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DIFFERENTIAL EQUATIONS
APRIL 1967, VOLUME III, NO. 4

ON THE STABILITY OF SOLUTIONS TO A CLASS OF SECOND-
ORDER DIFFERENTIAL EQUATIONS WITH VARIABLE COEF-
FICIENTS

In this paper, we investigate the stability of the solutions to a second-order
linear differential equation of the form:

i+ p(t)d + q(t)z =0

where p(t) and ¢(t) are continuous functions defined for ¢ > ¢,. The problem
of determining the asymptotic behavior of solutions for such equations is a
fundamental task in the qualitative theory of differential equations, particularly
when the coefficients are not constant.

1. Fundamental Stability Criteria

Consider the equation & + p(t)Z + q(t)x = 0. We assume that the coefficients
p(t) and ¢(t) satisfy certain regularity conditions that ensure the existence and
uniqueness of solutions on the interval [t,, 00). To analyze the stability of the
trivial solution x(t) = 0, we employ the Lyapunov function method and the
comparison principle.

Suppose there exists a positive definite function V' (z, &, t) such that its derivative
along the trajectories of the system is non-positive. For the specific case of the
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equation above, we can define a candidate Lyapunov function related to the
energy of the system:

V(z,z,t) = % (22 + q(t)z?)

Taking the derivative of V' with respect to ¢ along the solutions, we obtain:

. 1
V= —p(t)i? + Silt)a®
If g(t) > 0 and ¢(t) < 0, while p(¢) > 0, the stability of the system can be

established under various conditions on the integrals of these coefficients.

2. Asymptotic Behavior and Bounds

The behavior of the solutions as t — oo depends significantly on the integra-
bility of the functions p(t) and ¢(t). As noted in [?], if the integral ftoo p(s)ds
diverges, the damping term plays a dominant role in the evolution of th?e system.
Conversely, if the coefficients are periodic or quasi-periodic, the stability regions
can be characterized using Floquet theory or the method of averaging.

§ 1. Lyapunov was the first to rigorously formulate the
problem of the stability of motion. He provided a definition
of stability that has since become classical and developed
two methods for its investigation. The first method involves
finding solutions in the form of series, while the second
method (the direct method) is based on the use of special
functions, now called Lyapunov functions.

Consider a system of differential equations of the form:
= P(t)x+ f(t,z) (1.1)

where P(t) is a matrix of order n. Let us assume that f(¢,0) = 0, such that
x = 0 is a solution to the system (1.1). According to Lyapunov, this solution is
called stable if, for any € > 0, there exists a § > 0 such that |z(¢)| < € for all
t > t, whenever |z(t,)| < 0. If, in addition to this stability condition, it holds
that:

lim z(t) =0

— 00

then the solution x = 0 is called asymptotically stable. We shall refer to z = 0
as the equilibrium point (rest point). If the system has a solution x = a, where
a is a constant vector, this point can obviously be translated to the origin x = 0
through a change of variables. The problem is to find conditions under which
x = 0 is stable, asymptotically stable, or unstable.

Lyapunov proposed two methods for solving this problem. Roughly speaking,
the Second Method of Lyapunov consists of the following: if we can construct a
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continuous function V(¢,2) = V (¢, %, ..., x,) > 0 for x # 0 such that V(¢,z) —
0 as  — 0 uniformly with respect to ¢, and for |z| > § > 0 we have V(¢t,z) > 0,
then the solution x = 0 is stable provided the derivative along the trajectories
V= %—‘t/ +3 %ii < 0. If, by virtue of equations (1.1), we have V < 0 and
V(t,x) — 0 as x — 0, then the solution x = 0 is also asymptotically stable. For
example, this occurs if —V (t,z) > W(x) > 0 and V(t,x) — 0 uniformly with
respect to ¢t as x — 0. While this approach resolves the question of stability,
it does not provide explicit formulas for the solutions, and beyond the fact of
stability, it yields little information about the behavior of solutions starting
near x = 0. It is true, however, that the rate of decay of the function V as
t — oo sometimes allows us to judge the rate at which x(¢) — 0. In this article,
we will not focus on the second method, although we will occasionally note its
significance in various cases.

What is the First Method of Lyapunov? This method is based on a specific
constructive existence theorem for solutions of a system of differential equations:

By = Pa (D) + o P (D)2, + Y X ()™ gl (1.4)
where mq 4 - +m,, > 2.

Erugin notes that the coefficients are continuous and bounded functions in the
domain ¢ > t;. Lyapunov makes the following assumption:

g ()] < M, [ X0 (1) < A (1.5)

my+-+m,,

where the functions X{™"™)(¢) have a finite supremum and a non-zero infi-

mum on any finite interval t, < t < T'; that is, |X§m1""’m”>(t)| < M(T). Then
the right-hand sides of equations (1.4) converge within the interval ¢, <t < T.

A special case of such a system occurs when the coefficients can be chosen to be

Ps(ml,...,mn)

independent of ¢; for example, when the coefficients are constants.

Lyapunov finds the solution to such a system in the form:

T, = x@(t,al,...,an) (1.6)
j=1
where

xél) = Zazxsz(t) (L.7)
=1

Here, X (¢) is the fundamental matrix of solutions for the linear system:

‘(ts = Zpsl(t)‘rl (18)
=1

corresponding to the linear part of system (1.4). The terms aq, ..., a,, are arbi-
trary constants, and 2 >(t, aj, ..., a,) are homogeneous polynomials in a4, ..., a

N
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of degree j, which serve as solutions to the corresponding non-homogeneous lin-
ear systems with initial conditions x; = 0 at ¢t = .

Lyapunov proved that the series constructed in (1.6) converge absolutely and
uniformly with respect to ¢ on the interval ¢, < t < T and for |z;| < g, where
g is determined via A (T'). Note also that if the matrix A = I, then we obtain
the standard form. Lyapunov’ s theorem differs from the theorems of Picard
and Cauchy in its assumptions regarding the right-hand sides of the equations
(1.4) and in the construction of the solution itself. The series (1.6) represent
the general solution of equations (1.4) in the neighborhood of the point t = ¢,.
Furthermore, Lyapunov shows how, based on this theorem, one can construct a
solution to system (1.4) such that for certain systems of a fairly general type, it
remains representable in this form. Through such a construction of solutions, we
obtain important information regarding the qualitative behavior of the solutions
in the neighborhood of a rest point.

This analytical construction of solutions for system (1.4) is based on certain
properties of the solutions of the linear system (1.8), which Lyapunov calls the
first approximation. To formulate Lyapunov’ s main theorem, we must present
the profound classification of linear systems (1.8) introduced by Lyapunov. We
shall call the real number A the characteristic exponent (c.e.) of a function
z(t) if z(t)e ™ — 0 as t — oo, while for any a > 0, the function z(t)e~ A~
is unbounded. Every continuous function has a c.e. If we have a system of
functions z, ..., x,,, the smallest c.e. among these functions is called the c.e.
of the system. Lyapunov proves that all (non-zero) solutions of system (1.8)
have finite c.e. In total, system (1.8) has no more than n distinct c.e. If the
coefficients of (1.8) are constant, then the c.e. of this system will be the real
parts of the eigenvalues of the coefficient matrix P = ||py,||-

It is always possible to construct a fundamental system of solutions such that the
sum of their characteristic exponents S = A; + -+ A, is minimized. Lyapunov
proves that S + p > 0, where p is the c.e. of the function exp([ > p;;dt). If
S 4+ p = 0, then system (1.8) is called regular. Lyapunov also introduced the
consideration of reducible systems. Let yi,...,y, be new unknown functions
defined by the equalities:

s=1

For y = (yq, ..., ¥,,), we obtain the system y = yQ(t). If a transformation matrix
Q(t) can be specified such that it is bounded along with its inverse, and if the
matrix in (1.10) is constant, then the system (1.8) is called reducible.

We shall now assume that for the entire interval ¢t > ¢,, system (1.8) is regu-
lar with Lyapunov characteristic exponents xq, ..., X,,- Lyapunov demonstrated
that it is possible to determine functions x4, ..., x; formally satisfying the equa-
tions (1.4) in the form:

T, = Z a71”1 aznkLgm1a~~~»mk)(t)e(ml>\1+-~+mk>\k)t (112)

russiarxiv.org/items/ru-196701.57010 Machine Translation


https://russiarxiv.org/items/ru-196701.57010

RussiaRxiv

where a,,...,a; are arbitrary constants, mq,...,m; are non-negative integers,
and the functions L; are independent of ay,...,a;, with their characteristic
exponents being no greater than zero. Lyapunov proved that if the exponents
Ais ..., A, in these series are negative and the absolute values of ay,...,a; do
not exceed a certain number A > 0, then these series converge absolutely and
uniformly in the interval ¢ > ¢,. It follows from the form of these series that for
sufficiently small |a4], ..., |as|, we have |z, (t)] < €, and z4(t) — 0 as t — oo.

If all \; are negative, one can set & = n in (1.12), in which case the solutions
represent the general solution of the equations (1.4) in the neighborhood of the
origin. Thus, if the system (1.8) is regular and all its characteristic exponents
are negative, then the solution of system (1.4) is asymptotically stable. This
was the first proof of asymptotic stability based solely on the properties of the
linear system. If we only have A\, < 0 for v = 1, ..., k, then according to (1.12),
we obtain a k-parameter family of integral curves that enter the equilibrium
point as t — oo. Lyapunov termed the case where the zero solution is stable
—provided that the initial values satisfy certain additional relationships—as the
conditional stability of the zero solution.

We also note the results of other authors concerning the particular form of
system (1.4) where all coefficients in the right-hand sides are independent of ¢:

l.'s = Ps1Tq + - +panxn + Z X‘gmhm’m”)l‘;nl Z‘Zl” (113)

Poincaré demonstrated that system (1.13) can be transformed into the system
U = Apyp (1.14) via power series (1.15) that converge for sufficiently small
values, provided that the real parts of all characteristic numbers of the matrix
Ips;l are negative and distinct. Picard [?] required only that Ay,..., A, lie on
one side of a line passing through the origin and that the resonance condition
A; = > p;A; does not hold. N. N. Krasovskii was the first to point out that
asymptotic stability should be distinguished from cases where solutions simply
approach the origin without stability.

H. Dulac showed that if A;,..., A, lie on one side of a line passing through the
origin, then there exists a holomorphic transformation such that system (1.13)
is transformed into:

Zi =Xz + P2, 21)

where @, are polynomials. This is an analogue of Lyapunov’ s conditional sta-
bility. Subsequently, many researchers (Birkhoff, Siegel, Pliss [?]) solved the
problem of finding transformations that linearize the system. Lyapunov termed
this approach—based on the analytical construction of integral curves—the “first
method.” He proved the stability of the zero solution not only when the first
approximation (1.8) is regular, but in certain cases even when it is not, specifi-
cally when S + 1 > 0 and all c.e. x;, < —o. He also demonstrated that if there
is at least one x; > 0, then unconditional stability does not exist.

The first method relies on the theory of characteristic exponents developed by
Lyapunov and furthered by Bogdanov, Bylov, Vinograd, Grobman, Persidsky,
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and Chetaev [?]. The first method not only solves the stability problem but
also provides the equations of the integral curves, allowing for the study of how
parameters affect the rate of approach to equilibrium. Lyapunov showed that
at least an m-parameter family of integral curves enters the origin if the system
has m negative characteristic exponents.

Following Lyapunov, let us consider a system of nonlinear partial differential
equations:

ox

J

k
0z,
(Pj174 +"'+pjkxk)% = (5121t F Qo Zm T L (2.1)
Jj=1

where Z, are holomorphic functions vanishing at the origin. Suppose that the
characteristic numbers Ay, ..., A, of the matrix P and 4, ..., Kk, of the matrix

@ are not connected by relations of the form Ay =3 m,;\; + > p;x;. Lyapunov
proves the existence of a unique holomorphic solution in the form:

T, = Zpl PR 2 (2.2)

Lyapunov designated cases where the first approximation has zero characteristic
numbers as “critical cases.” In such instances, the behavior is determined by
nonlinear terms.

Lyapunov examined the case where one characteristic root is zero while all others
have negative real parts. Such a system can be rewritten as:

dx

— =X

dt
K (2.3)
dts :pslxl—i_"'—’_psnxn—'_XS (S: 17...,71)

where X and X are holomorphic functions starting with terms of at least second
order. From the equations:

Ps17y ++psnxn+Xs =0 (24)

we determine z, = ¢ (x) as holomorphic functions. Substituting these into X,
we obtain a function f(z) = g,,2™ + .... Lyapunov concluded: if m is even, the
zero solution is unstable; if m is odd, it is unstable for g > 0 and asymptotically
stable for g < 0. If g(x) = 0, Lyapunov finds an integral:

O(zq,...,x,) =cC (2.5)

In this case, there exists a curve of equilibrium points, and every solution start-
ing near the origin remains on an integral surface and approaches an equilibrium
point on that surface.
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Lyapunov also investigated systems with two purely imaginary eigenvalues:

dx

— ==X X

dt vt

dy

—Z = Y 2.6
iR (2.6)
dz,
W =Ps171 ++psnxn+Xs

He proved the existence of a family of periodic solutions:

x = Z:gp(j)cj7 Y= Zy<j)cj, T, = ngj)cj (2.7)

In this case, there exists an integral 22432+ F = ¢ (2.8). Every solution asymp-
totically approaches a corresponding periodic solution, proving non-asymptotic
stability.

§ 3. Construction of General Solutions

Consider the system (3.1) with one zero eigenvalue. As Lyapunov demonstrated,
there exists an integral V(zq,...,z,) = ¢ (3.2). By substituting the variable
according to (3.2), the equations can be written as:

d;; =S P(e); + .. (3.4)

For sufficiently small ¢, the eigenvalues of the matrix (3.5) have nega-

tive real parts. Using the first method, we obtain the general solution
T, =Y A e Nt

For the system (3.7) with two purely imaginary roots, Lyapunov uses variables
rand 6 (3.9). If a family of periodic solutions (3.12) exists, there is an inte-
gral surface H = F(z,y,...) (3.13). Introducing new variables (3.14) leads to
a system (3.17) where the first approximation has periodic coefficients. The
fundamental solution matrix is Z = e"W*U(c,t) (3.19). The real parts of the
characteristic exponents x;(c) are negative. Using the first method, we obtain
the general solution z, = " a;eXi(®t¢, (¢, ¢).

Whenever Lyapunov established asymptotic stability based on the first approx-
imation, he obtained the general solution. If he used the second method for
“doubtful cases,” the general solution remained unconstructed. If the zero so-
lution was non-asymptotically stable, Lyapunov identified an integral manifold
M that is itself asymptotically stable.

§ 4. Second-Order Systems and Singular Cases
Lyapunov considered a second-order system:

T =y+ X(z,y)

y=Y(z,y) (1)
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This critical case with two zero roots has diverse topological structures. Lya-
punov identified 10 different cases. In the case of a “non-classical center,” he
constructed the general solution using masterful transformations. In 1954, V. L.
Smirnov discovered a manuscript where Lyapunov considered a system of n + 2
equations with two zero roots. This was published in 1963. In this difficult
study, Lyapunov constructed solutions for systems of the Briot-Bouquet type.

For systems with periodic coefficients, Lyapunov examined cases with one or
two zero eigenvalues. In the first case, a family of periodic solutions (5.4) exists
if an integral x + F' = ¢ (5.5) exists. By introducing new variables (5.6), the
system is transformed into (5.10), where the matrix has negative characteristic
exponents, allowing for the construction of the general solution.

In the case of two zero eigenvalues with periodic coefficients (5.11), the problem
remains partially unresolved. Using x = rcosf,y = rsinf (5.12), Lyapunov
seeks a formal solution (5.15). If the series converge, the zero solution is non-
asymptotically stable. However, the convergence of these series remains a diffi-
cult question. For canonical systems (5.16), formal solutions always exist, but
their convergence is not guaranteed.

§ 6. Canonical Systems and Integral Manifolds

Consider the canonical system (6.1) with integral H, = ¢? (6.2). Here, the
series (5.22) converge, and the zero solution is non-asymptotically stable. For
the system (6.4), the equilibrium point is non-asymptotically stable regardless of
A. In the transcendental case, an integral manifold appears in the neighborhood
of the origin, and the stability is determined by the behavior near this manifold.

For the system (6.17) where the matrix has two purely imaginary eigenvalues,
Lyapunov constructs periodic solutions (6.19). In the case of a focus, the integral
curves wind as spirals. A. N. Erugin [?] constructed the equations of these spirals
in the form r = [C' + (m — 1)gf]~/(m=1),

In canonical systems (6.20), stability is only possible if all eigenvalues are purely
imaginary. If the elementary divisors are simple, the system can be mapped to
(6.22). If all A;, have the same sign, the origin is stable. Kolmogorov [?] provided
a method to prove the existence of analytic contact transformations (6.26) that
preserve stability under small perturbations.

The Krylov-Bogolyubov method allows for the construction of solutions to sys-
tems like (7.11) in the form = = acos(¢p+7)+... (7.13). This method effectively
isolates the principal part of the solution and accounts for non-stationary oscilla-
tions. By comparing coefficients of €¥, one obtains equations for z,, (7.16-7.20).
The choice of arbitrary functions in the solution allows for either convergence
in a domain or better asymptotic representation. This method represents a sig-
nificant development of the “first method” and has gained wide distribution in
nonlinear mechanics.
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DIFFERENTIAL EQUATIONS

DECEMBER 1967, VoL. 111, No. 12

UDC 517.917

ON THE CHOICE OF RIGHT-HAND SIDES
IN THE SYSTEM OF DIFFERENTIAL EQUATIONS
OF THE GRADIENT METHOD

S. M. GERASHCHENKO

Introduction. The problem of finding the extremum of functions is given
much attention. For its solution, various methods are attracted, which can be
divided into three classes [1—3]: engineering, mathematical, and bionic. In
this article, an engineering approach to the ogtimization problem is propos-
ted: a system of differential equations, describing the movement of a point
in phase space to an extremal point, is considered as an automatic control
system, where the control action is formed as a fumctional as function of
vak fynction of VF(x) = ( a;}x) s 6;::() sy ﬂgx(") ) Such an

1 2 n
approach allows alﬁblying methods of automatic control theory.

Consider the problem of unconstrained optimization of a convex differen-

ntiable function F(x) = F(x;, x3, ..., x,), defined on an n-dimensional
Euclidean space E, (x = (x, x3, ..., x,) € E,,, Ix]| = v/(x, x)).

Let x* be the minimum point of the function F (x). The differential gradient
method of searching for x* and F(x*) costouts in organizing movement to the
point x = x* in the procapance E,, due to sanother system of differential equa-
stions. In this clyae, the gradient of the fynction F(x) is used as a measure of
deviation from the point x = x*. Sio, for example, in the deterministic grad-
ient method, the system is most often used

dx
=4 VF (x), 1)

where A is a positive-definite matrix of size n X n; x is an n-dimensional
column vector.

Obviously, the entire variety of systems of differential equations, for which
x(1) = x* as t = o0, is not limited ﬁy the system (1). Therefore, the question
arises about the choice of the “optimal” system of the gradient metho.. Un-
der this, one can propose the fo lowin;i as optimality criteria: 1) minimum
convergence time to the point x = x* (i. e. entering a sufficiently small
neighborhood of it); 2) min ||x(r) — x*|| for T < T,, where T, — some given
computation time, and others [4].

If we consider the function e(x) = F(x) — F(x*), which in the case of
finding a minimum will be positivelively (F(x) = F(x*)), then as one of the
crileriz.i one can take the condition of monotone convergence to the point
XxX=x.

de(x)
dt

<0 for x+#x*. 2)

Figure 1: Figure 1
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If... i—‘: = f(x), then criterion (2) will take the form

28D — @ =T Fe.f0) <0.

It is advisable to use the following criterion:

minTe2 (x) dt = min T [F (x) — F (x*)]* d2.
[ [

Another group of practically important criteria is based on the property of
‘roughness’ with respect to difference approximation when calculating on a
digital computer. Consider system (1) in finite differences

(L gk
h

x((k + 1) k) = x (kh) — AV F (x*) - h.

=—AVF(x"
or

Expanding the vector x((k + 1)h) into a Taylor series

x (kh) + %—J'c(kh)+g—:i(kh)+...=x(kh)—AvF(kh)-h,

where ... as ...
X=—AvVF(x)—-0(h), 3

where 7' (h) = const nph h = 0. - _

Conse(lluently, when solvn_lﬁlon a digital computer, instead of system (1),
we actually have system (3). The latter serves as an explanation for the fact
that when solving problems by the gradient method, either the convergence
process in time is very long, or oscillations arise near the point x = x*. Thus,
the term O(h) can be interpreted as an unknown perturbation (noise) causing
oscillations in system (1). Therefore, the problem of compensating for this
perturbation is relevant.

1. Use of Sliding Modes. In automatic control, one of the effective
methods for suppressing disturbances unknown in advance and ensuring the
property of “roughness” is the introduction of a sliding mode into the
system of differential equations. As is known, for the latter to exist, the
right-hand side of the equations must be a discontinuous function [5]. At the
point of discontinuity (1.e., on the switching surface), a sliding mode may
occur.

lr;* our problem, oscillations arise near the point x = x*, where

Let us consider a surface passing through the point x = x*:
s(x)=(cVF(x) =0, “

where ¢ is an arbitrary vector, its components can be not only constant, but
also dependent on x. Let us organize sliding on surface (4).

Figure 2: Figure 2
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For the existence of a sliding mode, it is necessary and sufficient that the
following conditions are met:
im ) 50 a5 -,
s—>-0 dt
(5)
lim dsz) <0 ass—+0.
so+0  dt

Let's take the derivative of s(z):

D (952, 8) = (V5. @)

where & = f@' Let's choose f(x) so, that conditions (5) are met.
Tn view of the above, let's assume that the system of differential equations
has the form
dr
o et KVF(z) + b(z)u(z), (6)

where K = const; b(z) — vector function; u(z) — scalar discontinuous func-
tion. Questions of exisctence of solutions of systems of type (6) and their cro-
pistries are considered in the work [6].

2. “Relay” system of type I. Consider the expression

) _ (Vs(a), ) = - K(Vs(a), VF) + (Is(a), b(a))u(a)

We leave the first term unchanged, in the second we choose b(z) and u(z)
so, that conditions (5) are satistified. Let Ilolowum

1K (Vs(z), VF(z))| < N, u(z) = —sgns(z), bz) = MVs(z),
then the system of differential equations (6) will be written as:

% = _ KVF(z) - MVs(a) - sgn s(a), G
dsz) . i . s
& will you snoletroperty conditions (5) in the “sorip” |K(Vs(z),

VF&) | < N. Let- call the system (7) a “relay” system of type L.

t's find the system of differential equations, that describes the slidin;
mode on the switching suirface of the sverte ﬁz) =0. As is known [6],
vector celopocity in the sliding mode detcermined by the formyla

dz dz \* dz \~
—=a—) +(- — <a<l
@ a( ) (1 a)( ),O\a\l
The value a is hauded its expression

(Vs(:m), %) o, ®

Figure 3: Figure 3
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where .
(%) = _KVF(®)—MVs® ats>0,
= 9)
(%) = _KVF(X)+MVs(x) ats<0.

Determining « from relations (8) and (9), we obtain that the motion on the
sliding surface s (x) = 0 is dencribed by the following system:

_dx K(Vs(x), VF(x)
a = KOV - 1@
Calcucating dgd(:) by virtue of system (10), we obtain
ds _ 2 (Vs VF() _
= Je K(Vs(x), VF(x)) + K[|[Vs(x)ll Vs @I =0.

Thus, s(x) = 0 is the first integral of the system of differential equations
otddengribing the sliding mode. Therefore, the order of system (10) can be
reduced.

We will porwise the stability of solutions to sustems (7), (10) by the direct
method of Lyapunowv. Note that this method was also applied earlier [7] as a
method for solving nonlinerery programming problems with a single extremal
point.

3. Hitting the sliding surface and stability theorems.
The usual scheme for proving stability in systems with sliding is as follows.
It is investigated under what conditions any point of the phase space hits the
sliding surface s(x) = 0 at some moment in time, nnt excedomis:tume one
monent in time, and then the motion on the sliding surface is considered.
Following papers [8, 9], we consider the change in s?(x), assuming M to be a

large number, i
1
d ( : 5 (x))

a =s5(x)(Vs(x), X) =

e M||Vs(x)1[2|s(x)| [l + w}

M|V s(x)]?
d ( % sz(x))
For the condition of hitting S e 0, it is required, that the second
term in absolute value be less than equity, i. e.
‘ K(Vs(x), VF(x)

wsar |<M o

for ever x, benlangling to the sosephocte s(x) =0. Hequentity (11) gives
the condition, imposed on the vector ¢ to ensure that ckollisnating on the
solephocte s(x) = 0.

Figure 4: Figure 4
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To investigate hitting on s(:cf) =0, we let M — oo and introduce slow
time 7(t = vr, v-! = M). Then for v=10

()
o)

Using the theorem on continuous dependence of solutions on the right-hand
side, we conclude that to ensure hitting the sliding surface, it is necessary
to take the number M sufficiently large (M > My).

Theorem 1. Let a twice differentiable function F(x) = F(x), x3, ..., X,)
be given and the system of equations Vs(x) = aVF(x) for a # 0 has no
solutions other than x = x*. Then the minimum point x = x* is an
asym;;ltotically stable in the large equilibrium position of the system (10),
and t(e function V(x) = F(x) — F(x*) is a Lyapunov function for the sy-
stem (10).

Proof. By assumption, the point x = x* is the only point where VF(x) =
0. Calculating the total derivative with respect to time of V(x), due to the
system (10) we have

= — |s@IVs@I? <0.

—KIVF@)IPIVs()I? + K (Vs(x), VF(x))*
Vs ()12 '

AT _ (wve, 5=

By the Schwarz inequality
—IVF (@) IFIVs()I? + (Vs(x), VF(x))* <0,

moreover, equality to zero is possible only in the case of linear dependence of
the vectors Vs(x) and VF(x). But by the condition of the theorem, the equalit
Vs(x) = aVF(x) is either possible at the point x = x*, or impossible in rge‘nera g

Thus, the function V{t} = F(x) — F(a*) satisfies the conditions of Lyara-
punisov's theorem and, therefore, lim x(f) = x* as t — oo.

Theorem 2. Let a twice differentiable function F(x) be given, the point
x = x* be the minimum point of F(x), and the system of equations

VF(x)+ % Vs(x)sgns(x) =0 (12)

has no solutions other than x = x*. Then the phase trajectory of the system
(7), passing through an arbitrary point of the phase space rg',., ends at the
point x = x* as f — co. The function V(x) = IJEF(J:) — F(*)] + M|s(x)| is
a Lyapunov function for the system (7).

roof. Let us take the total derivative with respect to time of the
function V(x):

YD) _ (KVF @) +MVs) - sgns@Il- KVF ()~ MYs() - sgns @l

then
L (v (), vV ) <o. (13)

dl;gx) # 0 for x # x*.
Therefore, the function V(x) is a Lyapunov function for the system of
differential equations (7).

From the condition (12) of the theorem, it follows that

Figure 5: Figure 5
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We will show further that here it is possible to construct also a general
solution in the neighborhoaod of the origin of coordinates.

Lya?unov studled also such a system (1.4) with constant coefficients py,
and P ...m,), in which the matrix of coefficients P = || py || of the linear
system fl.S) has two purely imaginary roots, and the real parts of the
remaining roots are negative. Such a system after simple transformation can
be rewritten in the form

dx dy
dt W+ X dt

dx
d_; =puX+t...+PnXat o x+ By + X,

where X, Y, X; — holomorphic functions in the neighborhood of the point
x=y=x; =...=x, =0, not contaiming free and linear terms, %u. oy, B —
real numbers and the real parts of all roots of the matrix P = |T pu lls
are negative.

Based on the solutions (2.2) of system (2.1) (obtained using the expan-
sions (1.12)) Lyapunov reduces the study of system (2.9) to the study of such
a system of n + 2 equations (2.6g, in which X and Y vanish together with
x =y = 0. Further this system (2.6) is investigated in the following way. First,
the question is posed about the existence of a family of solutions in the form

x=xWec+xD2+ ..., y=yWe+ydci+...,

=Ax+7Y, 2.6)

) )2 @7
xs=xWe+xPc? +...

Here ¢ — arbitrary constant and the coefficients x@, y®, x©, x{are pe-
(t — 1)\
T+he+.. where hy, hs, ...
some, subject to determination constants. If, sadisifying formally the
equations (2.6), we find all coefficients of the series (2.7) periodic,
teen, as shown by Lyapunov, these series (2.7) will be also convengent
Egrf’sucﬁctently small |c]. This will find a family of periodic solutions

periodic, with period 27 functions 7=

ow is the question about the stability of the zero solution in the case of
the existence of a family of periodic so{utions resolved? Such a question
arises, since (2.7) is not a general solution in the neighborhood of the origin
of coordinates. Lyapunov shows that in this case for the system (2.6) there
exists an integral of the form

PP HFxy ooy X X ) =X+ )2+
+ 2 Um---m) (x, y)xis ...x0n =, (2.8)

m>1,m+my+...+m,>2

where F — holomorphic function in the neighborhood of the point x;, =... =
X, = x = y =0 function. Conversely, if we have the integral (2.8), then we
uneve also a samily of periodic solutions (2.7). Each of the solutions (2.7)
is located on one of the integralizat coverphaces (2.82. and, conbericly, on
each sugface (2.8) is located one of the periodic solutions (2.7). Further
Lyapunov showed that every solution of system (2.8), not coiniading with
the coorterstrying soverface (2.8) (initial values of this solution determine
c in (2.8), i.e. determine the integral coterphaces araea in olistemoe (2.8)),
asymptotically approaches the coorterstrying periodicologic solution (2.7).

Figure 6: Figure 6

russiarxiv.org/items/ru-196701.57010 Machine Translation


https://russiarxiv.org/items/ru-196701.57010

RussiaRxiv

540 N. P. ERUGIN

method. But in all these cases he could have finished the solution of the
problem also by the first method, by constructing the general solution in
the vicinity of the perturbed solution. We will show this. It is possible to
make the following remark on this.

Lyapunov in cases of the existence of integrals (2.5) and (2.8) did not
find the general solution in the vicinity of the origin of coordinates of
unknown functions by the first method. But it is possible to do this. We
will show this in § 3.

§ 3. Consider the system of equations studied by Lyapunov:

dx dx,

?=X- d_;=Pstl+'--+psnxn+Xs m=1,...,nm, (3.1)
where X, X, are functions that are holomorphic in the vicinity of the point
X=X, =...= X, =0, which do not have free and linear terms in their expan-
sions. The coefficients of these series and p,, are constant. We will also
assume 1) that the functions X and X, at x; =... = x, =0 vanish, and the
real parts of all roots of the matrix P =|| ‘,,P are negative. As Lyapunov
showed, in this case there exists an integral of the system

x=c+f(xy ..., Xy ), (3.2)

where f is a function that is holomorphic in the vicinity of the point
X, =...=Xx, =c =0, which vanishes at x;, =...=x, = 0. The zero solution
of system (3.1) in this case is stable (non-asymptotically). It is precisely
in this case that there exists a curve

x=x(c), x=2x,() (x=x,=0 npuc=0), (3.3)

passing through the origin of coordinates and consisting of e%uilibrium
points. This curve intersects each of the integral surfaces (3.2) at one
point. The integral surfaces (3.2) surround the origin of coordinates and
shrink to the origin of coordinates as ¢ — 0.

Each of the solutions of system (3.1), starting in a sufficiently small
vicinity of the origin of coordinates, without leaving the correspondin
surface (3.2), approaches the equilibrium point (3.3) on this surface. WE
set the problem of constructing these integral curves or constructing the
form of the general solution of system (3.1) in the vicinity of the origin of
coordinates. This can be obtained in the following way.

Since X, =0 for x, = ... = x, = 0, then, substituting the variable x in
X, by formula (3.2), we obtain functions x,(x,, ..., X,, ¢) that are holomerphic
in the vicinity of the point x, = ... = x, = ¢ = 0. In other words, after such
a substitution, the last n equations of (3.1) can be written in the form

d. —
‘:: =Gy, (€) X1 + .. + G5 (€) X, +X:(x11 seny Xy, €}

(s=1, ..., n) (3.4)

or, as Lyapunov writes,
dx,
dr

e (PAI +ea(@)x+... .+ {psn + € (€)) Xn +
+ X0 Xy oo Xy) (3.4)

1) Lyapunov reduces the general case to this case, when there is one zero characteristic
part, and the real part of the rest is <0.

Figure 7: Figure 7
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Let us denote ! these real parts by A, (c), ..., A,(c). According to
the first method, z,, ..., 2, from (3.17) we will obtain in the form (1.12)

EmAl)t
z5= 3, LM-m)(c)aM...aMme=! (321
my+..+my>1
s=1,...,n),

where the real parts of the functions L{™™ (¢, c) are not greater than
zero, and ay, ..., a, are arbistrary constants. Substituting those z, into
(3.16), we will obtain also z in the same form:

£ myh(e)
z=c+ Z Lim--md (¢, ¢) aPr. .. aTn g!=! (3.22)
my+...+mp>1

In the same form we will obtain r and x,, , x,, if we substitute (3.21) and (3.22)
into (3.14). And then we will obtain also x, y according to (3.9). As for 6, we
will obtain it as a function of t from (3.103, and at the same time there will
a;'gpear one more arbitrary constant ¢,. Since in (3.10) @ is a periodic function
of 6, then 8 = 8(r) will be determined ? for all # and can be obtained by
P}card’s method in the form of a series, converging for all finite values
of r.

‘We have obtained the general solution of the system (3.7) in the vicini
of the origin of coordinates with arbitrary constants a, ..., a4, cnd ¢;. All
these series will converge with the speed of an exponential function, therefore the
solutions can easily be obtained approximately with the desired accuracy.
Now it is possible to study the influence of various parameters, entering into the
right parts of the equations (3.7), on the behavior of integral curves as f — oo,

Summarizing everything previously stated, the following can be said.
Every time when Lyapunov obtained asymptotic_stability of the zero
solution, ﬁfnerategl only by the property of the solution of the first approx-
1imation, he obtained also the 1guauera solution, the first approximation,
he obtained also the general solution in the vicinity of x, = ... =x, =
and for all 1 > 4. If he obtained asymptotic stability of tlhe zero solution,
solution in a doubtful case, using the second method, then he could not
obtain_the general solution. ?). This has not been done and up to now.
Thus, in this case we have only the fact of asymptotic stability. If the zero
solution of the given system turned out to be unstable, then Lyapunov
found in the vicinity of the point x; = ... = x, = 0 a certain integral
manifold ¥, consisting of inteﬁ'ral curves (entirely situated near the point
X = ... =X, =0, Le. for all 1), which turned out to be asymptot:calgf
stable, i.e. all solutions, startinF near the I|:|oint X1 =...= X =0,
asymptotically approached one of the integral curves of this manifold as
1 — oo,

The asymptotic stability of this manifold was proved by Lyapunov by
the second method.

1) If we introduce new unknowns y = ?lv.. «..4 Ya) into the system (3.17) using the
formula (z,, ..., %) =¥y .-~ ¥o) Ule, 8), then for { we obtain a system, the first ap--
prosimation of which Wlh have a constant matrix of coefficients W(e). Here (v, ..., ¥n)
IS a row matrix. 48 -

2) We have = R(8,1), R(0+2r,1)=R(P, 1) and | a—e' as a function of time

organved lI)Dy t and periodic in 8. i i K 3
3) N. D. Moiseev called this fact perevival partial integration (the third method).

Figure 8: Figure 8
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o X, 42
?_Pﬂxi +"'+men+ l(xvylxll"'!xn) ( - )
(s=1,...,n),

where X, Y and X, — holomorphic functions in the neig}_lltlgrhood of the
origin, not containing free and linear terms'). is work 9%%
A. M. Lyaponov was published by Leningrad University Press in 1
under the title “Investigation of one of the special claves of the prob-
lem of yctoibility montion”. In this phenomenally difficult investigation,
some caves are passmatred using the stngord method, while opyries,
the most difficult, by the first method, building pemenue in the okinects
of the origin. It is interected to notite, that there Lyaponov was forced to
build concompenently permeiion of the cystem of yzantination of Briot
and Boukeet tine:

x%=_(a+1)z+xZ,a>0integer.
xa-l-l d'l
T d; =P51zl+..-+P=nzn+zs(s=l””’")’

where Z and Z, — are holomorphic functions x, z, z, in the neighterhood of the
origin. Namelly, he considered the bonpoc of the cymectrnees and napature
peuenion of this systeme, vuvellling togeter with x — 0. This problem in celf
cabe is not ogne of the nerivex. For Lyaponov one cavas emaarsd uncomp-
orter. This cay4ae insyred to V. A. Pliss [9]. Pliss was also Bunyxaen to
TOCTPOHTH pelllenHe custeme ypaBHeHHH METOOM NOCNEOBAaTEAbHBIX NMpPH-
6nn:Rennit ?lzprnna. 3Ta custema BCNOMOraTenbHaR, HO GIHSKaR K paccMoT-
pauBemea). 3nece Llayonov BeiHYAeH 61 NO-pasHOMY NOAXOAMTL K
pewennio safayx. Ho ato — cneacrene pasnus cnioMBeix TONONOTHYECKHX Kap-
THN PacnoNOXeRHR HNITEIPanbHLIX KPHBbIX B OKPECTHOCTH Havajla KOOPHM-
HHT H paspeiunocTs analurinvecknx npeacraenennil H Tononoruveckuit xﬁp—
TRHM Kak ¢ynrnion napamerpezs custems! (4.2). Bo mHorTX, KOHE4HO,
aynov BhIHyXfeH 6sil NONyTHO 3fieck BLIRBHTH H Ka4€CTBEHRYIO, OYelb
HIITEPECTyI0 KaPTHHY B ORPECTROCTH Ravana xoopannar. Hanpumep, bonpoc
of cymecrmaess and muliennost nepiodinuecknx pewenmil in ix contpoction,
of yctofivillnocth stux pewenud. Pliss, in the paiis ykazated there, Taxxe
CTPONN pemenHe B OKpecTROCTH discrpetnoric Mmoxecrea neproanyeckux
pemennil, discoyerred Jlaynonow.

Let us also otmete the folllowing. B custeme (2.3), the ﬁraser stopes are
holomorphic fynction in the neightboroth of the nasana. N. B. Munir [10]
pacsmitred the custemy

d dx

d—"' =Y(.x), 2= =Ax+X(,%),
whee A — a constant matruca, ale efiancneat sos kotopoid umeet ergutately
real part, se vactu, and ¥ (y, x), X (v, x) vanait mvro at nyre por x=y =0
u in the neightnooth of that towki nmeet contepuious partiani derienatives.
There y, ¥ — ckalarps, a x, X — sekrops. Munir, npu ucclegonaious sonpo-
ces of yctoiivilnocrn pemenns x =y =0, also arrived at a ono-parametper-

. 1) Already from statements by Lyapunov when noting the article on system 8111; in 1883,
it was clear cliaro. that this work esists. Clearily note the great parody of V. P. Basov,
edldt:r of this station, so totally unfamiliar with Lyapunov, — and this is not an asrige
sada.

Figure 9: Figure 9
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integral manifold, in the neishborhopd of which he constructed a general
solution (by the method of V. A. Pliss). This represents a development of
Lyapunov's first method.

§ 5. Now let us consider such systems, in which the right-hand sides
are periodic functions of t. From such custems, related to cownteful cases,
Lyapunov pacsmotped two classes.

1. When the first apubliximation meet odne xapracteristic exphonent,
pavnal to nyro, and all tﬂe others orgumtively.

. The 1¥lrst apubliiimation meet two nyro xapracteristic espsonents, an
acl the others orgunatively.

Pascmotper the first clyvae, korda the custema (1.4) gaden, py,(f) and
P(‘ﬁ,..m_.)(f) — fynktion periodiveckic with period w u nepsal apublximation
(1.8) umeet odne xapracteristic espeonents, pavnal to nyro, and ace other are
orgunitively. Spec cybests linear real treafpasosation ([5], § 8)

Y= qulx, (k=1,...,n), 5.0)
v=1

rie matruga

Q = llgs Il (5.2)

is periodivecke with period w, and a onterderomresounots, not iencounsting,
u takun, yto the nobex neuxectins y,, ..., y, molyvis a custem of brda
dx dx.
?=Xy d_‘!=p:lxl +"-+pmxn+p1x+‘¥s’ (53)
rde X u X, Gyayt fynktion takers its same xaraktery, as b custem (1.4),
a py, ps —realrerennsie constoants. Plus, tiom bewectsennsie vactu becex
X. 4. matriqus P = |py]l Gyngt otrputatensnue.
Ly?l%unov nokasad, uto there moryt botperensers two clyvaes.
1. This custema imeet a family of periodiveckic pellution of brda

x=c+u@d4+u®c3 ..,

x,=ule+uPc+.., o4
rde u®, u{?) — nepiodiveckic with periodis w, a ¢ — proursolnary noctosn-
mat ¢ malem |c|.

2. There is takue family of periodiveckic pelienud.

Btopod clyvad is detected by a kinewive number of operations (but pe-
eviously unksnown, ckonsko takux operations needd to be donates). If it
is discovered, then, applying the stopod metod, Lyapunov nokavisaers, uto
sdere there will either asymptotic yctohihifity of the nero pelienion, aldo an-

urstabilinocth.
In the firsst clyvae Lyapunov dokavisaet cymectres of the integrale
x+Fx, x,... X0 =¢, (5.5)
rie F— holomorphic in the okpectnost tovku x = x; = ... = x, = 0 fynction,

kosdofficients paxpansion into a perio of which are nepiodiveckeeva periodod
w fynction of #. For kawgrd c (sucificiently small in modylus) on the inter-
grale (5.5) lies the cootsercteyvening periodiveckue pelienion (5.4). This
neriodiverckic pelienue bynet asymptotierally yctohilited in classe of thex
peluenion, which havinairees (and, conseiuently, remains) on the inter-
gralished noberxnocte (5.5). Periodiveeckic pelieniua (5.4), obviouslo,

Figure 10: Figure 10
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...contract to the origin as ¢ —» 0. The zero solution of system (5.3) will be
stable here, but not asymptotically. Thus, here again Lyapunov uses the first
method, and we do not see another wag. True, having found the integral
(5.5), he again proves the asymptotic stabilit of the periodic solutions }5.4)
on the basis of the second method, but, firstly, after the constroution of the
solutions (5.4) or the integral (5.5), and, secondly, he could have finished the
investigation not by the second method, but by the first.

In fact, having found the family (5.4), Lyapunov introduces new variables
Z, 2y, ..., Zy by the equations

x=z+u[3)z2+u(3)z3+“”

5.6
xs=zg+ulz +uP 4., ¢6)
which transform the system (5.3) into the system
dz dz,
E=Zl d_:=P!lzl+'- «+ Pintnt+ Zs (5.7

(s=1,...,n).

Here Z and Z, are of the same character as X and X, in (5.3), but, in addition
to this, Z and Z, vanish for

Z71=...=2,=0.

Thus, we have the solution
z=¢ Z1=...=2,=0, (5.8)

which cortresponds to the family (5.4).*
For the system (5.7) we have the integral

z=c+f(z1,. - szZnm6 1), (5.9)

where f is a function holomorphic in the neighborhood of the pointz; = . .. =
zp = ¢ = 0 and periodic with period w with respect to ¢, not containing terms
of the first dimension with respect to z,, . . ., z,, ¢ and a free term. Now, replac-
ing the variable z in (5.7) by the formufa (5.9), we obtain the system

% =(ps + i@z + ... + (Psn + csn(€)) 20 + Zs, (5.10)

where Z; vanishes for z; = ... =2z, = 0 and does not contain terms of the
first dimension with respect to z), ..., ZB Here cy(c) are functions holomor-
phic with respect to ¢, vanaising at ¢ = 0. Thus, for all sufficiently small |c|,
the constant matrix

P=lpx + ey (@l

must have characteristic numbers with negative real parts. According to formulas
(1.12), we obtain the general solution in the neighborhood of the pointz=z; =..
...29 = 0or, what is the same, in the neighborhood of the periodic solutions é5.4 X
from which the aforementioned asymptotic stability of the solutions (5.4) will
follow. We have thus gblained the general solution in the neighborhood of the point
x=x=...=x,=0.
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Now let us consider a system which, after transformation, can be written

in the form
dx
F;_ _Ay+X(x'y1x|!"‘lxnl:)l
dy
?=).x+ Y{x,y, 5.y Xp, 1), (5.11)
dxg X
F =paX1+ ... +PmXa + X + gy + X,

where X, ¥ and X; are holomorphic functions in the neighborhood of the
point x =y = x; =...= x, = 0 with w-periodic coefficients as functions of t
without free and linear terms; py, p, and g are real constants and the real
parts of the characteristic matrix |[py|| are negative. This is that second
case with right-hand sides periodic wﬁﬁ respect to ¢, which we mentioned at
the beginning of this section. The question of the stability of the zero solution
of this system has not been solved even now. We shall see why.
Lyapunov, setting

x=rcosd, y=rsind, (5.12)
reduces the system (5.11) to the form
dr do
I = TR, I = )- + 9,

: 5.13
%=p,,x,+...+p,,,x,,+(p,cos&+q,sm8)r+Xs =13

=1,...,n),

where in X, x and y are replaced as indicated, and R and © denote holo-
morphic functions of the quantities r and x,, vanishing at r = x; = ... =
xn = 0, in which the coefficients are finite sums of sines and cosines of
integer multiples of 9 with coefficients w-periodic with respect to t. The
X, will be the same. Considering r and x; as functions of the independent
variables 9 and #, we obtain the system

or or
-aT+(l+G)$—rR,
ax, (5.14)

% +(]\+G)%=pﬂx|+...+p,,,x,,+(p,cost9+q,sin0)r+X,

s=1,...,n).

For this s‘ylrstem, Lyaponov poses the question of the existence of a formal

solution of the form
r=c+uP+uPd + .., 515
x=ulec+uPc+... (s=1,...,n), ’

where « and uf,” are finite sums of sines and cosines of 9 with coef-
ficients w-periodic as functions of t. If after a finite number of steps
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it turns out that there is no such solution and the first non-periodic function

1M has the form
u =gt +v (1, 9), (5.15)

where g is a non-zero constant, and v is a finite series of sines and cos-
ines of integer multiples of & with coefficients periodic with respect to f.
Then the question of the stability of the zero solution of the system (5.11

Lyapunov solves bjy the second method. But the question becomes difficult i
series of the form (3.15) can formally satisfy the system (5.14) so that all u‘V (1,

ugV (t, 9) turn out to be periodic as functions of t (or if the first non-perio-
dic function does not have the indicated form, which is possible only when,
the number A is commensurable).

i
In all previous cases, we considered u(" and u ") only as functions of r.
And if upon formal satisfaction of the given s¥stem they turned out to be
periodic, then the series g.lS) also converﬁed or small fcl. Now, however,
they mnn to be periodic functions of t (and with respect to @ they are self-
evi entlﬁ periodic), but we cannot indicate such a ¢, > 0, that for |¢| < c,
they will converge. The question of the conven%gence of the series (5.15), i
they turned out to be periodic') functions of #, remains difficult to this
day. For all points of his theory, Lyarpunov usually provides examples.
Here he did not indicate an example of such a systemP) (5.11), where the
series (5.15) turned out to be periodic functions of ¢ and would converge
out to be ter periodic functions of r and would converge uniformly with
respect to 9 and 1 for |¢| < ¢o. But, following Poincaré, Lyapunov provides
an example where formally the series (5.15) are obtained as periodic func-
tions of 1. It is precisely such a case that we encounter when consider-
ing a canonical system. Let, for example,
dx oF dy oF
Z=ay-, Lodxtr 2,
dt Yo ar M e
where F (x, y, t + ) = F (x, , 1) is a function holomorphic with respect to x and y
in the vicinity of the origin and does not have terms lower than the third dimen-

(5.16)

sion, i.e.
Flx,y,)= Fmum) (1) xmy™s;
7,1 MEMZ23 o } 517
Flmmy) (t+w)= Flonmy) ®
or
Fy. 0= Pat, ) Pu= 5 2yeu®.  (17)
Substituting o i

x=rcosd, y=rsind, (5.18)
we will obtain for r as a function of & and r the equation
ar 1 8F\ or 1 aF
L )
1) Note also that if da ;. 4 rational number, then in determining u(" and 1" a

large arbitrariness appears, to which Lyapunov draws attention.
2) We will consider such systems in this and the 6th paragraph.
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where .
F=F(rcos9, rsin®,?) (5.20)
and thus oF oF o
- 73;C059+ Esmﬂ,
aF aF . aF
== — 8. .
2 x rsin6 + 3 r cos (5.21)

Satisfying this equation with a series of the form
r=ctuct+uc+..., (5.22)
u, = u; (sin B, cos 0, 1),

we find uy in the form of polynomials in sin 8, cos 8, whose coefficients
will be w-periodic functions of r. Thus we always find a formal solution
of the system (5.16) in the form (5.22), where 8 is a solution of the
equation

B=A+ E mr™=2P,, (cos 8, sin 8, 1). (5.23)
m=3

But we are unable to prove the convergence of the series (5.22) for all
sufficiently small |c|. We shall return to the convergence of the series (5.15).
And now let us assume that we have succeeded in proving the convergence
of the series (5.15). Let us see what conclusions can be drawn from this.
In the fprevious cases, when u® and u® were determined only as func-
tions of r and turned out to be periodic, the series (5.15) provided us with
a one-parameter family of periodic solutions. Now we cannot assert this,
since u"? and u{" are functions of two arguments 8 and 7, 2n-periodic in
the first argument and w-periodic in the second argument. But, however,
this will be a boanded family of solutions and we have uniformly with
respect to f

P+xi+...+x2=0npuc—0. (5.24)

True, one must be sure that 8 = 8(¢) is defined for all finite 7. But we
have this, since, substituting the series (5.15) into (5.13), we obtain

d¢ _
- A+0(0,1), (5.25)
where
OO+2n,1)=0(,1), (5.26)
@, f+w)=0(,1 (5.27)
and
}%‘;’0 < M — constant.

So, let the series (5.15) converge. Then the function 8 = 6 () is defi-
fined for all finite r. In this assumption Lyapunov, introducing new
variables z, z, . . ., Z,:

r=z+uV24uP 2+,

(5.28)
=z +ud 2 +ud 2+
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3. There exist such systems for which the formal series (5.15) exist, but
do not converge. In this case, one can construct series of the form (5.15),
where the cients will not be periodic with respect to t (they will be

uasi-periodic) or will be periodic, but not with period @, and will converge
or |c[ < cp.
. One can indicate systems for which the fact of the irrationality of the

22 does not matter when pelwing the sroblem of sctaibility of the nero

. . . : i Ao
pellution, but there also exist turker systems in which for patinonal —
™

the nero solution ceases to be yctoinal possible. Circumstances changes.
However, if we perssider canonical systems [12]. Let us show this.
Consider the systemy
x=—Ay+a)x*+2BNxy —a@®y =ulx,y,)=ulxyt + o)
(5.29)
y=Ax—pOx*+2a(xy + BN =vi, y, ) =v(x, y, 1 + w).

Ftere the right-hand cides ydobnestropen vonious Cauchy-Riemans [11], no-
stomy, making stony z = x + iy, nolyyaew

%= iAz+a(t)2, a(=a(®)—ip(), (5.30)
otkyga )
g cla + ib)e™ (5.31)

1 —c(a+ib) j {A() —iB(1)}dt’
A(t)=a(f)cosht + B(r)sinit,
B(f)=Pp(t)cosht —a(f)sinAt,

rde a, b and ¢ — proursolvely real cocteranic constaunts. O6osnave wh = 2nq.
Pascmotper sgecs neckoluko csyvaes.
1. Lyct ¢ — an irrattional number. Torga @ (r) = 5 {A@) —iB(0)}dr —
organineed fynktion or z— folomorphic fynktion of ¢ in neighterhood of ¢ =0.

Holyuim
x+iy=u(t, c)+iv(t c), (5.32)

rde u and v — series in nolowiterenenix cteners of ¢ bes cso6odnic vlenos in
exoduumous for |¢| < ¢p. Samening x = rcos 8, y = rsin 8, nolysim

r=(u+i)e®=ut c)cosd + v(t, c)sin 9. (5.33)
We nolyved a serie ting (5.28) (uur (5.22)), no sdecs u'(f, 9) moryt Geits

nenperiodivcable othocutely to r and nepiodivcable, no ne with pericod w.
ycts, hanpumep,

a(f)=cos2nt, B()=sin2nt, w=1.

c(a + bi) (2 — A)e™
21 — A — ic(a + ib)e~ @M

Torga

(5.3
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