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AN INTEGRAL OF TEMLYAKOV TYPE AND
ITS LIMITING VALUES

(Presented by Academician Yu. V. Linnik on 10 XI 1966)

1. In the present work a new definition is given of an integral of Temlyakov
type, and its limiting values at points of the neighborhoods B, ; are studied; it
is established that, generally speaking, they differ on certain two-dimensional
surfaces. We note that, although the work was written jointly, the result on
limiting values belongs to the first author, and the concept of an integral of
Temlyakov type to the second.

2. Let D be a bicircular domain of class (7)) ((%), p. 349), i.e., a complete,
bounded, convex bicircular domain with center at the point (0,0) € D, whose
boundary is twice continuously differentiable and analytically convex from the
outside. As is known (173), a domain D € (T) can be given as a bicircular
domain with center at the point (0,0) € D of the space C? of complex variables
(w, z), bounded by the nonanalytic hypersurface

|w| = 7’1(7'),
and
|z2[ =ry(r)  (0<7<1), (1)
where
r(0) =0,  (ry(n)/7)' <0 (0<7<1), (2)

ro(r) = exp [— /OTm )y dinr, (7). (3)

Remark 1. Conditions (2) and (3) are equivalent to the requirement that the
curve defined by the equations |w| = r{(7) and |z| = ro(7) (0 < 7 < 1), and
which is the boundary of the image of the domain D in the absolute quadrant-
plane, is the envelope of the family of straight lines

e(m)w| +d(7)|2| = 1,

where
er)=mril(r),  dr)=(1-r'()  (0<T<1),
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and lies below the envelope at every point.

Consider a function ®(7,¢, A, u) (7 and ¢ are real variables, A and p complex),
which is summable in the rectangle

R={rt: 0<7<1, 0<t<2n}

for arbitrary A and p (|A] < +o0, |u| < 400).
We shall call an integral of Temlyakov type the integral

= (4721 T i T — )7k
f(w,2) = (4z%0) /d/ dt4|1<1>< EnE—u)tde,  (4)

where k = 1,2; (w,2) € C?% n =& u=c(r)w+ d(7)ze'; r{(7) and ry(7)
are functions determined by relations (2) and (3); moreover, if k = 1, then the
integral (4) will be called an integral of Temlyakov type of the first kind;
if k = 2, an integral of Temlyakov type of the second kind. Since the
functions r; = r;(7) (i = 1,2) are determined by relations (2) and (3), one may
consider the nonanalytic hypersurface

jwf=ri(7),  [zl=ra(r)  (0<7<T). (5)

which is the envelope of the family of hyperplanes ¢(7)|w|+d(7)|]z] =1 (0 <7 <
1) and is situated under the envelope at each point. According to Remark 1, the
nonanalytic hypersurface (5) can be regarded as the boundary of the complete,
convex, bicircular domain

D=Aw,z: |w| <r (), |z| <ry(r), 0 <7 <1},

whose boundary is twice continuously differentiable and analytically convex from
the outside, i.e. D € (T).

Remark 2. In the integral (4) the density ®(7,t,&, e~ %) is given on the
topological product

M={rt¢: 0<7<1, 0<t<2m [{|=1};

we note, moreover, that the density ®(7,t,&,e~*) can be given on a manifold
of two or three dimensions of the space C?, lying either in the domain D, or
outside it, on the boundary 90D of the domain D. The case of an integral of
Temlyakov type in which the density is given on the boundary 0D of the domain
D was considered earlier in the works (5~7).

Let the curve |z| = U(Jw]|) (or ro(7) = ¥(r{(7))) be the image of the boundary
0D of the domain D in the absolute quarter-plane. We shall denote by [aj, ﬁj]
(j = 1,2,...,n) the intervals of variation of the parameter 7 such that the
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function ¥(r, (7)) is linear on the intervals [rl( )18, (7 =1,2,...,n), where
r (1) = 1¢;t (¢; > 0) for 7 € [aj,ﬁ] (j=1,2,...,n). Asis known ("), the
order of the boundary |z| = U(|w|) (ry(7) = ¥[r,(7)]) of the domain D is
called the number of intervals of linearity [7“1 (@), 71(8;)] of the function W (r (7))

belonging to the segment [0,7,(1)].

Definition 1. We shall say that ®(7,t,&,1) € X (n = (e ), if ®(7,t,£,n) is a
summable function on the set

R={rt: 0<7<1, 0<t<2n}

for arbitrary £ and 7 (|¢| = |n| = 1), and, with respect to the variable &, satisfies
the condition Lipa (0 < o < 1), independent of 7 and ¢ (i.e.

|(I)(7-a t7 Ev Ceiit> - (I)(Tv ta 507 Coeiit” < N|§ - §0|a7

where N and a do not depend on 7 and ¢).

Theorem 1. Let the density of the integral of Temlyakov type (4) be the function
(b(T7 t7 57 Ce_lt) e A)

a = lim 2(7), b= lim 2(7)
7—0 Tl (7‘) T—1 ’]”1 (T

<
<

~—

Then, if a # 0 and b #+ —oo (or a # 0 and b = —o0, or a =0 and b # —o0, or
a =0 and b = —o0), the integral (4) is a function holomorphic in the domains
D, E,, and Ey (orin D and E,, or in D and E,, or in D) and nonholomorphic
in the domain C2\ DUE, UE, (or C2\ DUE,, or C*\ DUE,, or C2\ D),
where

By ={w,z: fi(lwl,[2,0) <0}, By ={w,z: fy(lwl,|z[,1) >0},
Firlwl, 2], 7) = [z + () (ri (7))~ | = ri(r) (14 (7)) 7y (7) + 7o (7),
Folwl, |2, 7) = fr(jwl, 2], 7) = 2[ra(7) = ro(r)r (D) (ri (7)) 7],

) if (7, t,€,n)

Definition 2. We shall say that ®(7,¢,&,1) € a (n e
), independent of 7

satisfies, with respect to &, the condition Lip « (O <a<
and t, and is bounded in modulus for (7,t,£) € M.

¢
1

Theorem 2. Let the boundary of the domain D have order n, and let the
density of the integral (4) be a function ®(7,t,€,m) € a. Then the integral (4)
is continuous in the whole space C2, with the possible exception of the circles

B, i ={w,z: |w| = c;!

iy 12l =0,¢;>0, s=—1or|w|=0, |z|=dj’1,dj>0,s
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Fig. 1

Figure 1: Fig. 1

Remark 3. Since the construction of the kernel in the integral (4) has remained
the same as in the Temlyakov-type integral with density given on the boundary
of the domain D, the proof of Theorems 1 and 2 is analogous to the proof of
identical propositions (°~7) for the Temlyakov-type integral with density given
on the boundary of the domain D.

3. Consider the domains:

g, ={w, 25 fi(lwl]2,1) <0, fy(jwl,lzl,a;) <0, s=—1or
Follwl,12],0) > 0, fy(lwl,|2], 8;) <0, s =+1, j=1,2,...,n};

Qo ={w, 25 fi(lwl]2.8;) <0, fy(lwl,]2],0) <0, s =1 or
Fallwl|2],0) > 0, fa(wl,|2,1) <0, s = +1, j=1,2,...,n};
¢\ ={w,z s fi(Jwl, 2], 8)) > 0, fy(lwl, |2], ;) > 0, fy(jwl,[2],1) <0, f(lwl, 2],
0) <0, s = —1or fylwllzl,e;) <0, follwl[2,0) > 0, fy(lul.|2].8;) >

0, f3(lw|,|2],1) < 0, s = +1; j = 1,2,...,n}, where f5(|w)|,|z],7) = 2|z
fi(lwl, 2], 7).

In Fig. 1 an image of the domains is given for the case n = 1, with the notation
_ _ A
¢a=q" e =a, ¢V =4, B, =B.

The family of two-dimensional surfaces passing through the points of the circles
B, ; from the domains of nonanalyticity of the integral (4) will be denoted by

oii?-’l) ={w, z : Flw|*+dF|z|*+2me;qjlw| [2|-1=0(d; > 0, ¢; > 0, [m| < 1) and argw—argz = (arg, 0 = 11

Introduce the notation

fq(wO? ZO) = lim f(wa Z)a
w,2)—(wg,%g)
(w,z)eq
Ffomn(wg, 2o) = lim flw, 2).
amn (100 Z0) (w,2)—(wp,2) (w:2)
(w,z)eagﬁj’l’ngg’”

Fig. 1

Theorem 3. Let the boundary of the domain D have order n, let the density
of the integral (4) be a function ®(7,¢,&,n) € «, and let ®(7,t + 27,&,n) =
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®(7,t,&,m). Then the limiting values of the Temlyakov-type integral of the first
kind (4) at points of the circles B, ; are determined by the formulas:

1) for(wo, 29) = flwo, 29) + f1(wy, 20);
2) Iy ~(wg, 29) = flwy, 29) — f1(wp, 2);
3)  fyman(wy, 2) = f(wy, z) + fi(wg, 29) — fa(wp, 29),

where

1 2
F(uwps 29) = (4n2i)! / dr / dt 4 B(r 1,6, ) (€ — ug) ! de,
0 0 =1
JdT/

ﬂ,
fi(wy, 29) = (477)_1/ (7, t, ug, uge ") dt, (6)

l+apm )
folwg, 29) = (2m)~ / dT/ (T,t, ug, uge™ ") dt,

Pm

P, = arccosm,
uy = c(T)wy + d(1)zge'  for T € [0, a;) U (B;,1];

i[(1 —s)argwy + (1 +s)(arg 2o + 1)) for 7 € [y, B)];

Ug = €xXp o

the singular integral in formula (6) is understood in the sense of the Cauchy
principal value.

Proof is based on the representation of the function defined by the Temlyakov-
type integral in a neighborhood of the circles B_, ; (j=1,2,...,n), namely on
the formula

To 2
flw,2) = (2n)7! {/ dT/ F o (1,t,u,ue™ ) dt+
0 0

2mip—ep ) Ty h+ep )
/ F (7, t,u,ue ) dt + / dT/ Fy(1,t,u,ue™ ) dt+
hte To h—p

27
/dT/ Fthuuei)dt],
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where

F (1.t u,ue) = (27ri)71/ O(,t,u,ue ) (¢ —u)~td¢
[¢]=1

for |u] < 1, and the function F,(7,t,u,ue ") is defined by the same formula,
but for |u| > 1;

p = arccos [(1 — (1) |w]? — d?(7)|2*)(2c(7)d(7) w] [2)) 7],

b=agw—args, o= inf {7+ fy(lul, |2l 7) = 0},

Ty = sup {7' : fl(‘w|a |z|,7) = 0}-
0<7<1

Remark 4. Theorem 3 is formulated for the cases a # 0, b # —co (or a = 0,
b+# —oo,ora#0,b=—00,0ora=0,b=—00), with a; # 0 and 3,, # 1.

Remark 5. Theorem 3 for the case of domains D of type A (D = {w,z :
clw| +dlz| <1, ¢ >0, d > 0}) was considered earlier in the authors’ papers

(8—10).

The authors express their gratitude to Prof. A. A. Temlyakov for his attention
to the work.
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