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In the present paper we consider conjugate and dual spaces to certain Banach
structures introduced by Calderén (2). In doing so we shall apply Calderén’ s
construction not to structures of measurable functions, but to somewhat broader
classes of semiordered spaces. We shall adhere to the terminology and notation
from the theory of semiordered spaces adopted in the monograph (1).

Let S be an arbitrary extended K-space with unit 1; let X; and X, be funda-
mentals in S which are (b)-complete K N-spaces; let s be a real number, with
0 < s < 1. Denote by X the set of all such w € S that

[w| < Aul'=*[o]? (1)

for some number A > 0 and some u € X;, v € X,, where [u|x, < 1 and
lvlx, < 1. By |w|y denote the infimum of all possible A in inequality (1).
Then (cf. (3)) (X,] |x) is a fundamental in S which is a (b)-complete K N-
space. Following (?), we shall denote this space by X{*X5. We note that the
space Xi ®X35 is completely determined by S, X;, and X, and does not depend
on the choice of the unit in S.

Let now (L,| |) be a fundamental in S which is a K B-space with additive
norm, and let J be the linear functional on L acting according to the formula

J@) = leily = o], =€l (2)

If Z is any fundamental in .S, we put

Z'={v: ve S, vz e L for every z € Z}. (3)

It is clear that Z’ is naturally identified with the space Z, conjugate to Z in
the sense of Nakano, if to each v € Z’ one assigns the functional f, € Z, acting
according to the formula
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fo(2) = J(vz), z€Z. (4)

Theorem 1*. The space (X]°X3) is a fundamental in S, and

(X172 X5) = (X)) (X)), ()

This theorem is a generalization of Theorem 4 of the author’ s paper (4).

We give a plan of the proof of Theorem 1. It is easily verified that the right-hand
side of equality (5) is contained in the left-hand side. To establish the reverse
inclusion we prove successively:

1) If the net 0 < z, (o € A) converges weakly to zero in X, and the net
0 <y, (a € A) converges weakly to zero in X, then the net—

* In (2) this result is established only under the assumption that one of the
spaces X, X, is reflexive.

the sequence z, = z17%yS converges weakly to zero in the space X = X1 °X3.
This is proved by contradiction, using the theorem on the coincidence of weak
and strong closures for a convex set in a normed space.

2) Let now w € (X{°X3),. Then there exist positive linear functionals f,
on X, and f, on X, such that for all z € (X;), and y € (X,), one has

J(wz'=*y®) < [f (@) [fo(m)]° (6)

3) Let ¢, and @, be the fully linear components of the functionals f; and f,
respectively. Then for the indicated x and vy,

J(wat=ey*) < [y (@) [ea(y))*. (7)

4) Let u € X] and v € X} be those elements which, in formula (4), correspond
to the functionals ¢, and ¢,, respectively. Then

I (wat=*y®) < [J ()]0 (vy)° (8)
again for all z € (X;), and y € (X,),.
5) From (8) we derive that
w < ul=sy 9)

whence it follows that w € (X7)175(X})*.

Let us note that if in one of the spaces X, X, condition (A) is satisfied (i.e.,
from z,, | 0 it follows that ||z,| — 0; see (!), p. 207), then condition (A) is
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also satisfied in X = X{*X5. Consequently, in this case, by formula (4), one
can identify (X7)'7*(X})* and the (b)-conjugate space of X]*X5. At the same
time, condition (B) (i.e., from 0 < x,, T +oo it follows that |z,| — oo; see (1),
p. 207) may be satisfied in one of the spaces X;, X, and not satisfied in X]7°X3.

Let us note that if X; and X, are not (b)-complete K N-spaces, but merely
ideals in S, then formula (5), generally speaking, no longer holds. For example,
take S = S[0,1], X, = L'*9[0,1], X, = X}, s = 1/2. Then

(X11/2X;1/2)’ 5 L2[0,1], L2[0,1] # (Xi)l/z(Xé)l/z c L?[0,1],

e, (X]PX52) (XY (Xg) V2

Theorem 2. If one of the spaces X, X, is a KB-space, and in one of the
(b)-conjugate spaces X;, X3 condition (A) is satisfied, then the space X1 *X§
is a (b)-reflexive K B-space.

The proof of this theorem is based on formula (5).

Let us note that Theorem 2 is a generalization of the known criterion of Oga-
sawara for (b)-reflexivity in the sufficiency part (see (1), p. 294), which is ob-
tained when X; = X, and 0 < s < 1 is arbitrary. Theorem 2 is also a general-
ization of Theorem 1 of the author’ s paper (*) on the reflexivity of the space
X, for p > 1, which is obtained if for X, one takes an arbitrary K B-space and
also sets

X, ={z: z€8, |z] <Al for some X\ > 0}

and, for x € X,

|z x, =nf{A: A >0, |z <A1},

i.e., for X, one takes the K N-space of elements bounded relative to the unit
element 1. One must also take s =1—1/p.

Let us also note that a case is possible in which condition (A) is satisfied in X7,
condition (B) is satisfied in X, condition (A) is satisfied in one of the spaces
X7, X35, but the space X} * X35 is not only not (b)-ref-

it is reflexive, but is not even a K B-space. This will be the case, for example,
if for S one takes the space of all real numerical sequences, X; = ¢y, Xy = m,
since then for every 0 < s < 1 one has X{ X5 = c,.

In what follows S, 1, L, J will have the former meaning, and by X we shall denote
an arbitrary (b)-complete K N-space which is a foundation in S. We emphasize
that we require no additional compatibility of the order and topology in X. As
before, 0 < s < 1.
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Theorem 3. The space X'~*(X’)* is a (b)-reflevive K B-space; moreover, for
s = 1/2 it is isomorphic to a Hilbert space and

XV2(XVW2={x: 2€8, 2> € L}. (10)

We omit the proof of Theorem 3.

We now introduce on X’ the norm defined by

[yl = sup J(zy),  yeX', (11)

e
lzlx<1

i.e., the norm induced by the norm of the space X*.

Theorem 4. There exists a constant C' > 0 such that every x € L can be
represented in the form

T =TT,

where ©, € X, x4 € X' and

lz1lxlzalx < Cllz] - (12)

The proof of Theorem 4 is based on the use of formula (10).

Remark 1. We note that E. M. Semenov proved (see (5)) that every function
x(t) summable on [0, 1] can be represented in the form x(t) = x (t)z4(t), where
z,(t) € Ala), z5(t) € M (), and

(1l —«)

x|;.
sin T ” ”L

lz1 A lz2l ) <
Here A(o) and M («) are Lorentz spaces. Since M () is conjugate to A(c), our
Theorem 4 explains this result.

Remark 2. Denote by C(X) the infimum of all possible C” s in inequality (12).
It can be shown that C(X) is determined only by the space (X, | |x) itself and
does not depend in any way on the choice of the unit 1 in S and of (L, | | ).
It is clear that always C'(X) > 1. If, for example, the ordinary Lebesgue space
L?[0,1], p > 1, is taken for X, then for it C(X) = 1.

Remark 3. Theorem 4 does not admit an extension to the countably normed
case, even if one requires that X be a K B*-space. For example, let S = S0, 1],
L be the usual one, and J the Lebesgue integral. For X take the space of all
functions on [0, 1] summable to any degree p > 1. Then X is a K B*-space and
X’ = L0, Tt is clear that not every function = € L can be represented in the
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form « = x,x4, where x; € X, z, € X', since every function of this form is
necessarily summable to some degree p > 1.

Remark 4. From Theorem 4 the following follows. Let X be a (b)-complete
K N-space and a foundation in S[0,1]. Generally speaking, it is not necessary
that X D MJ[0,1] or X C L[0,1]. There exists a measurable, nonnegative,
almost everywhere finite function z(t) on [0, 1] such that

L[0,1] D X -z D MJ0,1],

where Xz = {zz: z € X}.

The author expresses deep gratitude to his scientific adviser, Prof. B. Z. Vulikh,
for his attention.
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