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MATHEMATICS

V. I. BOGANOV, G. L. LUKANKIN

AN INTEGRAL OF TEMLYAKOV TYPE AND
ITS LIMITING VALUES
(Presented by Academician Yu. V. Linnik on 10 XI 1966)

1. In the present work a new definition is given of an integral of Temlyakov
type, and its limiting values at points of the neighborhoods 𝐵𝑠,𝑗 are studied; it
is established that, generally speaking, they differ on certain two-dimensional
surfaces. We note that, although the work was written jointly, the result on
limiting values belongs to the first author, and the concept of an integral of
Temlyakov type to the second.

2. Let 𝐷 be a bicircular domain of class (𝑇 ) ((4), p. 349), i.e., a complete,
bounded, convex bicircular domain with center at the point (0, 0) ∈ 𝐷, whose
boundary is twice continuously differentiable and analytically convex from the
outside. As is known (1−3), a domain 𝐷 ∈ (𝑇 ) can be given as a bicircular
domain with center at the point (0, 0) ∈ 𝐷 of the space 𝐶2 of complex variables
(𝑤, 𝑧), bounded by the nonanalytic hypersurface

|𝑤| = 𝑟1(𝜏),

and
|𝑧| = 𝑟2(𝜏) (0 ≤ 𝜏 ≤ 1), (1)

where
𝑟1(0) = 0, (𝑟1(𝜏)/𝜏)′ ≤ 0 (0 < 𝜏 ≤ 1), (2)

𝑟2(𝜏) = exp [− ∫
𝜏

0
𝑡(1 − 𝑡) 𝑑 ln 𝑟1(𝜏)] . (3)

Remark 1. Conditions (2) and (3) are equivalent to the requirement that the
curve defined by the equations |𝑤| = 𝑟1(𝜏) and |𝑧| = 𝑟2(𝜏) (0 ≤ 𝜏 ≤ 1), and
which is the boundary of the image of the domain 𝐷 in the absolute quadrant-
plane, is the envelope of the family of straight lines

𝑐(𝜏)|𝑤| + 𝑑(𝜏)|𝑧| = 1,

where
𝑐(𝜏) = 𝜏𝑟−1

1 (𝜏), 𝑑(𝜏) = (1 − 𝜏)𝑟−1
2 (𝜏) (0 ≤ 𝜏 ≤ 1),
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and lies below the envelope at every point.

Consider a function Φ(𝜏, 𝑡, 𝜆, 𝜇) (𝜏 and 𝑡 are real variables, 𝜆 and 𝜇 complex),
which is summable in the rectangle

𝑅 = {𝜏, 𝑡 ∶ 0 ≤ 𝜏 ≤ 1, 0 ≤ 𝑡 ≤ 2𝜋}

for arbitrary 𝜆 and 𝜇 (|𝜆| < +∞, |𝜇| < +∞).
We shall call an integral of Temlyakov type the integral

𝑓(𝑤, 𝑧) = (4𝜋2𝑖)−1 ∫
1

0
𝑑𝜏 ∫

2𝜋

0
𝑑𝑡 ∫

|𝜉|=1
Φ(𝜏, 𝑡, 𝜉, 𝜂)(𝜉 − 𝑢)−𝑘 𝑑𝜉, (4)

where 𝑘 = 1, 2; (𝑤, 𝑧) ∈ 𝐶2; 𝜂 = 𝜉𝑒−𝑖𝑡; 𝑢 = 𝑐(𝜏)𝑤 + 𝑑(𝜏)𝑧𝑒𝑖𝑡; 𝑟1(𝜏) and 𝑟2(𝜏)
are functions determined by relations (2) and (3); moreover, if 𝑘 = 1, then the
integral (4) will be called an integral of Temlyakov type of the first kind;
if 𝑘 = 2, an integral of Temlyakov type of the second kind. Since the
functions 𝑟𝑖 = 𝑟𝑖(𝜏) (𝑖 = 1, 2) are determined by relations (2) and (3), one may
consider the nonanalytic hypersurface

|𝑤| = 𝑟1(𝜏), |𝑧| = 𝑟2(𝜏) (0 ≤ 𝜏 ≤ 1). (5)

which is the envelope of the family of hyperplanes 𝑐(𝜏)|𝑤|+𝑑(𝜏)|𝑧| = 1 (0 ≤ 𝜏 ≤
1) and is situated under the envelope at each point. According to Remark 1, the
nonanalytic hypersurface (5) can be regarded as the boundary of the complete,
convex, bicircular domain

𝐷 = {𝑤, 𝑧 ∶ |𝑤| < 𝑟1(𝜏), |𝑧| < 𝑟2(𝜏), 0 ≤ 𝜏 ≤ 1},

whose boundary is twice continuously differentiable and analytically convex from
the outside, i.e. 𝐷 ∈ (𝑇 ).
Remark 2. In the integral (4) the density Φ(𝜏, 𝑡, 𝜉, 𝜉𝑒−𝑖𝑡) is given on the
topological product

𝑀 = {𝜏, 𝑡, 𝜉 ∶ 0 ≤ 𝜏 ≤ 1, 0 ≤ 𝑡 ≤ 2𝜋, |𝜉| = 1};

we note, moreover, that the density Φ(𝜏, 𝑡, 𝜉, 𝜁𝑒−𝑖𝑡) can be given on a manifold
of two or three dimensions of the space 𝐶2, lying either in the domain 𝐷, or
outside it, on the boundary 𝜕𝐷 of the domain 𝐷. The case of an integral of
Temlyakov type in which the density is given on the boundary 𝜕𝐷 of the domain
𝐷 was considered earlier in the works (5−7).
Let the curve |𝑧| = Ψ(|𝑤|) (or 𝑟2(𝜏) = Ψ(𝑟1(𝜏))) be the image of the boundary
𝜕𝐷 of the domain 𝐷 in the absolute quarter-plane. We shall denote by [𝛼𝑗, 𝛽𝑗]
(𝑗 = 1, 2, … , 𝑛) the intervals of variation of the parameter 𝜏 such that the

sovietrxiv.org/items/ru-196701.56028 Machine Translation

https://sovietrxiv.org/items/ru-196701.56028


function Ψ(𝑟1(𝜏)) is linear on the intervals [𝑟1(𝛼𝑗), 𝑟1(𝛽𝑗)] (𝑗 = 1, 2, … , 𝑛), where
𝑟1(𝜏) = 𝜏𝑐−1

𝑗 (𝑐𝑗 > 0) for 𝜏 ∈ [𝛼𝑗, 𝛽𝑗] (𝑗 = 1, 2, … , 𝑛). As is known (7), the
order of the boundary |𝑧| = Ψ(|𝑤|) (𝑟2(𝜏) = Ψ[𝑟1(𝜏)]) of the domain 𝐷 is
called the number of intervals of linearity [𝑟1(𝛼𝑗), 𝑟1(𝛽𝑗)] of the function Ψ(𝑟1(𝜏))
belonging to the segment [0, 𝑟1(1)].
Definition 1. We shall say that Φ(𝜏, 𝑡, 𝜉, 𝜂) ∈ 𝜆 (𝜂 = 𝜁𝑒−𝑖𝑡), if Φ(𝜏, 𝑡, 𝜉, 𝜂) is a
summable function on the set

𝑅 = {𝜏, 𝑡 ∶ 0 ≤ 𝜏 ≤ 1, 0 ≤ 𝑡 ≤ 2𝜋}

for arbitrary 𝜉 and 𝜂 (|𝜉| = |𝜂| = 1), and, with respect to the variable 𝜉, satisfies
the condition Lip 𝛼 (0 < 𝛼 ≤ 1), independent of 𝜏 and 𝑡 (i.e.

|Φ(𝜏, 𝑡, 𝜉, 𝜁𝑒−𝑖𝑡) − Φ(𝜏, 𝑡, 𝜉0, 𝜁0𝑒−𝑖𝑡)| < 𝑁|𝜉 − 𝜉0|𝛼,

where 𝑁 and 𝛼 do not depend on 𝜏 and 𝑡).
Theorem 1. Let the density of the integral of Temlyakov type (4) be the function
Φ(𝜏, 𝑡, 𝜉, 𝜁𝑒−𝑖𝑡) ∈ 𝜆,

𝑎 = lim
𝜏→0

𝑟′
2(𝜏)

𝑟′
1(𝜏) , 𝑏 = lim

𝜏→1
𝑟′

2(𝜏)
𝑟′

1(𝜏) .

Then, if 𝑎 ≠ 0 and 𝑏 ≠ −∞ (or 𝑎 ≠ 0 and 𝑏 = −∞, or 𝑎 = 0 and 𝑏 ≠ −∞, or
𝑎 = 0 and 𝑏 = −∞), the integral (4) is a function holomorphic in the domains
𝐷, 𝐸1, and 𝐸2 (or in 𝐷 and 𝐸1, or in 𝐷 and 𝐸2, or in 𝐷) and nonholomorphic
in the domain 𝐶2 ∖ 𝐷 ∪ 𝐸1 ∪ 𝐸2 (or 𝐶2 ∖ 𝐷 ∪ 𝐸1, or 𝐶2 ∖ 𝐷 ∪ 𝐸2, or 𝐶2 ∖ 𝐷),
where

𝐸1 = {𝑤, 𝑧 ∶ 𝑓1(|𝑤|, |𝑧|, 0) < 0}, 𝐸2 = {𝑤, 𝑧 ∶ 𝑓2(|𝑤|, |𝑧|, 1) > 0},
𝑓1(|𝑤|, |𝑧|, 𝜏) = |𝑧| + 𝑟′

2(𝜏)(𝑟′
1(𝜏))−1|𝑤| − 𝑟′

2(𝜏)(𝑟′
1(𝜏))−1𝑟1(𝜏) + 𝑟2(𝜏),

𝑓2(|𝑤|, |𝑧|, 𝜏) = 𝑓1(|𝑤|, |𝑧|, 𝜏) − 2[𝑟2(𝜏) − 𝑟′
2(𝜏)𝑟1(𝜏)(𝑟′

1(𝜏))−1].

Definition 2. We shall say that Φ(𝜏, 𝑡, 𝜉, 𝜂) ∈ 𝑎 (𝜂 = 𝜁𝑒−𝑖𝑡), if Φ(𝜏, 𝑡, 𝜉, 𝜂)
satisfies, with respect to 𝜉, the condition Lip 𝛼 (0 < 𝛼 ≤ 1), independent of 𝜏
and 𝑡, and is bounded in modulus for (𝜏, 𝑡, 𝜉) ∈ 𝑀 .

Theorem 2. Let the boundary of the domain 𝐷 have order 𝑛, and let the
density of the integral (4) be a function Φ(𝜏, 𝑡, 𝜉, 𝜂) ∈ 𝑎. Then the integral (4)
is continuous in the whole space 𝐶2, with the possible exception of the circles

𝐵𝑠,𝑗 = {𝑤, 𝑧 ∶ |𝑤| = 𝑐−1
𝑗 , |𝑧| = 0, 𝑐𝑗 > 0, 𝑠 = −1 or |𝑤| = 0, |𝑧| = 𝑑−1

𝑗 , 𝑑𝑗 > 0, 𝑠 = +1, 𝑗 = 1, 2, … , 𝑛}.
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Fig. 1

Figure 1: Fig. 1

Remark 3. Since the construction of the kernel in the integral (4) has remained
the same as in the Temlyakov-type integral with density given on the boundary
of the domain 𝐷, the proof of Theorems 1 and 2 is analogous to the proof of
identical propositions (5−7) for the Temlyakov-type integral with density given
on the boundary of the domain 𝐷.

3. Consider the domains:

𝑞+
𝑠,𝑗 = {𝑤, 𝑧 ∶ 𝑓1(|𝑤|, |𝑧|, 1) < 0, 𝑓3(|𝑤|, |𝑧|, 𝛼𝑗) < 0, 𝑠 = −1 or

𝑓2(|𝑤|, |𝑧|, 0) > 0, 𝑓3(|𝑤|, |𝑧|, 𝛽𝑗) < 0, 𝑠 = +1, 𝑗 = 1, 2, … , 𝑛};
𝑞−

𝑠,𝑗 = {𝑤, 𝑧 ∶ 𝑓1(|𝑤|, |𝑧|, 𝛽𝑗) < 0, 𝑓3(|𝑤|, |𝑧|, 0) < 0, 𝑠 = −1 or
𝑓2(|𝑤|, |𝑧|, 𝛼𝑗) > 0, 𝑓3(|𝑤|, |𝑧|, 1) < 0, 𝑠 = +1, 𝑗 = 1, 2, … , 𝑛};

𝑞(𝑚,𝑙)
𝑠,𝑗 = {𝑤, 𝑧 ∶ 𝑓1(|𝑤|, |𝑧|, 𝛽𝑗) ≥ 0, 𝑓3(|𝑤|, |𝑧|, 𝛼𝑗) ≥ 0, 𝑓1(|𝑤|, |𝑧|, 1) < 0, 𝑓3(|𝑤|, |𝑧|,

0) < 0, 𝑠 = −1 or 𝑓2(|𝑤|, |𝑧|, 𝛼𝑗) ≤ 0, 𝑓2(|𝑤|, |𝑧|, 0) > 0, 𝑓3(|𝑤|, |𝑧|, 𝛽𝑗) ≥
0, 𝑓3(|𝑤|, |𝑧|, 1) < 0, 𝑠 = +1; 𝑗 = 1, 2, … , 𝑛}, where 𝑓3(|𝑤|, |𝑧|, 𝜏) = 2|𝑧| −
𝑓1(|𝑤|, |𝑧|, 𝜏).
In Fig. 1 an image of the domains is given for the case 𝑛 = 1, with the notation
𝑞+

−1,1 = 𝑞+, 𝑞−
−1,1 = 𝑞−, 𝑞(𝑚,𝑙)

−1,1 = 𝑞(𝑚,𝑙), 𝐵−1,1 = 𝐵.

The family of two-dimensional surfaces passing through the points of the circles
𝐵𝑠,𝑗 from the domains of nonanalyticity of the integral (4) will be denoted by

𝜎(𝑚,𝑙)
𝑠,𝑗 = {𝑤, 𝑧 ∶ 𝑐2

𝑗 |𝑤|2+𝑑2
𝑗 |𝑧|2+2𝑚𝑐𝑗𝑑𝑗|𝑤| |𝑧|−1 = 0 (𝑑𝑗 > 0, 𝑐𝑗 > 0, |𝑚| ≤ 1) and arg 𝑤−arg 𝑧 = 𝑙 (arg𝑠 0 = 1

2 [(1−𝑠) arg 𝑤0+(1+𝑠) arg 𝑧0]+𝑠𝑙, (𝑤0, 𝑧0) ∈ 𝐵𝑠,𝑗, |𝑙| < 2𝜋, 𝑠 = ±1); 𝑗 = 1, 2, … , 𝑛}.

Introduce the notation

𝑓𝑞(𝑤0, 𝑧0) = lim
(𝑤,𝑧)→(𝑤0,𝑧0)

(𝑤,𝑧)∈𝑞

𝑓(𝑤, 𝑧),

𝑓𝑞(𝑚,𝑙)(𝑤0, 𝑧0) = lim
(𝑤,𝑧)→(𝑤0,𝑧0)

(𝑤,𝑧)∈𝜎(𝑚,𝑙)
𝑠,𝑗 ⊂𝑞(𝑚,𝑙)

𝑠,𝑗

𝑓(𝑤, 𝑧).

Fig. 1

Theorem 3. Let the boundary of the domain 𝐷 have order 𝑛, let the density
of the integral (4) be a function Φ(𝜏, 𝑡, 𝜉, 𝜂) ∈ 𝛼, and let Φ(𝜏, 𝑡 + 2𝜋, 𝜉, 𝜂) =
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Φ(𝜏, 𝑡, 𝜉, 𝜂). Then the limiting values of the Temlyakov-type integral of the first
kind (4) at points of the circles 𝐵𝑠,𝑗 are determined by the formulas:

1) 𝑓𝑞+(𝑤0, 𝑧0) = 𝑓(𝑤0, 𝑧0) + 𝑓1(𝑤0, 𝑧0);
2) 𝑓𝑞−(𝑤0, 𝑧0) = 𝑓(𝑤0, 𝑧0) − 𝑓1(𝑤0, 𝑧0);
3) 𝑓𝑞(𝑚,𝑙)(𝑤0, 𝑧) = 𝑓(𝑤0, 𝑧0) + 𝑓1(𝑤0, 𝑧0) − 𝑓2(𝑤0, 𝑧0),

where

𝑓(𝑤0, 𝑧0) = (4𝜋2𝑖)−1 ∫
1

0
𝑑𝜏 ∫

2𝜋

0
𝑑𝑡 ∫

|𝜉|=1
Φ(𝜏, 𝑡, 𝜉, 𝜉𝑒−𝑖𝑡)(𝜉 − 𝑢0)−1 𝑑𝜉,

𝑓1(𝑤0, 𝑧0) = (4𝜋)−1 ∫
𝛽𝑗

𝛼𝑗

𝑑𝜏 ∫
2𝜋

0
Φ(𝜏, 𝑡, 𝑢0, 𝑢0𝑒−𝑖𝑡) 𝑑𝑡, (6)

𝑓2(𝑤0, 𝑧0) = (2𝜋)−1 ∫
𝛽𝑗

𝛼𝑗

𝑑𝜏 ∫
𝑙+𝜑𝑚

𝑙−𝜑𝑚

Φ(𝜏, 𝑡, 𝑢0, 𝑢0𝑒−𝑖𝑡) 𝑑𝑡,

𝜑𝑚 = arccos 𝑚,

𝑢0 = 𝑐(𝜏)𝑤0 + 𝑑(𝜏)𝑧0𝑒𝑖𝑡 for 𝜏 ∈ [0, 𝛼𝑗) ∪ (𝛽𝑗, 1];

𝑢0 = exp 𝑖
2 [(1 − 𝑠) arg 𝑤0 + (1 + 𝑠)(arg 𝑧0 + 𝑡)] for 𝜏 ∈ [𝛼𝑗, 𝛽𝑗];

the singular integral in formula (6) is understood in the sense of the Cauchy
principal value.

Proof is based on the representation of the function defined by the Temlyakov-
type integral in a neighborhood of the circles 𝐵−1,𝑗 (𝑗 = 1, 2, … , 𝑛), namely on
the formula

𝑓(𝑤, 𝑧) = (2𝜋)−1 [∫
𝜏0

0
𝑑𝜏 ∫

2𝜋

0
𝐹−1(𝜏, 𝑡, 𝑢, 𝑢𝑒−𝑖𝑡) 𝑑𝑡+

+ ∫
𝜏1

𝜏0

𝑑𝜏 ∫
2𝜋+𝜓−𝜑

𝜓+𝜑
𝐹−1(𝜏, 𝑡, 𝑢, 𝑢𝑒−𝑖𝑡) 𝑑𝑡 + ∫

𝜏1

𝜏0

𝑑𝜏 ∫
𝜓+𝜑

𝜓−𝜑
𝐹1(𝜏, 𝑡, 𝑢, 𝑢𝑒−𝑖𝑡) 𝑑𝑡+

+ ∫
1

𝜏1

𝑑𝜏 ∫
2𝜋

0
𝐹1(𝜏, 𝑡, 𝑢, 𝑢𝑒−𝑖𝑡) 𝑑𝑡],
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where

𝐹−1(𝜏, 𝑡, 𝑢, 𝑢𝑒−𝑖𝑡) = (2𝜋𝑖)−1 ∫
|𝜁|=1

Φ(𝜏, 𝑡, 𝑢, 𝑢𝑒−𝑖𝑡)(𝜁 − 𝑢)−1 𝑑𝜁

for |𝑢| < 1, and the function 𝐹1(𝜏, 𝑡, 𝑢, 𝑢𝑒−𝑖𝑡) is defined by the same formula,
but for |𝑢| > 1;

𝜑 = arccos [(1 − 𝑐2(𝜏)|𝑤|2 − 𝑑2(𝜏)|𝑧|2)(2𝑐(𝜏)𝑑(𝜏)|𝑤| |𝑧|)−1] ,

𝜓 = arg 𝑤 − arg 𝑧, 𝜏0 = inf
0≤𝜏≤1

{𝜏 ∶ 𝑓3(|𝑤|, |𝑧|, 𝜏) = 0},

𝜏1 = sup
0≤𝜏≤1

{𝜏 ∶ 𝑓1(|𝑤|, |𝑧|, 𝜏) = 0}.

Remark 4. Theorem 3 is formulated for the cases 𝑎 ≠ 0, 𝑏 ≠ −∞ (or 𝑎 = 0,
𝑏 ≠ −∞, or 𝑎 ≠ 0, 𝑏 = −∞, or 𝑎 = 0, 𝑏 = −∞), with 𝛼1 ≠ 0 and 𝛽𝑛 ≠ 1.

Remark 5. Theorem 3 for the case of domains 𝐷 of type 𝐴 (𝐷 = {𝑤, 𝑧 ∶
𝑐|𝑤| + 𝑑|𝑧| < 1, 𝑐 > 0, 𝑑 > 0}) was considered earlier in the authors’papers
(8−10).
The authors express their gratitude to Prof. A. A. Temlyakov for his attention
to the work.

Moscow Regional Pedagogical Institute
named after N. K. Krupskaya
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