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1°. Statement of the problem. We shall call a dynamic system composite if
its motion is described by an m-dimensional system of equations

= f(z,u,t) (1)

on the time interval T, <t < T}, and by an n-dimensional system of equations

y=¢(y,v,t) (2)

on the time interval T} <t < T. The instant of time 7} is defined as the instant
at which the trajectory of system (1) reaches the surface

Co(xa t) =0, (3)
with respect to which it is assumed that
dCO(m,t)/dtL:Tl_O # 0.

Continuity between systems (1) and (2) is ensured by fulfillment of the condi-
tions

C’y[x(Tl)ay<Tl)aT1] :Oa 'yzl,...,c<m+n. (4)

For the composite system (1)—(4) we pose the following optimal-control problem.
It is required to find initial conditions x(7Tj), T}, satisfying the conditions

A x(Ty), Ty =0, a=0,1,..,a <m, (5)
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and an r-dimensional vector function wu(t) € U, T, < t < T}, and an s-
dimensional vector function v(t) € V, T; <t < T, which deliver a minimum to
the functional

Iz, y,u,v) = ¥[y(T), T] (6)

subject to the conditions

Bsly(T), T] =0, B=0,1,..,b<n. (7)

The vector functions f(w,u,t), ¢(y,v,t) and the functions Cy(z,t), C.(z,y,1),
A, (x,t), ¥(y,t), and Bg(y,t) are assumed to be continuous together with their
first-order partial derivatives and to have bounded second-order partial deriva-
tives with respect to their arguments. As the class of admissible controls we
take the class of piecewise continuous vector functions u(t), v(¢t). The prescribed
fixed domains U and V will be considered closed.

A number of optimal-control problems arising in engineering and mathematical
economics reduce to the formulation indicated above. In the present note, op-
timality conditions are obtained for the stated problem, having the form of the
maximum principle (1).

2°. Reduction to a problem with intermediate conditions.

Assuming that

dAg(x,t)/dt|,_, #0,  dBy(y,t)/dt|,_, #0,

we shall use the conditions

Aplz(Ty), Ty = 0, Byly(T),T] =0

to determine the time instants Tj, and 7.

We continue the right-hand side of system (1) and the control u(t) to the interval
[T}, T], and the right-hand side of system (2) and the control v(¢) to the interval
[Ty, T;], in an arbitrary continuous manner. Taking x(T") and y(7})) to be free, it
is easy to reduce the problem posed to the problem with intermediate conditions
(4) for the system of equations combining systems (1), (2). The indicated device
makes it possible to carry over directly to the problem under consideration the
results of [2].
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3°. Coupled composite systems.

We shall call the composite system (1)—(4) coupled if in (4) ¢ = n and

v=1,...,n

det |0C, (. y. ) /0y,

£0.
T,

i1
J =T,

Introduce the notation

a

b
Alw,t) = M AL (x,),  Bly,t) =Y ABs(y,t) + A" U(y,1).
p=1

a=1

Using [2], we obtain the following assertion.

Theorem 1. If the controls u(t), v(t) and the trajectories z(t), y(t) are optimal
in problem (1)—(7) for a coupled composite system, then there exist numbers
P )\g and \Y satisfying the condition

o

SO B E (A2 =1, AT >0

a=1 B=1

and also an m-dimensional vector-function p(t) and an n-dimensional vector-
function ¢(t), satisfying, respectively, the systems of equations

p=—grad, H(z,p,u,t), T, <t <1,

q = _grady H(y7QaU7 t)7 T1 S t S T7 (8)

where

H(z,p,u,t) = (p, f(2,u,1)), H(y,q,v,t) = (g, 0(y,v,t)),

the boundary conditions

R G e ) L HE] T

dB(ya t) /dBO<ya t)

dt dt ) grady BO(y7 t):| )

o) = [~ g, By + L

and the coupling condition
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p<Tl) :p*(Tl) +/’6 gradz CO(x7t)’t:T1a (10)
where
-1
ack(xazht) aC’y(x7y7t>
= |-| - o1,
oz, y; o

—41

p= KH(y,qm,t)—H(m7p*,u7t)+ m

J

(the indices i = 1,...,m, j = 1,...,n are row indices, k,~,l =1, ..., n are column
indices), such that the maximum condition is fulfilled

H(z,p,u,t) = sup H(z,p,u,t), T, <t<Ty,
ueU

H(y,q,v,t) = sup H(y,q,0,t), T <t<T. (11)
eV

Let the composite system (1)—(4) be linear in the phase coordinates

&= F(t)x + n(u,t),
Y= ‘I’(t)y+X(th), (12)
C,la(Ty), y(Ty), 1] = (15, 2(T1)) + (5, y(T1)) + d,, = 0,

the times T}, T, and T are fixed, and conditions (5), (7) and the functional (6)
are given in the form

where the vectors [ and the numbers d are constant.

Theorem 2. For the optimality of the controls u(t), v(t) and the trajectories
x(t), y(t) in problem (12), (13) for a coupled composite system, it is sufficient
that there exist numbers A4, )\g and \¥, \¥ > 0, and such vector functions p(t)
and q(t), satisfying conditions (8)—(10), that the mazimum condition (11) be
fulfilled.
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Using (2), it is easy to single out a class of linear composite coupled systems for
which the conditions of Theorem 2 are simultaneously sufficient and necessary.
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