
Soviet-era science, translated into English

ON AN
INHOMOGENEOUS
SINGULAR CAUCHY
PROBLEM
MATHEMATICS

1967

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196701.56009

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196701.56009


Abstract
Full Text
UDC 517.944/.947+517.516

MATHEMATICS

M. B. KAPILEVICH

ON AN INHOMOGENEOUS SINGULAR
CAUCHY PROBLEM
(Presented by Academician I. N. Vekua on 20 IX 1966)

Consider, in the (𝑛 + 1)-dimensional domain Ω[−∞ < 𝑥 < ∞, 0 ≤ 𝑠 < ∞, 𝑥 =
(𝑥1, … , 𝑥𝑛)], the solution 𝑢(𝑥, 𝑠; 𝑎, 𝑏, 𝑐) of the inhomogeneous singular Cauchy
problem

𝑋𝑢 = 𝑢𝑠𝑠 + 𝑎
𝑠 𝑢𝑠 + (𝑏2 + 𝑐

𝑠2 ) 𝑢 − 𝑐
𝑠2 𝜏(𝑥), 𝑢(𝑥, 0) = 𝜏(𝑥), 𝑢𝑠(𝑥, 0) = 0, (1)

where 𝑎 = 2𝛽 ≥ 0; 𝑏, 𝑐 ≤ 𝜈2; 𝜈 = 𝛽 − 1
2 are constants; 𝜏(𝑥) ∈ 𝐶∞ is given

on the entire hyperplane 𝔖𝑛(−∞ < 𝑥𝑘 < ∞; 𝑘 = 1, 2, … , 𝑛); 𝑋 is a linear
differential operator independent of 𝑠, acting with respect to 𝑥, and 𝑋[0] = 0.
Comparing 𝑢(𝑥, 𝑠) with 𝑧(𝑥, 𝑠; 𝑎, 𝑏) = 𝑢(𝑥, 𝑠; 𝑎, 𝑏, 0), we arrive at the following
results:

1. Let 22𝑚𝑚!(𝜈 + 1)𝑚𝑔𝑚(𝜈) = (−1)𝑚, 𝑏0 = √𝑏2
1 − 𝑏2

2, 4𝜎 = 𝑏2
0𝑠2. Then

𝑢(𝑥, 𝜆𝑠; 𝑎2, 𝑏2, 𝑐) =
∞

∑
𝑚=0

𝐴𝑚𝑠2𝑚(𝑋 − 𝑏2
1)𝑚𝑧(𝑥, 𝑠; 𝑎1 + 2𝑚, 𝑏1), (2a)

𝐴𝑚 = 𝑔𝑚(𝜈1)
𝑚

∑
𝑛=0

(−𝑚)𝑛(𝜈1 + 1)𝑛𝜆2𝑛

(𝑝2 + 1)𝑛(𝑞2 + 1)𝑛
1𝐹2(𝑛+1; 𝑝2+𝑛+1, 𝑞2+𝑛+1; 𝜆2𝜎). (2b)

Here 𝜆 = const; 𝑝𝑘 and 𝑞𝑘 are the roots of the equation 𝜌2 − 𝜈𝑘𝜌 + 𝑐/4 = 0.

𝑢(𝑥, 𝜆𝑠; 𝑎2, 𝑏2, 𝑐) =
∞

∑
𝑚=0

̄𝐴𝑚𝑠2𝑚(𝑋 − 𝑏2
1)𝑚𝑧(𝑥, 𝑠; 𝑎1 + 4𝑚, 𝑏1), (3a)

̄𝐴𝑚 = ̄𝑔𝑚(𝜈1)
𝑚

∑
𝑛=0

(−𝑚)𝑛(𝜈1 + 𝑚)𝑛𝜆2𝑛

(𝑝2 + 1)𝑛(𝑞2 + 1)𝑛
1𝐹2(𝑛 + 1; 𝑝2 + 𝑛 + 1, 𝑞2 + 𝑛 + 1; 𝜆2𝜎),

(3b)
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where 22𝑚𝑚!(𝜈 + 𝑚)𝑚 ̄𝑔𝑚(𝜈) = (−1)𝑚. With the aid of the equality

𝑠2𝑚(𝑋 − 𝑏2)𝑚𝑧(𝑥, 𝑠; 𝑎 + 4𝑚, 𝑏) =
𝑚

∑
𝑛=0

𝛾𝑛𝑧(𝑥, 𝑠; 𝑎 + 2𝑛, 𝑏), (4)

𝑛!(𝜈 + 1)𝑛𝛾𝑛 = 22𝑚(−𝑚)𝑛(𝜈 + 1)2𝑚(𝜈 + 𝑚)𝑛 (𝑚, 𝑛 = 0, 1, 2, …),

one may pass from (3a) to an expansion in the family {𝑧(𝑎 + 2𝑛)}.

For example, when 𝑎2 = 𝑎1 = 𝑎, 𝑏2 = 𝑏1 = 𝑏, substituting (4) into (3a), we find:

𝑢(𝑥, 𝑠; 𝑎, 𝑏, 𝑐) =
∞

∑
𝑛=0

𝑝𝑞Γ(𝑝 + 𝑛)Γ(𝑞 + 𝑛)
𝑛! Γ(𝜈 + 𝑛 + 1) 𝑧(𝑥, 𝑠; 𝑎 + 2𝑛, 𝑏). (5)

Under the conditions 𝑎2 > 𝑎1 ≥ 0, 𝛽0 = 𝛽2 − 𝛽1, Γ(𝛽0)Γ(𝜈1 + 1)𝜇 =

= 2Γ(𝑝2 + 1)Γ(𝑞2 + 1),
(2), (3), and (5) generates the connection formula

𝑢(𝑥, 𝑠; 𝑎2, 𝑏2, 𝑐) = ∫
1

0
𝜉𝑎1(1 − 𝜉2)𝛽0−1𝑄(𝜉, 𝑠)𝑧(𝑥, 𝜉𝑠; 𝑎1, 𝑏1) 𝑑𝜉, (6a)

𝑄(𝜉, 𝑠) = 𝜇Ξ2[𝑝2, 𝑞2, 𝛽0; 1 − 𝜉2, 𝜎(1 − 𝜉2)]. (6b)

When 𝑏2 = 𝑏1 = 𝑏, (2b) and (3b) give

𝐴𝑚 = 𝑔𝑚(𝜈1) 3𝐹2(−𝑚, 𝜈1 + 1, 1; 𝑝2 + 1, 𝑞2 + 1; 𝜆2),
𝐴𝑚 = 𝑔𝑚(𝜈1) 3𝐹2(−𝑚, 𝜈1 + 𝑚, 1; 𝑝2 + 1, 𝑞2 + 1; 𝜆2),

(7)

and (6b) becomes 𝑄1 = 𝜇𝐹(𝑝2, 𝑞2; 𝛽0; 1 − 𝜉2). Conversely, in the case 𝑐 = 0
(𝑝 = 0, 𝑞 = 𝜈), where Γ(𝛽0)Γ(𝜈1 + 1)𝜇2 = 2Γ(𝜈2 + 1),

𝐴𝑚 = 𝑔𝑚(𝜈1)Ξ2(−𝑚, 𝜈1 + 1; 𝜈2 + 1; 𝜆2, −𝜆2𝜎), (8a)

𝐴𝑚 = 𝑔𝑚(𝜈1)Ξ2(−𝑚, 𝜈1 + 𝑚; 𝜈2 + 1; 𝜆2, −𝜆2𝜎), (8b)

the series (6b) reduces to 𝑄2 = 𝜇2𝐼𝛽0−1(𝑏0𝑠√1 − 𝜉2) (1). For 𝑎2 = 𝑎1 = 𝑎, 𝑐 =
0, from (3b) and (8b) there arises the addition theorem

𝑧(𝑥, 𝑠; 𝑎, 𝑏2) =
∞

∑
𝑚=0

𝐴𝑚𝑠2𝑚(𝑋 − 𝑏2
1)𝑚𝑧(𝑥, 𝑠; 𝑎 + 4𝑚, 𝑏1), (9a)

(𝜈 + 1)2𝑚𝐴𝑚 = 𝑔𝑚(𝜈)𝜎𝑚𝐼𝜈+2𝑚(𝑏0, 𝑠), (9b)
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inverting which, we arrive at the equality

𝐼𝜈(𝑏0𝑠)𝑧(𝑥, 𝑠; 𝑎, 𝑏1) =
∞

∑
𝑛=0

𝐵𝑛(𝑏0𝑠2)2𝑛(𝑋 − 𝑏2
1)𝑛𝑧(𝑥, 𝑠; 𝑎 + 4𝑛, 𝑏2), (10)

where (𝜈 + 1)2𝑛22𝑛𝐵𝑛 = (−1)𝑛𝑔𝑛(𝜈). It is also worth noting the case 𝑝2 =
𝛽0, 𝑞2 = 𝜈1 (𝑎1 = 2𝑞2 + 1), when 𝐴𝑚 = 𝑔𝑚(𝑞)𝐹(−𝑚, 1, 𝑝 + 1; 𝜆2),

𝑢(𝑥, 𝜆𝑠; 𝑎, 𝑏, 𝑐) =
∞

∑
𝑚=0

𝐴𝑚𝑠2𝑚(𝑋 − 𝑏2)𝑚𝑧[𝑥, 𝑠; 2(𝑞 + 𝑚) + 1, 𝑏], (11a)

𝑢(𝑥, 𝑠; 𝑎, 𝑏, 𝑐) = 𝑝 ∫
1

0
(1 − 𝜂)𝑝−1𝑧(𝑥, 𝑠√𝜂; 2𝑞 + 1, 𝑏) 𝑑𝜂 (𝑝 > 0). (11b)

2. Let us replace in (1) 𝑠, 𝑎, 𝑐 by 2√𝜀𝑠, 2𝜀 − 1, 4𝑐𝜀 and pass to the limit as
𝜀 → ∞. Then (1) is reduced to the Cauchy problem

𝑋𝑣 = 𝑣𝑠 + (𝑏2 + 𝑐
𝑠) 𝑣 − 𝑐

𝑠𝜏(𝑥), 𝑣(𝑥, 0) = 𝜏(𝑥), (12a)

𝑣(𝑥, 𝑠; 𝑏, 𝑐) = lim
𝜀→∞

𝑢(𝑥, 2√𝜀𝑠; 2𝜀 − 1, 𝑏, 4𝑐𝜀). (12b)

Conversely, conflating 𝑢 and 𝑧 according to the rule

lim
𝜀→∞

𝑢(𝑥, 2√𝜀𝑠; 2𝜀 − 1, 𝑏, 𝑐) = lim
𝜀→∞

𝑧(𝑥, 2√𝜀𝑠; 2𝜀 − 1, 𝑏) = 𝑤(𝑥, 𝑠; 𝑏), (13)

we arrive at the problem, regular with respect to 𝑠, with initial condition

𝑋𝑤 = 𝑤𝑠 + 𝑏2𝑤, 𝑤(𝑥, 0) = 𝜏(𝑥), (𝑥, 𝑠) ∈ Ω. (14)

For 𝑎1 = 2𝜀 − 1, 𝑎2 = 𝑎, 𝑠 = 2√𝜀𝑠1, 𝜆 = √𝜆1/𝜀, 𝜀 → ∞, (7) and (8a)
give

𝑢(𝑥, 2√𝜆1𝑠1; 𝑎, 𝑏, 𝑐) =
∞

∑
𝑚=0

𝐴(1)
𝑚 𝑠𝑚

1 (𝑋 − 𝑏2)𝑚𝑤(𝑥, 𝑠1; 𝑏), (15a)

𝑧(𝑥, 2√𝜆1𝑠1; 𝑎, 𝑏2) =
∞

∑
𝑚=0

𝐴(1)
𝑚 𝑠𝑚

1 (𝑋 − 𝑏2)𝑚𝑤(𝑥, 𝑠1; 𝑏1), (15b)

where
𝑚!𝐴(1)

𝑚 = (−1)𝑚
2𝐹2(−𝑚, 1; 𝑝 + 1, 𝑞 + 1; 𝜆1),

𝐴(1)
𝑚 is a Humbert function

𝐴(1)
𝑚 = (−1)𝑚

𝑚! Φ3(−𝑚, 𝜈 + 1; 𝜆1, 𝑏2
0𝜆1𝑠1). (15c)
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Putting in (2) and (3) 𝑎1 = 𝑎, 𝑎2 = 2𝜀 − 1, 𝑏1 = 𝑏2 = 𝑏, 𝑐 = 4𝜀𝑐1, 𝜆 =
2𝜆1

√𝜀, 𝜀 → ∞, we obtain

𝑣(𝑥, 𝜆2
1𝑠2; 𝑏, 𝑐1) =

∞
∑
𝑚=0

𝐴(2)
𝑚 𝑠2𝑚(𝑋 − 𝑏2)𝑚𝑧(𝑥, 𝑠; 𝑎 + 2𝑚, 𝑏), (16a)

𝑣(𝑥, 𝜆2
1𝑠2; 𝑏, 𝑐1) =

∞
∑
𝑚=0

𝐴(2)
𝑚 𝑠2𝑚(𝑋 − 𝑏2)𝑚𝑧(𝑥, 𝑠; 𝑎 + 4𝑚, 𝑏), (16b)

𝐴(2)
𝑚 = 𝑔𝑚3𝐹1(−𝑚, 𝜈 + 1, 1; 𝑐1 + 1; 4𝜆2

1),

𝐴(2)
𝑚 = 𝑔𝑚3𝐹1(−𝑚, 𝜈 + 𝑚, 1; 𝑐1 + 1; 4𝜆2

1).

Let us also note a relation, similar to (15b), with the Humbert function Φ1:

𝑣(𝑥, 𝜆𝑠; 𝑏2, 𝑐) =
∞

∑
𝑚=0

𝐴𝑚𝑠𝑚(𝑋 − 𝑏2
1)𝑚𝑤(𝑥, 𝑠; 𝑏1), (17a)

𝑚!𝐴𝑚 = (−1)𝑚Φ1(1, −𝑚; 𝑐 + 1; 𝜆, 𝑏2
0𝜆𝑠). (17a)

3. When 𝑏2 = 𝑏1 = 𝑏, (8b) reduces to Jacobi polynomials
𝐴𝑚 = 𝑔𝑚(𝜈1)𝐺𝑚(𝜈1, 𝜈2 + 1; 𝜆2), and therefore, if 𝑧(𝑥, 𝜆𝑠; 𝑎2, 𝑏) = 𝑓(𝜆), then

𝑠2𝑚(𝑋 − 𝑏2)𝑚𝑧(𝑥, 𝑠; 𝑎1 + 4𝑚, 𝑏) = 𝛿𝑚 ∫
1

0
𝜆𝛼2(1 − 𝜆2)−𝛽0−1𝐴𝑚(𝜆)𝑓(𝜆) 𝑑𝜆,

Γ(𝑚 − 𝛽0)Γ(𝜈2 + 1)𝑔𝑚(𝜈1)𝛿𝑚 = (−1)𝑚22𝑚+1(𝜈2 + 1)𝑚Γ(𝜈1 + 2𝑚 + 1). (18)

For 𝑏2 = 𝑏1 = 𝑏, it follows from (15c) that
(𝜈 + 1)𝑚𝐴(1)

𝑚 = (−1)𝑚𝐿(𝜈)
𝑚 (𝜆1), and the Fourier coefficients of the function

𝑧(𝑥, 2√𝜆1𝑠; 𝑎, 𝑏) = 𝑓(𝜆1) are

𝑠𝑚
1 (𝑋 − 𝑏2)𝑚𝑤(𝑥, 𝑠1; 𝑏) = (−1)𝑚𝑚!

Γ(𝜈 + 1) ∫
∞

0
𝜆𝜈

1𝑒−𝜆1𝐿(𝜈)
𝑚 (𝜆1)𝑓(𝜆1) 𝑑𝜆1. (19)

Replacing the bases of the expansions (15), (16b), (17a) by their integral rep-
resentations (18) and (19), we arrive at analogous relations for 𝑢 and 𝑣. For
example, (17a) and (19) give
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𝑣(𝑥, 𝑠; 𝑏2, 𝑐) = ∫
∞

0
𝜆𝜈/2𝑅(𝜆, 𝑠) 𝑧(𝑥, 2

√
𝜆𝑠; 𝑎, 𝑏1) 𝑑𝜆, (20a)

Γ(𝜈 + 1)𝑅 = ∫
∞

0
𝜉𝜈/2𝑒−𝜉𝐽𝜈(2√𝜆𝜉)Φ2(1, 𝑐, 𝑐 + 1; 𝑏2

0𝑠, 𝜉) 𝑑𝜉. (20b)

Let us also note the relation, similar to (19) and (20a),

𝑣(𝑥, 𝑠; 𝑏, 𝑝) = 1
Γ(𝑞 + 1) ∫

∞

0
𝜆𝑞𝑒−𝜆𝑢(𝑥, 2

√
𝜆𝑠; 𝑎, 𝑏, 𝑐) 𝑑𝜆 (𝑞 > −1), (21)

and, in the case 𝑐2 > 𝑐1 > −1, the addition theorem:

𝑣(𝑥, 𝑠; 𝑏, 𝑐2) = Γ(𝑐2 + 1)
Γ(𝑐1 + 1)Γ(𝑐2 − 𝑐1) ∫

1

0
𝜉𝑐1(1 − 𝜉)𝑐2−𝑐1−1𝑣(𝑥, 𝜉𝑠; 𝑏, 𝑐1) 𝑑𝜉. (22)

If 𝑋 = 𝜕/𝜕𝑥1 + ⋯ + 𝜕/𝜕𝑥𝑛, then
𝑤 = 𝑒−𝑏2𝑠𝜏(𝑥1 + 𝑠, … , 𝑥𝑛 + 𝑠), and here (15), (17), and (22) (for 𝑐1 = 0) give
the solutions 𝑢, 𝑧, 𝑣, while (16) (for 𝑐1 = 0), (19), and (20) (for 𝑐 = 0) invert the
corresponding resolving operators with respect to 𝜏(𝑥1 +𝑠, … , 𝑥𝑛 +𝑠). Suppose,
further, that 𝑎 = 𝑛 − 1, 𝑏 = 0, 𝑋 is the Laplacian

𝑋[𝑧] = Δ𝑥[𝑧] =
𝑛

∑
𝑖=1

𝑧𝑥𝑖𝑥𝑖
.

Then 𝑧(𝑥, 𝑠;
𝑛 − 1, 0) = 𝑀[𝑥, 𝑠; 𝜏(𝑥)]. This means that (6a) in the case 𝑎1 = 𝑛 − 1, 𝑏1 = 0,
𝑎2 > 𝑛 − 1, 𝑋 = Δ𝑥, and also (20a) for 𝑎 = 𝑛 − 1, 𝑏1 = 0, give solutions 𝑢 and
𝑣 of problems (1), (12a). For example, here (6), when 𝑛 = 1, take the form

𝑢(𝑥, 𝑠; 𝑎, 𝑏, 𝑐) = ∫
1

−1
(1 − 𝜉2)𝛽−1𝑄0(𝜉, 𝑠)𝜏(𝑥 + 𝜉𝑠) 𝑑𝜉, (23a)

𝑄0(𝜉, 𝑠) = 𝜇0Ξ2[𝑝, 𝑞, 𝛽; 1 − 𝜉2, −𝜎0(1 − 𝜉2)], (23b)

where
√𝜋Γ(𝛽)𝜇0 = Γ(𝑝 + 1)Γ(𝑞 + 1), 4𝜎0 = 𝑏2𝑠2, and from (20a) it follows that

𝑣(𝑥, 𝑠; 0, 𝑐) = Γ(𝑐 + 1)√𝜋 ∫
∞

−∞
𝑒−𝜉Ψ(𝑐, 1/2; 𝜉2)𝜏(𝑥 + 2𝜉√𝑠) 𝑑𝜉. (24)
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Analogous assumptions reduce (2a), (3a), (8), and (15b) to expansions of the
means 𝑀(𝑥, 𝑠; 𝜏) in the basic series over the systems {𝑧(𝑎 + 2𝑚)}, {𝑧(𝑎 + 4𝑚)},
{(𝑋 − 𝑏2)𝑚𝑤}.

Finally, let 𝑏 = 0, 𝑋𝑧 = 𝔅𝑥[𝑧] = 𝑧𝑥𝑥 + 2𝑎
𝑥 𝑧𝑥. Then

𝑧 = 𝛾 ∫
1

−1
𝜏(𝑥 + 𝜉𝑠)(1 − 𝜉2)𝛽−1(1 + 𝜉𝑡)𝛼𝐹(𝛼, 1 − 𝛼, 𝛽; 𝜔) 𝑑𝜉, (25)

√𝜋Γ(𝛽)𝛾 = Γ(𝜈 + 1), 𝑡 = −𝑠/𝑥, 4(1 + 𝜉𝑡)𝜔 = 𝑡2(𝜉2 − 1).

Substituting (25) into (6a) (𝑏1 = 0), (11b), (19), and (20a) (𝑏 = 0), we obtain
𝑢, 𝑣, 𝑤 for 𝑋 = 𝔅𝑥.

4. To power data 𝜏(𝑥) = 𝑥𝛼 (𝛼 = const) for 𝑋 = 𝜕/𝜕𝑥 there correspond the
solutions

𝑢1 = 𝑥𝛼
2𝐹2(−𝛼, 1; 𝑝 + 1, 𝑞 + 1; −𝑡1), 𝑤1 = 𝑒−𝜎1(𝑥 + 𝑠)𝛼,

𝑧1 = 𝑥𝛼Φ3(−𝛼, 𝜈 + 1; −𝑡1, −𝜎0), 𝑣1 = 𝑥𝛼Φ1(−𝛼, 1, 𝑐 + 1; −𝑡, −𝜎1),

where 𝑡1 = 𝑠2/4𝑥, 𝜎1 = 𝑏2𝑠. If, however, 𝑋 = 𝜕2/𝜕𝑥2, then

𝑧2 = 𝑥𝛼Ξ2 (−𝛼
2 , 1 − 𝛼

2 , 𝜈 + 1; 𝑡2, −𝜎0) ,

𝑢2 = 𝑥𝛼
3𝐹2 (−𝛼

2 , 1 − 𝛼
2 , 1, 𝑝 + 1, 𝑞 + 1; 𝑡2) .

Finally, confluencing 𝑧2 and 𝑢2 according to the rules (12b), (13), we obtain

𝑤2 = 𝑥𝛼𝑒−𝜎1 × 2𝐹0 (−𝛼
2 , 1 − 𝛼

2 ; 𝑡2) ,

𝑣2 = 𝑥𝛼
3𝐹1 (−𝛼

2 , 1 − 𝛼
2 , 1, 𝑐 + 1; 𝑡2) ,

where 𝑡2 = 4𝑠/𝑥2.

In the case 𝔅𝑥𝑧 = 𝑧𝑠𝑠 + 𝑎
𝑠 𝑧𝑠, the solutions 𝑧 and 𝑧 of Tricomi’s problems from

(2) are written in quadratures with the aid of the Green–Hadamard functions
𝐻(𝑥, 𝑠; 𝑥0, 𝑠0), 𝐻(𝑥, 𝑠; 𝑥0, 𝑠0), which here have the form:
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𝐻 = 𝜒𝑡1−𝑎 (2𝑠0
𝑅 )

𝑎
( 𝑥

𝑥0
)

𝛼
𝐻2(1 − 𝛽, 1 − 𝛽, 𝛼, 1 − 𝛼, 2 − 𝑎; 𝑡, 𝜌),

𝐻 = 𝜒 (2𝑠0
𝑅 )

𝑎
( 𝑥

𝑥0
)

𝛼
𝐻2(𝛽, 𝛽, 𝛼, 1 − 𝛼, 𝑎; 𝑡, 𝜌),

where 𝑡𝑅2 = 4𝑠𝑠0, 4𝑥𝑥0𝜌 = 𝑅2, 𝑅 = √(𝑥 − 𝑥0)2 − (𝑠 − 𝑠0)2; 𝜒 and 𝜒 are
indicated in (2).
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