. (13)

Here it is assumed that

𝑑/𝑑𝑡 = 𝜕/𝜕𝑡 + 𝑢𝑗𝜕/𝜕𝑥 + 𝑣𝑗𝜕/𝜕𝑦 + 𝑤𝑗𝜕/𝜕𝑧,

and 𝑢𝑗, 𝑣𝑗, 𝑤𝑗 are known functions of the coordinates.

After problem (7)—(8) has been solved and the hydrological characteristics 𝑢, 𝑣,
and 𝜌 at the time 𝑡𝑗+1 have been obtained, which we denote by 𝑢𝑗+2/3, 𝑣𝑗+2/3,
𝜌𝑗+2/3, we take these values now as “initial”ones for 𝑡 = 𝑡𝑗 in order to solve
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the problem of adapting the hydrological fields. As a result we arrive at a new
problem on the same time interval 𝑡𝑗 ≤ 𝑡 ≤ 𝑡𝑗+1

𝜕𝑢
𝜕𝑡 − 𝑙𝑣 = −1

̄𝜌
𝜕𝑝
𝜕𝑥, 𝜕𝑣

𝜕𝑡 + 𝑙𝑢 = −1
̄𝜌
𝜕𝑝
𝜕𝑦 ,

𝜕𝑝/𝜕𝑧 = 𝑔𝜌, (14)

𝜕𝑢/𝜕𝑥 + 𝜕𝑣/𝜕𝑦 + 𝜕𝑤/𝜕𝑧 = 0,

𝜕𝜌/𝜕𝑡 + Γ𝑤 = 0

with the conditions

𝜕𝜌
𝜕𝑡 + 𝑔 ̄𝜌𝑤 = 𝐷𝑝0 − (𝑢 𝜕𝜌

𝜕𝑥 + 𝑣𝜕𝜌
𝜕𝑦 ) for 𝑧 = 0,

𝑤 = 𝑢𝜕ℎ
𝜕𝑥 + 𝑣𝜕ℎ

𝜕𝑦 for 𝑧 = 𝐻 (15)

and on the surface 𝑆

u ⋅ n = 0. (16)

The initial data have the form

𝑢 = 𝑢𝑗+2/3, 𝑣 = 𝑣𝑗+2/3, 𝜌 = 𝜌𝑗+2/3. (17)

In the work (6), in a somewhat simpler formulation, a theorem was proved on
the convergence of the solutions of problems (7)—(8), (9)—(13), and (14)—(17)
to the exact solution of problem (1)—(6). The well-posedness of problem (7)—(8)
and (9)—(13) has been well studied, and the well-posedness of problem (14)—(17)
was established in the work (5). Equations (7) and (9) have been well studied,
and solutions of these equations under the corresponding boundary conditions
and initial data are found by means of finite-difference methods that have been
considered in the literature with sufficient completeness.

We proceed to the consideration of the problem of dynamic adjustment of the
fields (14)—(17). We write the system of equations (12) in difference form, using
an implicit approximation in 𝑡. Then we shall have

𝑢 − 𝑢𝑗+1/3

𝜏 − 𝑙𝑣 = −1
̄𝜌
𝜕𝑝
𝜕𝑥,
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𝑣 − 𝑣𝑗+1/3

𝜏 + 𝑙𝑢 = −1
̄𝜌
𝜕𝑝
𝜕𝑦 ,

𝜕𝑝
𝜕𝑧 = 𝑔𝜌,

𝜕𝑢
𝜕𝑥 + 𝜕𝑣

𝜕𝑦 + 𝜕𝑤
𝜕𝑧 = 0,

𝜌 − 𝜌𝑗+1/3

𝜏 + Γ𝑤 = 0. (18)

Here the index 𝑗 + 1 at the unknowns has been omitted for simplicity.

From the first two equations of system (18) we express 𝑢 and 𝑣 in terms of 𝑝.
Then we obtain

𝑢 = 1
1 + 𝛼2 [𝑢𝑗+1/3 + 𝛼𝑣𝑗+1/3 − 𝜏

̄𝜌 (𝑝𝑥 + 𝛼𝑝𝑦)] ,

𝑣 = 1
1 + 𝛼2 [𝑣𝑗+1/3 − 𝛼𝑢𝑗+1/3 − 𝜏

̄𝜌 (𝑝𝑦 − 𝛼𝑝𝑥)] , (19)

where 𝛼 = 𝜏𝑙.
From the last three equations of system (18) we find

1
𝑔𝜏

𝜕
𝜕𝑧

1
Γ

𝜕𝑝
𝜕𝑧 = 1

𝜏
𝜕
𝜕𝑧

𝜌𝑗+1/3

Γ + 𝜕𝑢
𝜕𝑥 + 𝜕𝑣

𝜕𝑦 . (20)

In equation (20) we substitute 𝑢 and 𝑣 from (19) and take into account the
linear dependence of the parameter 𝑙 on 𝑦. Then we arrive at an equation for 𝑝

𝜕
𝜕𝑧

1
𝜒

𝜕𝑝
𝜕𝑧 + 𝑚2

0 (Δ𝑝 + 𝛽𝜏 𝜕𝑝
𝜕𝑥) = 𝑓, (21)

where

𝑓 = 𝑚2
0

𝜏 [(𝑢𝑗+1/2 + 𝛼𝑣𝑗+1/2)𝑥 + (𝑣𝑗+1/2 − 𝛼𝑢𝑗+1/2)𝑦] + 𝑔 𝜕
𝜕𝑧 (𝜌𝑗+1/2

𝜒 ) , (22)

𝑚2
0 = 𝑔Γ0

𝜌
𝜏2

1 + 𝜏2𝑙2 , Γ = Γ0𝜒(𝑧).
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The boundary conditions for equation (21) will be the following:

1
Γ

𝜕𝑝
𝜕𝑧 − 1

𝜌𝑝 = 𝛿𝑗, for 𝑧 = 0,

𝜕𝑝
𝜕𝑧 = 𝑔𝜌𝑗 − 𝑔Γ (𝑢𝑗 𝜕ℎ

𝜕𝑥 + 𝑣𝑗 𝜕ℎ
𝜕𝑦 ) , for 𝑧 = 𝐻, (23)

where

𝛿𝑗 = 𝑔
Γ𝜌𝑗 − 1

𝜌 [𝐷𝑝0 − (𝑢 𝜕𝑝
𝜕𝑥 + 𝜕𝑝

𝜕𝑦 )]
𝑗
. (24)

On the surface 𝑆 we impose the condition

1
𝛼

𝜕𝑝
𝜕𝑛 − 𝜕𝑝

𝜕𝑠 = −𝜌
𝜏 ( 1

𝛼u𝑗+1/3 ⋅ n − u𝑗+1/3 ⋅ s) . (25)

After the solution of equation (21) with the boundary conditions (23), (25) has
been found, all the necessary hydrological quantities are found by means of the
equations of system (18) with the pressure already known. The characteristics
obtained at the last stage are interpreted as an approximate solution of the
problem at the time 𝑡𝑗+1.
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of the Siberian Branch of the Academy of Sciences of the USSR
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