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1°. In this paper sufficient conditions are obtained for the asymptotic orbital
stability of a completely bounded solution of an autonomous system of ordinary
differential equations, analogous to the well-known Andronov-Witt theorem (*)

on the stability of a periodic solution.

2°. Consider the real linear system

dz/dt = A(t)z,

1
x=| 1t | =colon(zq,...,z,),
xn

where

Aty e C(I}) (I} = (ty,+0o0)) is an n x n-matrix; sup ||A(¢)] < oc.
t

By

we shall denote the characteristic exponent of the solution x(t).

Definition 1. A bounded solution x(¢) of system (1) will be called standard

if

0 <infx(@)] < sup [x(t)] < oc.
t
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Definition 2. A bounded solution x(¢) of system (1) will be called completely
bounded if: 1) it is standard and 2) the adjoint system

dé/dt = AT ()¢ (2)

(AT (t) is the transposed matrix of A(t)) has a bounded solution £(t), with

xT(4)E(t) = const 0.

Definition 3. A square matrix L(t) will be called a Lyapunov matrix on the
set Z C I, if, for t € Z, the following conditions are satisfied:

a) L(t)e CcW; _

b)  sup, [L(t)] < oo, sup, |L(t)] < oo;

c) inf, |det L(t)| > 0.

Lemma. Let system (1) be regular in the sense of Lyapunov (?), and let its
normal fundamental matrix X (t) = (w,;(t)) consist of solutions

xW(t) = colon[zy,(t), ..., z,,;(t)] (j=1,...,n),

»¥ng

of which one, x")(t), is completely bounded, while all the remaining x¥(t)
(j > 1) have negative characteristic exponents.

Then the half-plane {t;, < ¢t < 400, ¢, < 7 < 400} can be represented as a
finite sum of open sets O, = {t,7 : t € O,, 7 € O,}, on each of which the
Cauchy matrix

K(t,7) = X(t)X~}(r)

admits the representation

K(t,7) = U,(t) diag[Ey, Y,,(t, T)]VqT(T), (3)

where E; is the identity matrix of order 1, U,(t) and V,(7) are Lyapunov ma-

trices on O, and O, respectively, Y, (t,7) € cY(0,,), and

P‘I)
[V, (t, )] < cemt et (4)

for t; < 7 <t, where € > 0 is arbitrary,

—a = max x[x9(t)] <0
j>1

and ¢ = ¢(e, ty) is a positive constant.
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3°. Let the real autonomous system

dy/dt = (y), ()
where f(y) € C®(R"), n > 2, admit a solution = n(t) bounded on I, =
(—00, 4+00).

Definition 4. The solution 7n(t) is called orbitally stable as ¢t — oo if, for
some t,, for every € > 0 there exists 6 > 0 such that, for every solution y(¢)
(ty <t < o0) satisfying the condition

ly (to) —n(to)| <6,

the inequality

ply(t),Ly) = inf |y(t) —n(t)] <e

to<t; <00
will be ensured for ¢, <t < 0o, where L;]L is the positive semitrajectory of the
solution 7(t).

If, moreover, for |y(t,) —n(ty)| < A, where A > 0 is sufficiently small, we have
p(y(t),L;) — 0 as t — oo, then the solution 7(t) is called asymptotically
orbitally stable as t — oo.

Definition 5. We shall say that the solution 7n(t) has an asymptotic phase
(3) if, for every solution y(t) sufficiently close to it at t = ¢, there exists a
constant number ¢ (the phase) such that

Jim [y (t +¢) =n(t)] = 0.

Obviously, an orbitally stable solution that has an asymptotic phase is asymp-
totically orbitally stable.

Main theorem. Suppose the autonomous system (5) admits a solution 7(t),
bounded on I,, such that

inf (1) > 0,
and suppose that the variational equation for this solution,

da/dt = £ (n(t))x (6)

form a regular linear system, among whose characteristic exponents only one is
zero, corresponding to the completely unbounded solution x, = 7j(t), while the
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others are negative. Then the solution 7j(t) is asymptotically orbitally stable as
t — oo and has an asymptotic phase.

To prove the main theorem, by means of the change of variables

y =17j(t) +z

we bring system (5) to the form

dz/dt = f'(1j(t))z + ¢(t, 2), (7)

where
I$(t,2) — (L, 2)| <

< Nmax(|[2], |2])]Z - 2|

for |z|,||Z]] < h < oo (IV is a constant). To find a family of solutions z(¢,a) of
equation (7) such that z(t,a) — 0 as t — oo, where a = colon(0, a, ... ,a,,) is a
vector parameter, we use the singular integral equation

(o)
z(t,a) = X(t)a +/ G, m)p(r, z(1,a))dr  (t > 1), (8)
to
where X (t) is a suitable fundamental matrix of the linear system (6) and

JXWAX N (7), T>t>t,
Gt 1) = {X(t)BXl(T), to<T <?5;

A=— diag(Ela 0)5 B = dlag(ov En—l)
(E,, is the identity matrix of order m). The integral equation (8) is solved by
the method of successive approximations analogously to (4).
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