Soviet-era science, translated into English

ON THE THEORY OF
THE METHOD OF
FINITE DIFFERENCES
FOR SOLVING
NONLINEAR
BOUNDARY-VALUE
PROBLEMS

MATHEMATICS

View the original and related papers at https://sovietrxiv.org/items/ru-196701.53490

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196701.53490

Abstract

Full Text

UDC 518:517.944/.947
MATHEMATICS

M. N. YAKOVLEV

ON THE THEORY OF THE METHOD OF
FINITE DIFFERENCES FOR SOLVING NON-
LINEAR BOUNDARY-VALUE PROBLEMS

(Presented by Academician L. V. Kantorovich on 2 IV 1966)

L. Consider the following Dirichlet problem. Find a function u(z,y), twice contin-
uously differentiable in the closed domain D, satisfying the differential equation

F(z,y,u,u,,u Uy,) =0 (1)

» Yy Py Yy Yyy

and assuming continuous values on the piecewise smooth boundary

ulp = p(z,y). (2)

Here the function F(z,y,u,p,q,r,t) is continuously differentiable with respect
to all its arguments and satisfies the inequalities

F.(z,y,u,p,q,7,t) >0, F(x,y,u,p,q,r,t) >0,
FT(I,y,U,p,q,T7t) + Ft(xayauapaq7rvt) 2 m > 07

F,(x,y,u,p,q,7r,t) <0

for x,y € D, —00 < u,p,q,r,t < +00.

Under these conditions, for the solution of the Dirichlet problem (1), (2), a
uniqueness theorem is valid; the existence of the solution is assumed by us.

In the usual way we introduce a square mesh with step h, the mesh domain D,,,
and its boundary in the sense of the five-point star I';,. We divide the boundary
points into two groups I‘%l) and I‘(hm, r, = I‘S) + Ff). To FELD we assign all
points of I';, that belong to I', and to FELZ) all the remaining points of I';,.
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The boundary conditions are approximated in two ways:

A. Simple transfer. We set

. 1
Uy = <P(5Uiayj)a ifz;,y, € FEL),

_ . 9
;= @@, 9;), iz, €T 3)
Here z;,y; is the point of I' nearest to z;,y,.

B. Collatz interpolation. We set

u; ;= (2, 95), if v;,y; € I},

U ;= U+ 0(Z,y;), ifxy; e Ff). (4)

(For more details, see, for example, (1).)

1. As the difference equation approximating the differential equation (1),
consider the equation

r Uit 5~ Wisty Wigp1 — W1 Uippj — 2U 5+ Ui g j
xi7y_jaui7j7 2h ’ 2h bl h2 ’
Ui = 2U 5+ U5 ) 0 (5)
h? N

for z;y; € D,.
Theorem 1. Let

|Fy(2,y,u,p,q,7,t)| < MFE,(2,y,u,p,q,7,1),

‘Fq(xvy,u7p7qar7t)’ S MFt(xayauapaQ7r7 t)

for 2,y € D, —00 < u,p,q,7,t < +00.

Then, for h < 1/M, the systems of difference equations (5), (3) and (5), (4)
have solutions. These solutions are unique and

I Ly —ug| = 0.
e o= |u(e;, y;) — uygl
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If, in addition, u € C®)(D), then

max  |u(z;, y;) — uy| < Ch.
mi,ijDh

If u € CW(D) and Kolmat interpolation is used, then

max_ ‘U(xmyj) - U¢j| < Cih%
z,;,Y;€D),

2. We now consider other ways of approximating the first derivatives u, and
u,. Namely, if F},(...) > 0, we replace w, by (u; ;—u;_; ;)/h; if F,(...) <0,
we replace u, by (u;,;; —u; ;)/h. The treatment is analogous for u,. In
all, four cases occur. We state the result for one of them.

Consider the following difference equation approximating the differential equa-
tion (1):

F(Iiayj7uija -
Theorem 2. Let

F(z,y,u,p,q,r,t) 20,  Fy(z,y,u,p,q,r,t) 20,

Fu(x7y7u7p7QaTat) S (731 <0

for 2,y € D, —00 < u,p,q,r,t < +00.

Then the systems of difference equations (6), (4) and (6), (3) have solutions.
These solutions are unique and

li Ly — | = 0.
e W Y |u(z;,y;) — 4]

If, moreover, u € C® (D), then

max_ |u(xz’ yi) — uij| < Csh.
z;,y;€D0),

II. We now consider a more general boundary-value problem. Find a function
u € C?) (D) satisfying equation (1) and the boundary condition
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f(au‘,y,u,uw,uy)’F =0. (7)

Here the function f(z,y,u, p,q) is continuously differentiable with respect to all
its arguments and satisfies the inequalities

_fu(m7y7u7p7q) 2 c> 07

fp(@,y,u,p,q) cos(n,z) > 0, fo(x,y,u,p,q) cos(n,y) >0

forz,y € I', —o0 < u, p,q < co; n is the inward normal to the boundary I". We
assume that the solution of problem (1), (7) exists and is unique.

We approximate the boundary conditions (7) as follows. Let the point z;, y; €
I',. Draw the inward normal to the boundary I' passing through the point z;, y;.
We assume that the domain D is such that, for h < h

(hg does not depend on z;,y,) there exists a grid square with vertex at z;,y;
such that the two vertices of this square adjacent to the vertex z;,y; belong
to Dh, and the normal constructed above passes inside or along the boundary
of this square. For definiteness, suppose that the vertices indicated above have
coordinates z; q,y; and z;,y, . Denote by z,,y; the point of intersection of
the normal drawn at x;,y; with the boundary I'. Then we set

Ui g — U1,

_ U-7'—’ll;474_1
f(xiayjaui,jﬁ h ) = h _ ) =0 (8)

for z;,y; € I').

Theorem 3. Suppose

Fu(x,y,u,p,q,r,t) S ql < Oa
|Fp (2, g, u,p, g, 7, t)| < MF, (2,9, u,p,q,7,1),
|Fq(m7y,u7p7Qar7t>| S MFt(xayau7paQ7r7t)

for x,y € D, —00 < u,p,q,r,t < +00.

Then, for sufficiently small h, the system of difference equations (5), (8) has a
solution. This solution is unique and

li L) —uy | =0.
hm | ul@s, y;) — g

If, moreover, u € C'® (D), then
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max  |u(z;,y;) — u; ;| < Cyh.
zi,yjeDh

Ifue CW(D), f,=f,=0,T), =T}, then

max |u(x,, yj) — ui7j| < Cyh2.
z,;,Y;€D),

In the case of sign-definiteness of the derivatives of the function F with respect
to the variables u, and u,, and approximation of the differential equation in the
form (6), theorems analogous to Theorem 2 hold. We state one of them.

Theorem 4. Under the assumptions of Theorem 2, the system of difference
equations (6), (8) is uniquely solvable and

li L) —u, | =0.
hm | ul@s, y;) — ug

If, moreover, u € C®/(D), then

max  |u(z;, y;) — u; 5| < Cgh.
z:,Y;€D,

Remark. All results carry over to the case of any number of dimensions.
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