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ON THE EQUATIONS OF SHORT WAVES IN
A VISCOUS HEAT-CONDUCTING GAS

(Presented by Academician L. I. Sedov, 12 IV 1966)

The paper gives a derivation of asymptotic equations for flows of the short-
wave type, where rather abrupt changes in the flow parameters occur in narrow
regions adjacent to shock fronts (1'2), and their simplification in various partic-
ular cases of motions of a viscous heat-conducting gas. Some of the equations
obtained had, until recently, not been encountered in practice.

1. General equations of short waves for a viscous heat-conducting gas were
obtained in (3). The equations of continuity, Navier—Stokes, conservation of
energy, and also the equation of state for two-dimensional unsteady motions
may be represented in the form (476):

dp/0t + O(pv,)/ 0z + O(pv,)/dy + (k —1)pv,/y = 0; (1,1)
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Here ¢ is time;  and y are orthogonal Cartesian coordinates (for plane-parallel
flows) and cylindrical coordinates (for axisymmetric flows); v, and v, are the
corresponding components of the velocity vector; p is density; p is pressure;
T is temperature; A, (, x are the coefficients of viscosity, second viscosity, and
thermal conductivity; a is the adiabatic speed of sound; « is the coefficient of
thermal expansion; v is the ratio of the heat capacity at constant pressure c,
to the heat capacity at constant volume c,. For plane-parallel flows k = 1; for
axisymmetric flows k = 2.

The specific entropy s can then be found from equation (6)

pT'ds = pc, dT — T dp.

Suppose that a wave is propagating in the direction of the z-axis through an
unperturbed gas at rest with parameters py, pg, 1p, ---, in which the excess values
of all quantities are small in comparison with the initial ones. We pass to
dimensionless variables in a moving coordinate system
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(1,6)

p = poag(po/poa + MP), p=po(l+MR),

T =T,(1+ M9), a=ay(l+ MA).

Here &,n,7,u,v, P, R,0, A are quantities of order unity, while L,e, A, M are
small in comparison with it, and p = %/3\ + (. The quantities ), (, », ¢, and
¢, may be regarded as constant. Taking their perturbations into account only
somewhat complicates the calculations, but does not change the final approxi-

mate equations .

Let us substitute the variables (1,6) into equations (1,1)—(1,5) and retain in
the resulting relations only the leading terms. We shall assume (4 that the coef-
ficients of viscosity and thermal conductivity have the same order of magnitude
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and are sufficiently small that the condition A « L is satisfied. Depending on
the order of magnitude of the time derivatives /07, different equations will be
obtained. Assuming at once that 9/907 <« 1/L, we thereby exclude the ordinary
linearized equations of motion of a viscous heat-conducting gas. The general
equations of short waves take the form

P=u, R =u, 0= [(’7 - 1)/O‘OTO]U; (177)

Ov/O& = Ou/On;
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Here m,, denotes the value of the quantity m =1/,p2a"2[0%p/d(1/p)?], in the
unperturbed gas; for a perfect gas (obeying the Clapeyron equation of state)

m="1/5(y+1).

We note that, although the coefficients of viscosity and thermal conductivity
have not entered explicitly into these equations, their order is taken into account
by the quantity A, while their ratio is determined by the Prandtl number Pr =
pe, /.

The relations (1, 7), obtained respectively from equations (1, 1), (1,2), and (1, 5),
are analogous to the connections between perturbations of the gas parameters in
a plane traveling pulse of small amplitude. They mean that, in the approxima-
tion under consideration, compression of the gas occurs adiabatically. The first
equation (1,8), following from (1,3) and (1,7), is the condition that the flow
be irrotational. The second equation (1, 8) is obtained from the energy conser-
vation equation (1,4), if the quantities of the first order of smallness connected
with the transfer of mass of the substance and its momentum are excluded from
it.

After the change of variables

g=¢ 0 =Vay, T =200/ P, W =mgu, 0 = (mg/V2)w

equations (1,8) take the form (we omit the primes over the variables)

Ov/0E = du /o, (1,9)

T =0. (1,10)
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From these equations follows the equation for the potential of the perturbed
velocity ®(7,&,n)

0*® (%@_5)@_ 0’0 e (0°0 k—100) A 9%
Torae T\ L B¢ oz Tacon T L \az T on) Lroe
(1,11)

Equations (1,9), (1,10), or the equivalent equation (1,11), are the equations
of short waves in a viscous heat-conducting gas and serve as the basis for the
subsequent investigation.

2. In different problems the terms entering equation (1,10) may have differ-
ent orders of magnitude. Below we shall give the short-wave equations,
simplified in special cases, which follow from (1,10). We note that to the
consequences of this equation one must each time add the condition of
irrotationality (1,9).

If in equation (1,10) one may neglect the last term, representing the influence
of dissipative factors, then one obtains the equations of short waves for an ideal

gas (1,2). We shall not dwell on these cases.

Let us first suppose that the order of the derivatives with respect to time of the
dimensionless flow parameters is comparable with unity, /87 ~ 1. Then, in
the case M = L, e = L'/?, A = L?, all the terms of equation (1,10) are of the
same order of magnitude, and it takes the form

Oou ou ou v  (k—1v 106%
L u— e g R 2T D, 2,1
TGTJF(U 5)85 17877+877+ n T 02 (21)
This nonlinear equation, obtained in work (%), together with (1,9), determines,
for example, the two-dimensional structure of the flow in a neighborhood of a

triple point for the problem of Mach reflection of a weak shock wave.

Very weak short waves (M <« L) in the general case ¢ = LY2, A = L? are
described by the linear equation

2

7—@_ @_n@+@+w_lai:0 (2,2)
or ¢ on  On n T 0&2

If the motion of the wave along each ray does not depend on the motion along

neighboring rays, i.e., is quasi-one-dimensional, and the transverse motion may

be neglected: ¢ « LY2, M = L, A = L?, then one obtains the parabolic

equation

Ou L w—g)28 Ou 10%
g o "oy T oe

g =0, (2,3)
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and for very weak waves (M <« L) this equation proves to be linear

ou ou ou 10%u
— —¢—=—-—n———-——— =0. 2,4
Tor toe oy roe 24)
If the wavelength, in order of magnitude, is considerably smaller than its ampli-

tude (L <« M), then such waves are called very short, and their general equation
(M =2 =A/L > L) has the form

2
ou av_’_(k—l)v_l@:()' 25)
9¢ O U T 0¢?

The derivative with respect to time has not entered this equation, which indi-
cates the quasi-steady character of the corresponding motion of the gas. Such
an equation was apparently first obtained by Lighthill, Ashkenas, and Cole (7)
for the description of two-dimensional stationary transonic flows of a perfect
gas. Equation (2,5) was considered in work (%), where it was shown that the
presence of viscosity and heat conduction changes the asymptotic pattern of the
stationary flow past bodies of revolution by a stream that is sonic at infinity.

Very short quasi-one-dimensional waves (M = A/L > L,&?) obey the equation

ou 10%u

which coincides with the equation for the structure of shock waves and is readily
integrated.

Of great interest is the equation

ov E—1v 10%u
o o 100 o)
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describing short waves in which only the transverse flow and dissipative factors
are significant. The corresponding equation for the velocity potential has the
form

02 k—10%d 10°®
- . 2.7
on? * n on 108 (2,72)

The latter equation, which is of parabolic type, had until recently not occurred
in physical problems. An analogous equation was first considered in work &
for describing the flow of a viscous heat-conducting gas far from a body of
revolution in a sonic stream. Earlier, certain general properties of the operator
0?/0y* + 03 /03 were investigated in works %10,
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In deriving equations (2,1)—(2,7) it was assumed that 9/07 ~ 1. If, however,
the change of the wave parameters with time occurs more slowly (0/07 <« 1),
then in equation (1,10) the first term may immediately be omitted. This will
correspond to quasi-stationary, and in the original variables—to quasi-automodel
flows. In particular, very weak waves in this case satisfy the equation

k—1 10?2
Ou pOu_Ov_(h-lv 10uw_, (2.8
o " on  on " T 0¢?
which is simplified still further if the transverse motion of the gas may be ne-
glected,

ou ou 10%u
Soctno +t -5 =

o¢ On 1082 0- (2,9)

Short waves with a more rapid change of parameters in time (1 « 9/97 < 1/L),
as follows from (1,10), are described in the general case (0/01 ~ M /L = ¢%/L =
A/L? > 1) by the equation

ou ou v (k—1)v 10%u
o7 tUumz+ -+

o tot T rae (2,10)

If we now neglect the nonlinear term, the velocity potential satisfies the equation

9?0 0?®  k—10% 10°®

g Jor rmror 29 1
T87'8§+8172 * n On T 0L 0, (2,11)

which differs from (2,7a) only by the first term. For quasi-one-dimensional
motions in this case one again obtains the heat-conduction equation

ou 10%u
— ——— =0. 2,12
Tor  Tog (2,12)
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