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MATHEMATICS

V. V. VELICHENKO

OPTIMAL CONTROL OF COMPOSITE SYS-
TEMS
(Presented by Academician L. S. Pontryagin, 10 XII 1966)

1°. Statement of the problem. We shall call a dynamic system composite if
its motion is described by an 𝑚-dimensional system of equations

̇𝑥 = 𝑓(𝑥, 𝑢, 𝑡) (1)

on the time interval 𝑇0 ≤ 𝑡 ≤ 𝑇1, and by an 𝑛-dimensional system of equations

̇𝑦 = 𝜑(𝑦, 𝑣, 𝑡) (2)

on the time interval 𝑇1 ≤ 𝑡 ≤ 𝑇 . The instant of time 𝑇1 is defined as the instant
at which the trajectory of system (1) reaches the surface

𝐶0(𝑥, 𝑡) = 0, (3)

with respect to which it is assumed that

𝑑𝐶0(𝑥, 𝑡)/𝑑𝑡∣𝑡=𝑇1−0 ≠ 0.

Continuity between systems (1) and (2) is ensured by fulfillment of the condi-
tions

𝐶𝛾[𝑥(𝑇1), 𝑦(𝑇1), 𝑇1] = 0, 𝛾 = 1, … , 𝑐 < 𝑚 + 𝑛. (4)

For the composite system (1)—(4) we pose the following optimal-control problem.
It is required to find initial conditions 𝑥(𝑇0), 𝑇0, satisfying the conditions

𝐴𝛼[𝑥(𝑇0), 𝑇0] = 0, 𝛼 = 0, 1, … , 𝑎 ≤ 𝑚, (5)
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and an 𝑟-dimensional vector function 𝑢(𝑡) ∈ 𝑈 , 𝑇0 ≤ 𝑡 ≤ 𝑇1, and an 𝑠-
dimensional vector function 𝑣(𝑡) ∈ 𝑉 , 𝑇1 ≤ 𝑡 ≤ 𝑇 , which deliver a minimum to
the functional

𝐼(𝑥, 𝑦, 𝑢, 𝑣) = Ψ[𝑦(𝑇 ), 𝑇 ] (6)

subject to the conditions

𝐵𝛽[𝑦(𝑇 ), 𝑇 ] = 0, 𝛽 = 0, 1, … , 𝑏 < 𝑛. (7)

The vector functions 𝑓(𝑥, 𝑢, 𝑡), 𝜑(𝑦, 𝑣, 𝑡) and the functions 𝐶0(𝑥, 𝑡), 𝐶𝛾(𝑥, 𝑦, 𝑡),
𝐴𝛼(𝑥, 𝑡), Ψ(𝑦, 𝑡), and 𝐵𝛽(𝑦, 𝑡) are assumed to be continuous together with their
first-order partial derivatives and to have bounded second-order partial deriva-
tives with respect to their arguments. As the class of admissible controls we
take the class of piecewise continuous vector functions 𝑢(𝑡), 𝑣(𝑡). The prescribed
fixed domains 𝑈 and 𝑉 will be considered closed.

A number of optimal-control problems arising in engineering and mathematical
economics reduce to the formulation indicated above. In the present note, op-
timality conditions are obtained for the stated problem, having the form of the
maximum principle (1).

2°. Reduction to a problem with intermediate conditions.
Assuming that

𝑑𝐴0(𝑥, 𝑡)/𝑑𝑡|𝑡=𝑇0
≠ 0, 𝑑𝐵0(𝑦, 𝑡)/𝑑𝑡|𝑡=𝑇 ≠ 0,

we shall use the conditions

𝐴0[𝑥(𝑇0), 𝑇0] = 0, 𝐵0[𝑦(𝑇 ), 𝑇 ] = 0

to determine the time instants 𝑇0 and 𝑇 .

We continue the right-hand side of system (1) and the control 𝑢(𝑡) to the interval
[𝑇1, 𝑇 ], and the right-hand side of system (2) and the control 𝑣(𝑡) to the interval
[𝑇0, 𝑇1], in an arbitrary continuous manner. Taking 𝑥(𝑇 ) and 𝑦(𝑇0) to be free, it
is easy to reduce the problem posed to the problem with intermediate conditions
(4) for the system of equations combining systems (1), (2). The indicated device
makes it possible to carry over directly to the problem under consideration the
results of [2].
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3°. Coupled composite systems.
We shall call the composite system (1)—(4) coupled if in (4) 𝑐 = 𝑛 and

det ∥𝜕𝐶𝛾(𝑥, 𝑦, 𝑡)/𝜕𝑦𝑗∥
𝛾=1,…,𝑛
𝑗=1 ∣

𝑡=𝑇1
≠ 0.

Introduce the notation

𝐴(𝑥, 𝑡) =
𝑎

∑
𝛼=1

𝜆𝐴
𝛼 𝐴𝛼(𝑥, 𝑡), 𝐵(𝑦, 𝑡) =

𝑏
∑
𝛽=1

𝜆𝐵
𝛽 𝐵𝛽(𝑦, 𝑡) + 𝜆ΨΨ(𝑦, 𝑡).

Using [2], we obtain the following assertion.

Theorem 1. If the controls 𝑢(𝑡), 𝑣(𝑡) and the trajectories 𝑥(𝑡), 𝑦(𝑡) are optimal
in problem (1)—(7) for a coupled composite system, then there exist numbers
𝜆𝐴

𝛼 , 𝜆𝐵
𝛽 and 𝜆Ψ satisfying the condition

𝑎
∑
𝛼=1

(𝜆𝐴
𝛼 )2 +

𝑏
∑
𝛽=1

(𝜆𝐵
𝛽 )2 + (𝜆Ψ)2 = 1, 𝜆Ψ ≥ 0,

and also an 𝑚-dimensional vector-function 𝑝(𝑡) and an 𝑛-dimensional vector-
function 𝑞(𝑡), satisfying, respectively, the systems of equations

̇𝑝 = − grad𝑥 𝐻(𝑥, 𝑝, 𝑢, 𝑡), 𝑇0 ≤ 𝑡 ≤ 𝑇1,

̇𝑞 = − grad𝑦 𝐻(𝑦, 𝑞, 𝑣, 𝑡), 𝑇1 ≤ 𝑡 ≤ 𝑇 , (8)

where

𝐻(𝑥, 𝑝, 𝑢, 𝑡) ≡ (𝑝, 𝑓(𝑥, 𝑢, 𝑡)), 𝐻(𝑦, 𝑞, 𝑣, 𝑡) ≡ (𝑞, 𝜑(𝑦, 𝑣, 𝑡)),

the boundary conditions

𝑝(𝑇0) = [grad𝑥 𝐴(𝑥, 𝑡) − (𝑑𝐴(𝑥, 𝑡)
𝑑𝑡 /𝑑𝐴0(𝑥, 𝑡)

𝑑𝑡 ) grad𝑥 𝐴0(𝑥, 𝑡)]
𝑡=𝑇0

, (9)

𝑞(𝑇 ) = [− grad𝑦 𝐵(𝑦, 𝑡) + (𝑑𝐵(𝑦, 𝑡)
𝑑𝑡 /𝑑𝐵0(𝑦, 𝑡)

𝑑𝑡 ) grad𝑦 𝐵0(𝑦, 𝑡)]
𝑡=𝑇

,

and the coupling condition
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𝑝(𝑇1) = 𝑝∗(𝑇1) + 𝜇 grad𝑥 𝐶0(𝑥, 𝑡)∣𝑡=𝑇1
, (10)

where

𝑝∗(𝑇1) = [− ∥𝜕𝐶𝑘(𝑥, 𝑦, 𝑡)
𝜕𝑥𝑖

∥ ⋅ ∥𝜕𝐶𝛾(𝑥, 𝑦, 𝑡)
𝜕𝑦𝑗

∥
−1

]
𝑡=𝑇1

𝑞(𝑇1),

𝜇 = [(𝐻(𝑦, 𝑞, 𝑣, 𝑡) − 𝐻(𝑥, 𝑝∗, 𝑢, 𝑡) + ∥𝜕𝐶𝑙(𝑥, 𝑦, 𝑡)
𝜕𝑡 ∥ ⋅ ∥𝜕𝐶𝛾(𝑥, 𝑦, 𝑡)

𝜕𝑦𝑗
∥

−1
𝑞) × (𝑑𝐶0(𝑥, 𝑡)

𝑑𝑡 )
−1

]
𝑡=𝑇1

(the indices 𝑖 = 1, … , 𝑚, 𝑗 = 1, … , 𝑛 are row indices, 𝑘, 𝛾, 𝑙 = 1, … , 𝑛 are column
indices), such that the maximum condition is fulfilled

𝐻(𝑥, 𝑝, 𝑢, 𝑡) = sup
𝑢̃∈𝑈

𝐻(𝑥, 𝑝, 𝑢̃, 𝑡), 𝑇0 < 𝑡 < 𝑇1,

𝐻(𝑦, 𝑞, 𝑣, 𝑡) = sup
̃𝑣∈𝑉

𝐻(𝑦, 𝑞, ̃𝑣, 𝑡), 𝑇1 < 𝑡 < 𝑇 . (11)

Let the composite system (1)—(4) be linear in the phase coordinates

̇𝑥 = 𝐹(𝑡)𝑥 + 𝜘(𝑢, 𝑡),
̇𝑦 = Φ(𝑡)𝑦 + 𝜒(𝑣, 𝑡),

𝐶𝛾[𝑥(𝑇1), 𝑦(𝑇1), 𝑇1] ≡ (𝑙𝑥𝛾 , 𝑥(𝑇1)) + (𝑙𝑦𝛾, 𝑦(𝑇1)) + 𝑑𝛾 = 0,
(12)

the times 𝑇1, 𝑇0, and 𝑇 are fixed, and conditions (5), (7) and the functional (6)
are given in the form

𝐴𝛼[𝑥(𝑇0), 𝑇0] ≡ (𝑙𝐴𝛼 , 𝑥(𝑇0)) + 𝑑𝐴
𝛼 = 0, 𝛼 = 1, … , 𝑎,

𝐵𝛽[𝑦(𝑇 ), 𝑇 ] ≡ (𝑙𝐵𝛽 , 𝑦(𝑇 )) + 𝑑𝐵
𝛽 = 0, 𝛽 = 1, … , 𝑏,

Ψ[𝑦(𝑇 ), 𝑇 ] ≡ (𝑙Ψ, 𝑦(𝑇 )),

where the vectors 𝑙 and the numbers 𝑑 are constant.

Theorem 2. For the optimality of the controls 𝑢(𝑡), 𝑣(𝑡) and the trajectories
𝑥(𝑡), 𝑦(𝑡) in problem (12), (13) for a coupled composite system, it is sufficient
that there exist numbers 𝜆𝐴

𝛼 , 𝜆𝐵
𝛽 and 𝜆Ψ, 𝜆Ψ > 0, and such vector functions 𝑝(𝑡)

and 𝑞(𝑡), satisfying conditions (8)—(10), that the maximum condition (11) be
fulfilled.
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Using (2), it is easy to single out a class of linear composite coupled systems for
which the conditions of Theorem 2 are simultaneously sufficient and necessary.

Moscow Institute of Physics and Technology
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