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Abstract

Full Text

UDC 517.944/.947+517.516
MATHEMATICS

M. B. KAPILEVICH

ON AN INHOMOGENEOUS SINGULAR
CAUCHY PROBLEM

(Presented by Academician I. N. Vekua on 20 IX 1966)

Consider, in the (n + 1)-dimensional domain [—oc0 < z < 00, 0 < s < 00, & =
(zq,...,x,)], the solution u(z, s;a,b,c) of the mhomogeneous singular Cauchy
problem

_ a 2, S & — =
XU—USS+5US+<b +82)u 827'(1‘), u(z,0) = 7(x), wug(x,0)=0, (1)

where a =28 >0; b, c < V% v=p— 5 are constants; 7(z) € C* is given
on the entire hyperplane &,,(—occ < z;, < oo; k = 1,2,...,n); X is a linear
differential operator independent of s, acting with respect to x, and X[0] = 0.
Comparing u(z, s) with z(z, s;a,b) = u(x, s;a,b,0), we arrive at the following
results:

1. Let 22™m!(v + 1),,9,,(v) = (—1)™, by = /b3 —b3, 4o = b3s>. Then

U([E, As;a21b23 Z A'rns _b2> (‘T75;a1 +2m1b1)7 (28,)
m=0

o~ (=) (1 1), A% 2
A = g n n F. 1; 1 1; A¢o). (2b
m gm(yl)nzo (p2 + 1)n<Q2 4 l)n 1 2(n+ ) pQ"’”+ ’ q2+n+ ’ U) ( )

Here \ = const; p, and g, are the roots of the equation p? — v;p + ¢/4 = 0.

u(x, \8; g, by, ) = Z A, 2™ (X —b3)"2(x, 850, + 4m, by), (3a)

m=0

v, +m), A2
= Z p2+11 q2+)1) 1F2(Tl+1; pz-‘rn—i—l7 q2+n+1; )\20_)’
n=0
(3b)
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where 22™m!(v 4+ m),,g,,(v) = (—1)™. With the aid of the equality

s (X — b)) z(x, s;a + 4m, b) = Z Yo 2(, 850 + 2n,b), (4)
n=0

nl(v+1),7, =22 (—m), (v + 1)y, (v +m), (m,n=0,1,2,..),

one may pass from (3a) to an expansion in the family {z(a + 2n)}.

For example, when ay = a; = a, by, = b; = b, substituting (4) into (3a), we find:

qul“ern (g+mn)

;a,b,
u(zx, s;a,b,c) Py PR

z(x, 850 4 2n,b). (5)
n=0

Under the conditions ay > ay >0, By =Py — 01, T(B)T(v; +1)u=

=20(py + 1)I'(gg + 1),

(2), (3), and (5) generates the connection formula
1
u(x, 8;aq, by, €) = / €1 (1 —€2)Po71Q(¢, 8)2(z, Es5aq, by) dE, (6a)
0

Q(E?S) ::LLEQ[p27QQa/80;17§2a0(1752)]' (Gb)
When b, = b; = b, (2b) and (3b) give

(1) 3Fo(—m, vy + 1,15 py + 1, gy + 1;02),
( ) FQ(_mayl+ma1; p2+17QQ+1;>‘2)a

D>\D>

9m
I
and (6b) becomes Q; = uF(py,qs; By; 1 — &2). Conversely, in the case ¢ = 0
(p =0, ¢ =v), where I'(By)T'(v; + 1)py = 2I'(v + 1),
A, = g (V1) Es(—m, vy + Ly + 1,02, =N0), (8a)
A, = G, (V1) Z0(—m, vy +m; vy + 1, A2, —\20), (8b)

the series (6b) reduces to Qy = ol 1 (bysy/1 —€2) (1). For ay = a; = a, ¢ =
0, from (3b) and (8b) there arises the addition theorem

z(x, s;a,by) = Z ST (X = b2)M2(x, 830 + 4m, b)), (9a)
m=0
(V + 1)2mzm = ?m(y>o—m7u+2m (b07 5)7 (gb)
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inverting which, we arrive at the equality
1,(bys)z(x,s;a,by) ZB bes?)? (X — b3)"z(x, s;a + 4n, by), (10)

where (v + 1),,2*"B,, = (—=1)"g,,(v). It is also worth noting the case p, =
Bos o =1y (a3 =2¢5 + 1), when A, = g,,(q)F(—m, 1,p+ 1;A?),

u(z, As;a,b,c) =ZA $2(X — b2 z[x, 8;2(q +m) + 1, 8], (11a)
=0
1
u(eosiabe)=p [ (1= qp e s 20 10 dn (>0, (11b)
0

2. Let us replace in (1) s,a,c by 2v/es, 26 — 1, 4ce and pass to the limit as
€ — 00. Then (1) is reduced to the Cauchy problem

_ 2 _¢ -
Xv=v,+ (b s) v ST(ac) v(z,0) = 7(x), (12a)
v(x, s;b,¢) = lim u(z,2ves; 2e — 1,b,4ce). (12Db)
E—00

Conversely, conflating v and z according to the rule

lim u(z,2ves;2e — 1,b,¢) = lim z(z,2/es;2¢e — 1,b) = w(z, s;b), (13)
E—00

E—00

we arrive at the problem, regular with respect to s, with initial condition

Xw = w, + b*w, w(zx,0) = 7(z), (x,s) € Q. (14)
For a; =2 —1, ay = a, s = 2,/65;, A = /A /e, € = o0, (7) and (8a)
give
u(x,24/A181;a,b,¢) Z Al s (X —b*)™w(zx, s1;b), (15a)
m=0
2(1‘72\/ Alsl;ava ZAm S1 _b2>mw(x751;b1)7 (15b)
where

m!Ag,ll) = (=) Fy(—m, 1; p+ 1,4+ 1; Ay),

—(
A(m> is a Humbert function

1 —1)m™
A£n> = <T?<I>3(—m7y + 150, 03 51). (15¢)
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Putting in (2) and (3) a; = a, ay = 26 — 1, by = by = b, ¢ = decy, A =
2X1V/E, € = o0, we obtain

v(z,\28%:b,¢y) = Z AE,QL)SQ’"(X —b))™z(z, s; a + 2m,b), (16a)
m=0
o(w, A% b,ey) = S A s7(X = b2)"x(z, s a+4m,b),  (16b)
m=0
Ag,%) =g,z F1(=m v+ 1,15 ¢; + 1 4X2),
—2
Ain) =9,3F1(—m,v+m,1; ¢; +1; 4A7).

Let us also note a relation, similar to (15b), with the Humbert function ®;:

U(I, AS; b23 C) = Z Amsm(X - b%)mw(x, 53 bl)a (178,)
m=0
mlA,, = (—1)m®(1,—m; c + 1; A, b3Xs). (17a)

3. When b, = b; = b, (8b) reduces to Jacobi polynomials
A, =7, ()G, (v, vy + 1;A%), and therefore, if z(z, As; ay,b) = f(A), then

1
(X — )" (x5 ay +Am,b) = 6, / (1 — A2)~Fo-1Z(\) F(A) dA,
0

L(m = By)T(vy + 1)7,,(1)d,, = (=1)"22" (1, +1),,L(vy +2m + 1), (18)

For b, = by = b, it follows from (15¢) that
(v +1) Z(D = (—1)mL<mV)()\1), and the Fourier coefficients of the function

m*-m

2(2,2/Ags: 0,b) = F(\,) are

—_1ymm! [
(X — By, 5, b) = D! [ aenmionsona. )

Iv+1) &

Replacing the bases of the expansions (15), (16b), (17a) by their integral rep-
resentations (18) and (19), we arrive at analogous relations for v and v. For
example, (17a) and (19) give
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v(z, 8; by, ) = / N2R(N, 5) 2(z, 2V As; a,by) d, (20a)
0

P@+UR:/W8”eUxhﬂa%umm+h%a@%. (20b)
0

Let us also note the relation, similar to (19) and (20a),

v(zx, s; b,p) = ﬁ/ Me A u(z, 2V As; a,b,¢)dh (¢ > —1), (21)
0

and, in the case ¢, > ¢; > —1, the addition theorem:

T(ey +1)

- b —
R (R YO

1
01)/0 (1 =€) ly(w, &s; b, cy) dE. (22)

If X =0/0x; + -+ 0/0x,,, then

w=eY7(x, +s,...,x, + s), and here (15), (17), and (22) (for ¢, = 0) give
the solutions u, z, v, while (16) (for ¢; = 0), (19), and (20) (for ¢ = 0) invert the
corresponding resolving operators with respect to 7(zy +s, ..., z,, + ). Suppose,
further, that a = n — 1, b =0, X is the Laplacian

X[ = A, = Y 2
i=1
Then z(z, s;

n—1,0) = M|z, s;7(x)]. This means that (6a) in the case a; =n —1, b =0,
ay >n—1, X = A, and also (20a) for a =n — 1, b; = 0, give solutions u and
v of problems (1), (12a). For example, here (6), when n = 1, take the form

1

u(z, s;a,b,¢) = /1 (1—€)P71Q, (&, 5)T(x + £5) dE, (23a)

Qo(&,5) :NOEQ[P7Q75;1—527—00(1_52)L (23b)

where /7L (B8)py =T'(p+1)I'(¢+ 1), 405 = b?s%, and from (20a) it follows that

I'(c+1)
VT

v(z,s;0,c) =

/oo e W (c, 1/2;€2)7(x + 26/s) dE. (24)
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Analogous assumptions reduce (2a), (3a), (8), and (15b) to expansions of the
means M (z, s;7) in the basic series over the systems {z(a+2m)}, {z(a +4m)},
{(X — bv¥)mw}.

2a

Finally, let b =0, Xz =B _[2] = z,, + —%,. Then
x

xrx

1
z=1 / T(x+&)(1=€) M1+ &) Fla,1 -, fw)dE,  (25)
—1

Val(B)y =T (v + 1), t=—s/z, 4(1 4 Et)w = t2(£2 —1).

Substituting (25) into (6a) (b; = 0), (11b), (19), and (20a) (b = 0), we obtain
u,v,w for X =B .

4. To power data 7(x) = 2 (a = const) for X = 9/0x there correspond the
solutions

up = 2% o Fy(—a, 1;p+ 1, + 1;—t4), wy; = e %1 (x + 5),

2y = 2%®g(—a, v+ 15—, —0y), vy = 2P (—a, 1,¢ + 1;—t,—0y),

where t; = s%/4x, o, = b%s. If, however, X = §%/0x2, then

1 —
zo = x5, (—%, Ta,u—&— 1;t2,—00) ,

a l—a
UQZIQSFQ (_§7T717p+1aq_‘_17t2)

Finally, confluencing z, and u, according to the rules (12b), (13), we obtain

a l—a
wy = x%e” 7 X1 F (*5773t2>7

a l—a
U2 :Q’,‘O‘?)Fl (—§7T7l,c+1;t2),

where t, = 4s/x2.

a
In the case B,z = 2, + —z,, the solutions z and Z of Tricomi’ s problems from
s

(2) are written in quadratures with the aid of the Green-Hadamard functions

H(z,s;xq,5), H(z,s;xq,Sq), which here have the form:
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250\ " “
H = tl_a<ﬁ> 1 Hg(l—6,1—6,06,1—04,2—(1;t,p),
R Zg
H—*(ﬁyl - aH(ﬁﬁal—a a;t, p)
_X R 1‘0 2 P e 9 77p7

where tR? = 4ss(, dzzqp = R*, R = /(z —1xy)2 — (s —89)%; X and X are
indicated in (2).
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