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MATHEMATICS

G. N. AGAEV

ON THE SOLVABILITY OF NONLINEAR OP-
ERATOR EQUATIONS IN BANACH SPACE
(Presented by Academician S. L. Sobolev on 27 VIII 1966)

The theory of the first boundary-value problem for quasilinear strongly ellip-
tic and parabolic differential equations of higher order, having divergence form,
was developed by M. I. Vishik (4, 5). For monotone elliptic equations this the-
ory was developed in the works of F. Browder (2, 3). Yu. A. Dubinskii (6, 7)
gave a simple proof of the theorem of M. I. Vishik and F. Browder, and also
obtained a number of new results concerning quasilinear parabolic equations
having nondivergence form, and degenerate quasilinear elliptic and parabolic
equations.

The aim of the present note is to establish the solvability of nonlinear operator
equations in reflexive separable Banach spaces. Such an approach makes it
possible, in a unified way, to cover a broad class of boundary-value problems
for quasilinear elliptic and parabolic equations, as well as equations that are
neither strongly elliptic nor monotone, nonlinear integro-differential equations,
and other types of equations.

1. Let 𝑋 and 𝑌 be reflexive Banach spaces, with 𝑋 separable. Denote the
corresponding dual spaces by 𝑋∗ and 𝑌 ∗. Consider operators 𝐾1, 𝐾2, 𝐾3,
defined as follows:

1∘. 𝐾1 is linear and maps 𝑌 into 𝑋∗. Then its adjoint 𝐾∗
1 will map 𝑋 into 𝑌 ∗.

Suppose that 𝐾∗
1 is demicontinuous in the sense of F. Browder (2), i.e., it carries

every strongly convergent sequence to 𝑢 ∈ 𝑋 into a sequence weakly convergent
to 𝐾∗

1𝑢 ∈ 𝑌 ∗.

2∘. 𝐾2(𝑢), generally speaking nonlinear, maps 𝑋 into 𝑌 and is weakly continu-
ous, i.e., it carries every sequence weakly convergent to 𝑢 ∈ 𝑋 into a sequence
weakly convergent to 𝐾2(𝑢) ∈ 𝑌 .

3∘. 𝐾3(𝑢), generally speaking nonlinear, is weakly continuous and maps 𝑋 into
𝑋∗.

4∘. There exist 𝛾, 𝜒, independent of 𝑢 ∈ 𝑋, such that the“ellipticity”inequality
is satisfied
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(𝐾2(𝑢), 𝐾∗
1𝑢) + (𝐾3(𝑢), 𝑢) ≥ 𝛾‖𝑢‖𝑝

𝑋 − 𝜒, (1)

for arbitrary 𝑢 ∈ 𝑋. Here (𝑦, 𝑥) denotes the value of the functional 𝑦 at the
point 𝑥, 𝑝 > 1.

One of the sufficient conditions under which inequality (1) holds is given by the
inequalities

(𝐾2(𝑢), 𝐾∗
1𝑢) ≥ 𝛾‖𝑢‖𝑝

𝑋 − 𝜒; (2)

‖𝐾3(𝑢)‖𝑋∗ ≤ 𝜂‖𝑢‖𝑝−1
𝑋 , (3)

where 𝜂 is sufficiently small. Conditions (2), (3) are satisfied, for example, for
elliptic differential operators in domains of sufficiently small diameter.

Consider an operator equation of the form

𝐾1𝐾2(𝑢) + 𝐾3(𝑢) = ℎ, (4)

where ℎ ∈ 𝑋∗ is given arbitrarily. We shall investigate the solvability of equation
(4) in the class of weak solutions by the Galerkin method.

By a weak solution of equation (4) we mean an element 𝑢 ∈ 𝑋 for which the
relation

(𝐾2(𝑢), 𝐾∗
1𝑣) + (𝐾3(𝑢), 𝑣) = (ℎ, 𝑣) (5)

holds for every 𝑣 ∈ 𝑋.

Let the system of elements {𝑣} be complete in 𝑋; let 𝑉 𝑘 be the subspace spanned
by the first 𝑘 elements {𝑣}. We seek an approximate solution 𝑢𝑘 of equation (4)
in the space 𝑉 𝑘 from the relations

(𝐾1𝐾2(𝑢𝑘), 𝑣) + (𝐾3(𝑢𝑘), 𝑣) = (ℎ, 𝑣), 𝑣 ∈ 𝑉 𝑘. (6)

The existence of a solution of equation (6) is established on the basis of the
following lemma, which is an abstract analogue of the lemma of M. I. Vishik
(5).
Lemma (see (8)). Let 𝑉 be a finite-dimensional space, 𝑉 ∗ its conjugate. Let
𝐴 be a finite-dimensional, generally speaking nonlinear, operator acting from 𝑉
into 𝑉 ∗, for which the inequality

(𝐴(𝑣), 𝑣) ⩾ 𝛾‖𝑣‖𝑝 − 𝜒, 𝑝 > 1,

sovietrxiv.org/items/ru-196701.57677 Machine Translation

https://sovietrxiv.org/items/ru-196701.57677


holds for every 𝑣 ∈ 𝑉 , where 𝛾 and 𝜒 are some positive constants. Then for
every ℎ ∈ 𝑋∗ there exists at least one element 𝑣 ∈ 𝑉 such that 𝐴(𝑣) = ℎ.

In our case 𝐴 = 𝐾1𝐾2 + 𝐾3.

We now establish a priori estimates.

Relations (6), for the found 𝑢𝑘 ∈ 𝑉 𝑘 and 𝑣 = 𝑢𝑘, give

(𝐾2(𝑢𝑘), 𝐾∗
1𝑢𝑘) + (𝐾3(𝑢𝑘), 𝑢𝑘) = (ℎ, 𝑢𝑘).

Applying Young’s inequality, we obtain

𝛾‖𝑢𝑘‖𝑝
𝑋 − 𝜒 ⩽ ‖ℎ‖𝑞

𝑋∗

𝑞𝜀𝑞 + 𝜀𝑝

𝑝 ‖𝑢𝑘‖𝑝
𝑋, 𝑞 = 𝑝

𝑝 − 1,

where 𝜀 is an arbitrary positive number. Choosing it sufficiently small, we obtain
the uniform boundedness of all Galerkin approximations:

‖𝑢𝑘‖𝑋 ⩽ 𝑀.

Since every ball in a reflexive Banach space is weakly compact, from the sequence
{𝑢𝑘} one can extract a subsequence {𝑢𝑚} weakly convergent in 𝑋. Denote its
weak limit by 𝑢. We shall prove that 𝑢 is the desired solution.

We rewrite system (6) in the form

(𝐾2(𝑢𝑚), 𝐾∗
1𝑣) + (𝐾3(𝑢𝑚), 𝑣) = (ℎ, 𝑣) (7)

for 𝑣 ∈ 𝑉 𝑙, where 𝑙 > 0 is an arbitrary fixed number, and 𝑚 ⩾ 𝑙. Fix 𝑣 ∈ 𝑉 𝑙

in (7) and pass to the limit as 𝑚 → ∞. In view of the weak continuity of the
operators 𝐾2 and 𝐾3, we obtain

(𝐾2(𝑢), 𝐾∗
1𝑣) + (𝐾3(𝑢), 𝑣) = (ℎ, 𝑣), 𝑣 ∈ 𝑉 𝑙. (8)

Since the union
∞
⋃
𝑙=1

𝑉 𝑙 is dense in 𝑋, it follows, by the hemicontinuity of 𝐾∗
1,

that relation (8) remains valid also for every 𝑣 ∈ 𝑋. Consequently, 𝑢 is the
desired solution. Thus, the following holds.

Theorem 1. Let the operators 𝐾1, 𝐾2, 𝐾3 satisfy conditions 1∘—4∘. Then the
operator equation (4), for every right-hand side ℎ ∈ 𝑋∗, has at least one weak
solution in the reflexive separable Banach space 𝑋, and this solution can be
obtained as the weak limit of certain Galerkin approximations.
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2. In Theorem 1 we subjected the operators to conditions 10—40. In various
applications the listed conditions need to be weakened. For this purpose,
for example, we shall replace the weak continuity of the operators 𝐾2, 𝐾3
by a more general condition, namely, their semicontinuity. At the same
time, in order to establish the solvability of equation (4), the boundedness
of 𝐾2, 𝐾3 will also be required (bounded sets are mapped into bounded
sets). In addition to inequality (1), it is required that additional inequali-
ties connecting 𝐾𝑖, 𝑖 = 1, 2, 3, be satisfied. For example, for all 𝑢, 𝑣 ∈ 𝑋
the monotonicity condition is fulfilled

(𝐾2(𝑢) − 𝐾2(𝑣), 𝐾∗
1(𝑢 − 𝑣)) + (𝐾3(𝑢) − 𝐾3(𝑣), 𝑢 − 𝑣) ≥ 0. (9)

We shall still define a weak solution of equation (4) by relation (5), and approx-
imate solutions by (6).

Repeating the indicated scheme, we obtain that all Galerkin approximations are
uniformly bounded, ‖𝑢𝑘‖ ≤ 𝑀 .

Hence, by virtue of the compactness of the sphere in 𝑋, we can select a subse-
quence {𝑢𝑟} converging to some 𝑢 ∈ 𝑋. Since the operators 𝐾2, 𝐾3 are bounded,
‖𝐾2(𝑢𝑟)‖𝑌 , ‖𝐾3(𝑢𝑟)‖𝑋∗ ≤ 𝑀1, where 𝑀1 is some positive number. Hence one
can select a subsequence {𝑢𝑚} for which 𝐾2(𝑢𝑚) will converge weakly to some
element 𝑤 in 𝑌 , and 𝐾3(𝑢𝑚) to 𝜔 weakly in 𝑋∗.

Writing relations (7) for 𝑢𝑚, fixing 𝑣 ∈ 𝑉 𝑙, 𝑚 > 𝑙, and passing to the limit as
𝑚 → ∞, we obtain

(𝑤, 𝐾∗𝑣) + (𝜔, 𝑣) = (ℎ, 𝑣). (10)

It is clear that this relation also remains valid for any 𝑣 ∈ 𝑋. Further, using the
monotonicity (9) of the operator 𝐾1𝐾2 + 𝐾3 and the semicontinuity of 𝐾2, 𝐾3,
it is easy to prove the validity of the identity

(𝑤, 𝐾∗
1𝑧) + (𝜔, 𝑧) ≡ (𝐾2(𝑢), 𝐾∗

1𝑧)

for any 𝑧 ∈ 𝑋. Hence, by virtue of (10), we obtain that 𝑢 is the desired solution.
Thus, we have

Theorem 2. Let 𝑋, 𝑌 be two reflexive Banach spaces, with 𝑋 separable. Let
𝐾∗

1 be linear, semicontinuous, and act from 𝑋 into 𝑌 ∗; let the operators 𝐾2, 𝐾3
be bounded and semicontinuous, with 𝐾2 acting from 𝑋 into 𝑌 , and 𝐾3 from 𝑋
into 𝑋∗, and suppose that inequalities (1) and (9) are satisfied for them. Then
equation (4) has at least one weak solution. This solution can be obtained as the
weak limit of a certain sequence of Galerkin approximations.

Next we note that the weak solution of the equation will be unique if the“strong
ellipticity”condition is satisfied:
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(𝐾2(𝑢) − 𝐾2(𝑣), 𝐾∗
1(𝑢 − 𝑣)) + (𝐾3(𝑢) − 𝐾3(𝑣), 𝑢 − 𝑣) ≥ 𝛾‖𝑢 − 𝑣‖𝑝, (11)

where 𝛾 > 0 and does not depend on 𝑢, 𝑣 ∈ 𝑋.

In this case the operator 𝐾 = 𝐾1𝐾2 + 𝐾3 has a unique inverse 𝐾−1. It is
also easy to prove its continuity. Let ℎ ∈ 𝑋∗, ℎ𝜈 ∈ 𝑋∗, and suppose that
‖ℎ − ℎ𝜈‖𝑋∗ → 0 as 𝜈 → ∞. The weak solutions of equation (4) corresponding to
its right-hand sides ℎ and ℎ𝜈 will be denoted by 𝑢 and 𝑢𝜈, respectively. Then
we have the identity

(𝐾2(𝑢) − 𝐾2(𝑢𝜈), 𝐾∗
1(𝑢 − 𝑢𝜈)) + (𝐾3(𝑢) − 𝐾3(𝑢𝜈), 𝑢 − 𝑢𝜈) = (ℎ − ℎ𝜈, 𝑢 − 𝑢𝜈).

Apply inequality (11) to its left-hand side, and the generalized Schwarz inequal-
ity to the right-hand side. Then we obtain

‖𝑢 − 𝑢𝜈‖𝑝−1
𝑋 ≤ 𝐶‖ℎ − ℎ𝜈‖𝑋∗ .

Hence we obtain the required result, and consequently the following is proved.

Theorem 3. Under the conditions of Theorem 2 and inequality (11), the
mapping 𝐾 ∶ 𝑋 → 𝑋∗ is a homeomorphism.

To illustrate the general results obtained, let us consider the first boundary-value
problem for the equation

𝑛
∑
𝑖=1

(−1)𝑚𝑖
𝜕𝑚𝑖

𝜕𝑥𝑚𝑖
𝑖

(𝑎𝑖(𝑥) ∣𝜕
𝑚𝑖𝑢

𝜕𝑥𝑚𝑖
𝑖

∣
𝑝𝑖−1

sign 𝜕𝑚𝑖𝑢
𝜕𝑥𝑚𝑖

𝑖
) + 𝐴(𝑢) = ℎ(𝑥) (12)

in the space 𝑊̇ (m)
𝑝 (𝐺), where m = (𝑚1, 𝑚2, … , 𝑚𝑛); p = (𝑝1, 𝑝2, … , 𝑝𝑛); 𝐺 is

a certain bounded domain in the 𝑛-dimensional Euclidean space 𝑅𝑛 (see (9));
ℎ(𝑥) ∈ 𝑊 (−m)

𝑞 (𝐺); 𝑎𝑖(𝑥) are continuous in 𝐺; |𝑎𝑖(𝑥)| ≥ 𝑎0 > 0; 𝑞𝑖 = 𝑝𝑖/(𝑝𝑖 − 1);
𝐴(𝑢) is a certain weakly continuous operator; ‖𝐴(𝑢)‖𝑊 (−m)

𝑞
≤ 𝜂‖𝑢‖𝑝0−1

𝑋 ; 𝜂 > 0 is
sufficiently small; 𝑝0 = min(𝑝1, 𝑝2, … , 𝑝𝑛).
The solution of problem (12) is easily reduced to the solution of the operator
equation (4), if one introduces the vector-operators

𝐾1 = (𝐾1
1 , 𝐾1

2 , … , 𝐾1
𝑛), 𝐾2 = (𝐾2

1 , 𝐾2
2 , … , 𝐾2

𝑛),

where
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𝐾1
𝑖 = (−1)𝑚𝑖

𝜕𝑚𝑖

𝜕𝑥𝑚𝑖
𝑖

, 𝐾2
𝑖 𝑢 = 𝑎𝑖(𝑥) ∣𝜕

𝑚𝑖𝑢
𝜕𝑥𝑚𝑖

𝑖
∣
𝑝𝑖−1

sign 𝜕𝑚𝑖𝑢
𝜕𝑥𝑚𝑖

𝑖
,

𝑖 = 1, 2, … , 𝑛. We define the action of these vector-operators by the formula

(𝐾2(𝑢), 𝐾∗
1𝑣) =

𝑛
∑
𝑖=1

(𝐾2
𝑖 (𝑢), 𝐾1∗

𝑖 𝑣),

and define a weak solution of problem (12) from relation (5).

It is easy to verify that the conditions of Theorem 1 are satisfied. Let us verify,
for example, the validity of inequality (2):

(𝐾2(𝑢), 𝐾∗
1𝑢) =

𝑛
∑
𝑖=1

(𝑎𝑖(𝑥) ∣𝜕
𝑚𝑖𝑢

𝜕𝑥𝑚𝑖
𝑖

∣
𝑝𝑖−1

, ∣𝜕
𝑚𝑖𝑢

𝜕𝑥𝑚𝑖
𝑖

∣) ≥

≥ 𝑎0
𝑛

∑
𝑖=1

∫
𝐺

∣𝜕
𝑚𝑖𝑢

𝜕𝑥𝑚𝑖
𝑖

∣
𝑝𝑖

𝑑𝑥 ≥ 𝐶0‖𝑢‖𝑝0
𝑊̇ (m)

𝑝 (𝐺) − 𝜘0,

where 𝐶0, 𝜘0 are certain constants. The conditions of weak continuity of the
operators 𝐾1∗

𝑖 (and therefore also of 𝐾∗
1), and of semicontinuity of 𝐾2

𝑖 (and
therefore also of 𝐾2) are likewise easily verified. Examples can be given of
differential operators that are not “strongly elliptic,”are not monotone, but
satisfy the conditions of Theorem 1 (see (1)).
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