Soviet-era science, translated into English

ONE CLASS OF
SYMMETRIC SPACES
WITH AN
EXTENDABLE GROUP
OF MOTIONS AND A
GENERALIZATION OF
THE POINCARE
MODEL

MATHEMATICS

View the original and related papers at https://sovietrxiv.org/items/ru-196701.54113

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196701.54113

Abstract

Full Text

UDC 519.46

MATHEMATICS

I. L. KANTOR, A. I. STIROTA, A. S. SOLODOVNIKOV

ONE CLASS OF SYMMETRIC SPACES
WITH AN EXTENDABLE GROUP OF MO-
TIONS AND A GENERALIZATION OF THE
POINCARE MODEL

(Presented by Academician I. G. Petrovskii, May 17, 1966)

Let M be a symmetric space of affine connection, (M) the group generated by
displacements along geodesics. Generally speaking, the group §(M) is maximal
in the sense that it is not contained in a broader (in dimension) Lie group of
transformations of the space M, distinct from the group of motions. Therefore
those cases in which such an extension is possible are of special interest. Below a
construction will be indicated for one class of symmetric spaces with extendable
group G(M).

1°. Let us recall some facts about transitive-differential groups of transforma-
tions (1). Let G be the Lie algebra of transformations of a (local) manifold M.
Each operator from G is represented in the form of the series

a+A1(x)+A2(x7$)+"'> (1)

where a is a vector of the tangent space Tj, to the manifold M at the initial
point (0,0, ...,0), and A.(z,...,x) is a k-linear symmetric operator acting from
Ty x - x Ty into T. G is called the Lie algebra of a transitive-differential
group of order v (or simply the Lie algebra of a family D") if:

1. together with the series (1), the algebra G also contains all the summands
Ak.
2. a € G, where a is an arbitrary vector from Tj,.

3. G contains no operators of order higher than v (i.e. 4, = 0 for k > v),
but contains at least one operator A, # 0.

We shall be interested only in the case v = 2. In this case every operator
A(z,z) € G determines in the space Tj, a Jordan algebra J with multiplication
law zy = A(x,y), and, along with the operator A(z,x), G contains all operators
of the form
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Ala;z,2) = 2(az)z — ax? (a € Tp).

Conversely, if J is an arbitrary Jordan algebra with multiplication law A(z,y),
then there exists at least one Lie algebra G of the family D? containing A(x, z)
as a quadratic operator; the manifold M on which the corresponding (local)
group G acts may be considered to coincide with J. The minimal Lie algebra of
this kind is the linear span of all possible vectors a € J (operators of order zero),
the operators A(a,x) and their commutators (linear operators), and, finally, the
quadratic operators A(x,z) and A(a;x,x); we shall say that this Lie algebra is
generated by the Jordan algebra J.

If the algebra J is semisimple, then the Lie algebra containing it of the family
D? is unique.

2°. Let J be an arbitrary Jordan algebra (complex or real) with multiplication
law A(z,y), and let S be its linear transformation. Consider the Lie algebra G
of the family D? generated by J. Operators of the form

a+ A(S(a);x,x) (aeJ)
form a linear subspace Eq C G. Consider the subalgebra Hg C G, formed by
all linear operators A(x) for which * [A(z), Eg] C Eg. Obviously, Hg = H_g.

Theorem. If S is an involutive automorphism of the Jordan algebra J, then

[E,,E,] C H, (c=Sor —89),

and thereby the pair (H, + E_, H,) determines on J the structure of a (local)
symmetric space M, of an affine connection. If the algebra J contains an
identity, then G, = H, + E_ is the Lie algebra of the group G(M,), generated
by shifts along geodesics in the space M, .

It is obvious that G, is a proper subalgebra of the algebra G; consequently, the
construction indicated above leads to (local) symmetric spaces M with extend-
able group G(M). Further, since the identity transformation of the algebra J
is its involutive automorphism, at least one such space is associated with every
Jordan algebra.

Let us note that the affine connection in M is expressed at an arbitrary point
x by the formula

D(z;u,v) = A (f(2);u,0),

where u, v are two arbitrary vectors at the point z. Here

A (a;u,v) = A(o(a); u,v), flx) = =2(x — 23 + 25— ..),
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where 22kt denotes

Ay(  AL(A (25, x); 2, x) sy ),

i.e. the k-fold iteration of A,. Thus, at each point the connection is given by
some Jordan algebra.

3°. With the theorem given above there is associated the following construction,
which it is natural to regard as a generalization of the Poincaré model (confor-
mal model) of Lobachevsky space to certain symmetric spaces of nonconstant
curvature.

Let M be a homogeneous space with transformation group § and stationary
subgroup G’ (for the point x, € M). Suppose that the Lie algebra G of the
group G belongs to the family D?. Starting from some quadratic operator
A(z,x) of the algebra G, and also from an involutive automorphism S (of the
corresponding Jordan algebra), we construct, as above, the subspace Eg and the
subalgebra Gg = Hg+ Eg; denote by G4 the connected subgroup corresponding
to this subalgebra. The orbit of the point x, with respect to G¢ is some domain
in M; denote it by Mg. Obviously,

Mg=G5/9sN5

is a locally symmetric space of an affine connection.

Analogously, the domain M_ g is a locally symmetric space of an affine connec-
tion, whose structure is dual to the structure of Mg.

We thus obtain a pair of mutually dual locally symmetric spaces Mg and M_g,
realized as domains in

* Square brackets denote the commutator in the Lie algebra.

the ambient space M. The motions of each of them extend to transformations
belonging to some group G, acting on M. The stationary subgroups of the
initial point in Mg and M_g have one and the same connected component of
the identity (the latter corresponds to the subalgebra Hg = H_g).

Especially interesting is the case when one of the groups G4 or G_g is compact.
Let, for example, G5 be compact. Then the domain Mg coincides with the
whole space M and is a compact locally symmetric Riemannian space. The
dual space M_g is realized as a domain in Mg, and the motions of this domain
are generated by transformations of the whole space Mg belonging to some
extension of the group G(Mgy).

In the case when the Jordan algebra J has an identity, the transformations from
G have the invariant
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_ |lz; — 3] . |lz) — =4

(1, Ty, T3, 4) = ;
T |z — 23] 2y — 24]

where |z|| is the norm of the element € J. Therefore the distance p_g(x,y)
in the space M_g, up to a constant factor, is |In(x,y, a,b)|, where a,b are the
infinitely distant points of the geodesic y joining x and y in Mg (lying on the
boundary of the domain M_g).

The Poincaré model of n-dimensional Lobachevskii space may be regarded as a
special case of this construction. As J one should take the n-dimensional simple
Jordan algebra with multiplication law

zy = (e,z)y + (e,y)x — (z,y)e,

where x,y is a positive definite scalar product in the vector space J, and e is a
fixed vector of length 1. Here ||z|| = (x, z). The corresponding Lie algebra of the
family D? is the Lie algebra of the conformal group acting on the n-dimensional
sphere M (the space J, completed by the point co). Taking as S the operator of
reflection in the plane (e, z) = 0, we obtain the Lie algebra of the rotation group
of the sphere M (in stereographic coordinates ', 2%, ..., 2™). The operator —S
leads to Lobachevskii space, realized as a hemisphere of the sphere in M.

As a second example let us consider the realization of the noncompact symmetric
space M_; = SO(n,C)/SO(n) inside the dual (compact) space M; = SO(n) x
SO(n)/SO(n) (M; = SO(n)). In this case J is the simple Jordan algebra of real
skew-symmetric matrices of order n with multiplication law zy = %(xky + ykx),
where k is a fixed nondegenerate skew-symmetric matrix. Here |z| = det z. The
corresponding Lie algebra G of the family D? is the Lie algebra of matrices of

the form
a b
=)

(a arbitrary, b, ¢ skew-symmetric matrices of order n), acting in J as follows:

t(x) = b+ ax + xal — xca.

The group G of transformations corresponding to this Lie algebra is isomorphic
to SO(n,n). It consists of matrices of the form

p q

r s)’
preserving the quadratic form wyu,, 4+ + Uy,
is the set of pairs of matrices (y, z), defined up to

. The homogeneous space M
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up to simultaneous multiplication on the right by any nonsingular matrix and
satisfying the condition y7? 4+ 27% = 0. G acts in M as follows:

v =py+qz, 7 =ry+ sz

(If det z # 0, then (y,2) ~ (z,€e), where e is the identity matrix and x is skew-
symmetric. The algebra G was specified above by its action on the matrices

The identity operator S corresponds to the space M; = M, and the operator
—S to the space M_,, realized in M, as the domain

{(z,e) | 2T = —x, x2T < e}.

The boundary of this domain is determined by the condition det(zz? —e) = 0.
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