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ON THE PROPERTIES OF THE DECOMPO-
SITION INTO BUNDLES OF THE CAUSAL S-
MATRIX

(Presented by Academician N. N. Bogolyubov on 24 V 1966)

In the present paper we shall prove space-like properties of the decomposition
into bundles of vacuum mean values of radiation operators, as well as of matrix
elements of the S-matrix within the framework of N. N. Bogolyubov’ s axiomatic
causal S-matrix theory (!). The properties of the decomposition into bundles
of the S-matrix have recently been formulated (?) and proved (®) within the
framework of Wightman’ s axiomatic quantum field theory (*). For simplicity
we shall consider the self-action of one real scalar field p(z).

Consider

< (_\N
5=3 5 [y hato)s s plen) o glon) - )

=0

where the coefficient functions hy(x)y are C-numbers with the property
hy(z,n) = hy(zy). In formula (1) the following notation has been
introduced:

(2)n = (21,5 2n), (Z(,v>N = (Zalv"'7ZaN>7

/(d%)N =/~--/d4x1...da:j{,.

Following N. N. Bogolyubov (!), we define the causality condition according to

//d4x d“yf(x)g(y)(;:@ (%S+> =0 (2)

for arbitrary f(z), g(y) € S(R?), satisfying the condition f(x)g(y) = 0 for time-
like intervals (z —y)? > 0 and (2% — %) > 0.
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Let us introduce into consideration the radiation-operator-valued generalized
function

N
(1) = [ @ s =

=(—')N/(d4$)zv9($?—$3)-~~9($9v71—$9v>17($1)~-~J(9€N) Y fa)ns (3)
(1,..,.N

P )

defined in Dg C H for any f(z)y € Sy(R*N) C S(R*Y), vanishing together with
its derivatives of sufficiently high order when z; = z, = - = z5. The sum-
mation in (2) is taken over all possible permutations «y, ..., a, of the numbers
1,2,.... By J(z) = id5/dp(x) we denote the operator of the bosonic current.
We shall assume that

h(f) = ¥(0lHy (£)[0) € SG(R™Y) (4)

for every f(xq,...,xx) € Sy(RY).

Theorem 1. Let a be an arbitrary space-like vector, A < 0. If condition (2) is
satisfied, the relation

)\hﬁrgo hm+n+r+s (F>(\T+"+T+S>> = hm+n<f(m+n)) hr+s (g(r+s)> (5)
holds for any

F(m+n+r+s) — F(m+n+r+s)(x7 y— /\a)

Aa m4n,r+s

= f(m+n) (Z‘)erng(M-s)(y - )‘a)r+s € SO (R4(m+n+r+s)), (6)

where [U" 5 (&), 0, 975 () gy € So(RAT, RATES)),
One can indicate a relation analogous to (5) for matrix elements of the S-matrix.

Between the matrix elements Sy, . ., s(Q'; P's @ D)y pin.s € S (RIMINTTE))
and the vacuum averages of radiation operators h,, .. (2", ¥'; , y) €

S’ (RAm+n+1+5)) there holds the relation

Smtrnts (exp l_iA (Z a-p;— Z a 'pk+r> ‘| f<m+n)§(r+s)> = hm+n+r+s(f(m+n)gf\2+8)),
=1

J=1 k
(7)
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where

f(m-‘rn) (q)m+n (dq)m+n7

FOmEn) () 1 = / exp [i (00 a1 — i mt®me)]

mAn T op3(man 2¢9...2¢%, .,
p= e, i=tmen ®

where f("”")(q)mﬂl c S(E?’(mﬂl)) and f(m+n)(R4(m+n))’
The function g% (y),,, € S(R3*"%)) has the same structure as f™*™)(x), ..,
and g()f:'s) = g<T+S) (y — Aa),,, where a is an arbitrary space-like vector, A > 0.

Theorem 2. Suppose the condition of Theorem 1 is fulfilled. Then

o0

Jj=1

T S
m Sptrnts (eXP l_i)‘ (Za'pj - ;a 'MM)} f<m+”)§<’“+s>) =

= S (F7) 8,4 (57) ©)

for any f™ ™ (dy, ) € So(BH™ ) and G (p,.,,) € So(RAH).

It is obvious that the proof of Theorem 2 follows directly from Theorem 1. We
divide the proof of the theorem into the proofs of several lemmas.

Lemma 1. Suppose the causality condition (1) is fulfilled. Then

H,

m+n+r+s (F(m+n+r+s)) =H,

m-+n

(f0m ) Hyy o (97) (10)

for any function

F(mtntrts) (sc, y) c So (R4(m+n+r+s))7

m-+n,r+s

representable in the form

F(m+n+r+s) (.’E, y)n+m,7‘+s = f(ern) (x)erng(TJrs) (y)r+s7 (].]_)

provided {z},.,, > {y},4s, where fi(z) .- e S (RY™+) and

9" () € So(RATH)).

The proof of the lemma is based on the results of work (5).
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Now, using this lemma and the completeness condition for the system of eigen-
amplitudes of the 4-energy-momentum operator P, we obtain

hm+n+r+s(F‘£m+n+T+S)) = hm+n(f(m+n>) hr+s( (T+S>) + hm+n+r+s (F§\Zl+n+r_‘—(q)))
12

where hT . . (F §T+n+r+s)), the truncated vacuum mean value of the radia-

tion operators, is defined according to

h%+n+7+a(F m+’ﬂ+7‘+8 // m+n 1 d y)7+89($(1) —$g>

(xm+n 1= T )0 = 3) 01— Yrs)
v=1 "
X Z f(m+n)(xa)m+n Z g(T+S) (yB - )‘a)rJrs

P(1,...,m+n) P(1,...,r+s)
(13)

for arbitrary f<m+")(:c) c SO(R4<m+n)> and g“”*s)(y) c 50(34(”5)).

m-+n r+s

Lemma 2. The Fourier transform of hZ . (F™™ %)) belongs to the

space SO <R3(m+n+r+5) ) )

Indeed, using the completeness properties of the amplitude of the 4-energy-
momentum operator P*, from (11) we obtain

h%+n+r+s(F£Zl+n+r+s)) = gmintres / /I( 2y e ,m?j, w3 M?)
ixak F(m4n) ~(r+s)
x Do s, ?j,Mz(el FHTG ) (14)
m+4n+1 r+s+1
< [ dus T[ dm3 drz,
a<p<1 1<j<1
where
=) 2
Do,uas,ml,’w € S (R(u3s mi M?))
and is a Lorentz-invariant generalized function. Since the carrier of the general-
ized function I(..., ,uiﬁ, e ,mfj, ...;M?) € S'(R) lies in the region
{...,uiﬁ,...;...,m?j,...;Mz} >0, (15)
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the integral (14) exists, and therefore AL .. +S(F;\ZHTHHS)) depends lin-

early and continuously on the functions f,(q,k),, tn-10 € Sy(R3m+m) and
~(r+s B3(r+s
gé )<p7k)r+sfl,0 € Sy(R3 ).

Lemma 3. Let a be an arbitrary spacelike vector, A\ > 0. Then

)\ILHOlO )\Nhgz+n+r+s (F>(\Zl+n+7l+5)> =0 (16)

for any F(m+ntr+s) ¢ G (RUMFn+7+5)) of the form (5).

We note that the proof of this lemma reduces, on the basis of formula (13), to
proving the relation

lim ANDL ), (PR gy = o (17)

Aso0 O,Miﬁ,mi]-,MQ

for 5" ™ (g, k) in_1.0 € So(B3™™) and Gy ™ (9, k)4 y1 € So(R3+9)).

In (16) the reference frame d = (0, a,0,0) is chosen, and k’ is the component of

the vector k = (k°, k', k%, k3). Araki [6] proved that relation (17) holds in the
(=)

Py Py is a Lorentz—invariant generalized flll’lCtiOIl. Since in the
0,1 2. M2
Mg Mj s

case when D

present case D&iz m2. g2 18 a Lorentz-invariant generalized function, Lemma

a3 g

3 is thereby proved.

On the basis of the lemmas, Theorem 1 is completely proved and, consequently,
Theorem 2 as well.

Now define the extension of the radiation operator Hy(f), given by formula (3)
in Sy (R*N), to the whole space S(R*M) according to

HE(f) = / (A1) 029 — 22) -+ 6y — 2%)J (1) ()X

< Y flaan+ / (d42) 5 () y O () (18)
PA,.N)

for any function f(z)y € S(R*Y), where C4(x)y is expressed as a sum of sym-

metrized T-products of chains of quasilocal operators A,, (24, ..., ,,) (5), possess-

ing the properties of locality, Hermiticity, symmetry, and local commutativity.

Since

i (f) = YO HF(f)]0) € S (R'Y) (19)
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for any f € S(R*Y), the properties of the cluster decomposition of the vacuum
mean values of the radiation operators with coinciding arguments will be defined
according to

)};r& hgm+n+r+s (F)\a) = hgz«rn (f)hgts (g) (20)

for any function F(2,9)minrss = F(@)mind(¥)prs € S(RAMIMTH)) wwhere
(@) psn € S(RYU™M)) and g(y),,, € S(RY™3)), with causally independent
carriers {x}m+n > {y}r+s'

Extending relation (7) to the whole space S(R¥™*+"+7+)) and using formula
(20), we obtain the cluster-decomposition properties of the elements of the S-
matrix, expressed in the form of formula (9).

Taking this opportunity, I express my deep gratitude to Academician N. N.
Bogolyubov, 1. Todorov, B. V. Medvedev, and A. V. Efremov for discussions
and valuable remarks.
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