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ON A CLASS OF SOLUTIONS OF THE SIXTH
PAINLEVE EQUATION

N. A. LUKASHEVICH, A. I. YABLONSKII

Consider the sixth Painlevé equation:
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where a, 5,7, are constants.

It is well known that the sixth Painlevé equation (1) defines a new transcendental
function w(z, a, 8,7,9), which is a single-valued function of z except for the
fixed singular points z = 0,1,00. However, for certain specific values of the
parameters «, 3,7, J, equation (1) may possess solutions that can be expressed
in terms of elementary or classical transcendental functions.

In this paper, we investigate a class of solutions for equation (1) that can be ex-
pressed through hypergeometric functions. We demonstrate that under certain
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constraints on the parameters, the sixth Painlevé equation can be reduced to a
simpler form or related to the solutions of linear differential equations.

Specifically, we consider the case where the parameters satisfy certain algebraic
relations. By applying appropriate transformations to both the independent
variable z and the dependent variable w, we identify conditions under which the
transcendental nature of the solution simplifies. This approach allows for the
construction of explicit solutions for

WW—-1w-—-Z7Zw= e

2(2-1) (w —2) a, p, Riccati constants. Following the remarks in work [?], we
seek an equation of the form:

w = a(z)w? + b(2)w+c(z), (2)

all solutions of which are also solutions to equation (1). We shall demonstrate
that, under certain relations between j and S, equation (1) possesses a one-
parameter family of solutions that constitutes the general solution of a specific
Riccati equation. By substituting (2) into (1) and comparing the coefficients of
identical powers of w, we obtain:

22(z —1)%a%(2) = 2a,

[22(z—1)2%a'(2) — 2(z — 1) (2 + Da(2)] + 2(z — 1)(22 — 1)a(z) + 2a(z2) (2 + 1) = 0,
22(2=1)?[V' (2)+2a(2)c(2)]—2(2—1) (z4+1)b(2)—2(2—1)a’ (2)+2(z+ 1)b(2)+2a(2) (2+1) — 1[(2e—1)b(2)+2a(2)c(2)]
-4z+1)+2pz+2T(z—1)+25z(z—) 0,

(z) —(z-1)[(2z-1) (1 -2z —6 (z) 2a (z—2p(z+1)-2(z-1)—-25(z
—1) =0, (z) =2 (z 2za (2) (2) —(2) | (z —1) [(1 =22—21) = 0, (z + (2
2(z1)-0,
(z—1)%c%(2) + 2¢ = 0.
From the first and last equations of the system, we respectively find f/2a.

c(z) =
2 (2 - 1) Painlevé found the general solution of the equation in the case where
f=617.

The equalities (3) transform the second and sixth equations of system (A) into
identities. The third and fifth equations of system (A) are Riccati equations
with respect to b(z), specifically:

22 —1+2ac—3a%z+2a/ (z+ 1) + 2(2 — 1)26" +b% + 22 — 1 + 42 + 2b(2 — 1)
(z—=12%(z—1)(z+1)-2zac+ 3c? +2(z + 1)¢’ —2(z — 1)b(2) + 42z + 2(2 — 1)
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.« =0. (5)

The fourth equation is linear with respect to z(z—1). By rearranging the terms,
we obtain:
2za+2(z—1)(2z2—1)ec—2(z—1) ...

We seek the general form of the function ¢(z) that reduces equations (4)-(6) to
identities. It should be noted that if ¢(z) is a solution to equations (4) and (5),
then ¢(z) also satisfies the following linear differential equation:

20(2)[(z + 1)(V2a— f—2ft) —3z+ 1]/V2a = 2(a + ft)(z+ 1)
Furthermore, it identically vanishes the quadratic trinomial:

(V2a—z+a)(...)
(z=1D(ft=a)(z+1)(z—1)V2a

It is easily established that ¢(z) will satisfy equation (5) provided that v/2a —
(a+ ft+..).

b(z) = ...

V2a— f—2ft/\2ft— (a+ ft —5)/V2a

/27 =) 2ft—1=4£0.(9)

By direct substitution of (9) into (7), we verify that b(z) as defined in (9) is
indeed a solution to equation (7). Since (9) was derived by eliminating b’(2)
from equations (6) and (7), the expression in (9) also satisfies equation (6).

It remains to determine the conditions under which (9) causes (8) to vanish
identically.

LUKASHEVICH, YABLONSKII. By substituting and equating the coefficients
of like powers to zero, we obtain the following relations: (uy, + f = T'ap;) — foo —
p—.

2Xp; + X(fr + K=7+1) —(fp +1 =2y -1+

f=v—f=—fa+2(==5)=0, (fou + f =2+ fru,, + a—. It is directly
evident that +f, + f = 2p = 0. By summing equations (10)-(10), we obtain:

(X+.u+f2a+f*:2p)2:07

That is, equations (10)-(10) are dependent by virtue of the given conditions.
Furthermore, the difference between the terms yields (X + p + fo, + f), which
also vanishes. Substituting the values of X and p into (10), we obtain after
simplification: a4+ 3p ~m — (3a) +4f —ab(—a— f —1) +2(a — b — 6ab — 2a +
2p — 2p5+).

2— fopg 0" =0, (12)

Moreover, the value taken is the one that coincides with v/2a — 2p, as the values
of /2a — 2p are pre-selected. This condition ensures the existence of a general
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form for the function b(z) that satisfies equations (4)-(6). Consequently, the
equation possesses families of solutions that constitute general solutions to the
equations for any choice of the radical values v/2a and /- (taken according
to (9)), provided that relation (12) is satisfied. We now transition from these

equations to linear equations. By setting 2(2W) = ..., we obtain:
_ 2 2

The equations belong to the Fuchsian class with singular points at z = 1 and
are characterized by the Riemann P-function:

0 1 00
v = P{f —28 0 z}
2

By substituting v = 2f+2% ..., equation (15) is reduced to the Gauss hypergeo-
metric equation with arbitrary parameters aq, 31,7;. Thus, the following holds:

Theorem. If w(z) is a solution to any hypergeometric equation, then by selecting
the parameters a, b, 7, d according to equations (17), (9), and (12), the function
w(z) is a solution to the sixth Painlevé equation.

Remark.

1. In the transition from (13) to (15), it was assumed

In the case where a = 0, equation (13) yields the linear equation: 2(2 — 1)/ —
2 +1/—2ft +1.

Remark 2. In equation (9), it was assumed that the radicals in (3) were chosen
such that they are non-zero. If we assume that 2ft—1 = 0, then for the function
(2) to exist, it is necessary that the numerators 1 and p also vanish, which leads
to the condition:

m+b=..(22)

In this case, equations (6) and (7) coincide. By integrating one of them, we
again obtain:

b(r) = ... (23)

However, in this context, the integration constant is an arbitrary value that must
be determined from the equation f = 2ft. All arguments regarding equations
(8) and (10)-(10’) remain valid if conditions (21) and (22) are taken into account,
since relation (11) still holds in this case. Consequently, if (12) is replaced by
(21) and (22) is determined from (10’ ), we obtain the solution in the form of
(23). These final arguments are also applicable to the case where 2ft+1 =0 in
equation (20), as condition (21) holds there as well.
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ON A CLASS OF SOLUTIONS TO
THE SIXTH PAINLEVE EQUATION

N. A. LUKASHEVICH, A. I. YABLONSKIT

Consider the sixth Painlevé equa(ion

1
w”:7( =L )w"—(iJr e )w’+
w o w—1 w—z z z—1  w—z
ww—1)(w—2z)
Be—1p

z(z—1)
w=2¢]"

z z2—1
AP T +e [0)
where a, B, y and 8 are cans(znts‘) Following the remark of [2], we will seek a solution
o the Ricéatt equation
w=a(@wt+b()w+c(2), @
all solutions of which are solutions to_equation (1),
will show that under certain relations between , B, y and 3, equation (1) has
a one parameter family of salutions, which s the géncral solution of a certain
equation
4 " Subsituting (2) into () and comparing coeficients for equal powers of w, we
. Be—1Pa () =25,
2@z—12[d (@) —z+1)a* @) +2(z—1)(2z—1)a(@) +32(z+1)=0,
B(z—1010°(2) + 2a () ¢ (2) — 36’ (2) — 320 (2) + 2 (2 + 1) @' () + 2 (2 +
+Da@b@I—2E—)[2—1)b@)+(1—2—a@]+2xE+
24 1)+ 224+2(z—1)+22(z—1)=0,
2(z=1[E+ 1) (2) + 26 c () —¢'(2) —20' (1) — 22 (2) b () —
— (=1 [@—1)c(@) +(1—2—7)b() +Pa(@) — 2 (e +1)—
—28(z4+1)—2y(z—1)—26(z—1)=0, (A)
2(z—1PB () =2+ 1b@c@+2(+1)c () —
— 2% (2) — 22a () ¢ (2) — 22" (2)] —
—2(—1D[(1—2—2)c(@)+26 ()] +2x(2) +
+2B(@ 44z 1)+2r2(z—1)+26(z—1) =0,
=120 @)+ (+ )@ +2(z—1)c@+23(z+1)=0,
(z—17¢(2) +25=0.
From the first and last equations of system (A), we find respectively
V2 == :’f i

“O=Ze-n

@

) Painlevé found the general solution to equation (1) in the case when a=p=y=3=
=0 (see [1]).

Figure 1: Figure 1
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Equations (3) tun the second and sixth equations of system (4) into identites. The
third and fifth equations of system (A) are Riccati equations with respect to b (2), namely:

—2V+b‘+2b[(z+l)a~ ]+2ac—3-{‘z+2n’(z+1)+

z(z—l)

J2CHu—Na, A+ )B4 AE=)+%26=1)
2(z—1) Bz—1)

=0, @&
o 7.6[(1+l)a+ ]7

—22ac+33+2E+1)¢ +“’z(+—f‘]_”
SR D2 DB
2— =

®)
The fourth equation is linear with respect to b:
221
(z+|)b’+b[b¢ 2m+ﬁ]—
@—la_ a2
zz—1) z(z—1)
AE+D+BE+D+2(z—D+26E—1) _
z@—1¢ =

——d —

]

Let us find the e form of the function b(z), which makes equations (4) — (6)
identities, Note that is a solution of equations (4) and (5), then b(z) satisfies
e the foowing inear Aiferential spuation:

) LI+ ) (VE—V =T — 3+ 1]+

2(1/:2‘—”/—) 2@+PEHIPH20+8EE-1) o
z(z—1) zz—1p -

4 @)+

+
and turns idenucally to zero the quadratic trinomial:

Tl D 6F+y =T -z 1)+

2+
z—

B=a@+D+@¥—3)(z—1)
z(z_l) EVE+V =)= Ze—17 . ®)
Tt is easy to establish that b (z) will satisfy equation (5) under the condition that
VE—(@+3+7+3)

vy =R
and
_V=B—(e+3—y=))
g Va—vV-2-1 '
VE—V—2—1£0. )

By direct substitution of (9) into (7) we are convinced that b(z) of the form (9) is a

selution of equation (7). Since (9) was obtained by elimipating b'(2) from (6) and (1)
b(2) of the form (9) satisfies also equation (6). It remains to find the conditions under wi

(9) turns (8) identically to zero.

Figure 2: Figure 2
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Substituting (9) into (8) and equating the coefficients of like powers of z to nero, we
obtain the following relations:

M+A(V2a+yv—26—1)—VZata—F—7+8=0, (10)
Dp+A(V2Za+V—2B+D)+p(VZa+v—28—1) +
+4YV =8 —V—2B+V2a+2(y—8 =0, (105)

w+a(V2e+vV—2B+1)+vV—2§+a—p—y+8=0. (10y)
From (9) it is immediately evident, that
Adp+v2a+V—25=0, (11)
Comparing equations (10,) — (10,), we obtain
G +p+ v+ V=P =0,
i.e. equations (10,) — (10,) are dependent by virtue of (9). Furthermore, the difference between
(10) and (10,) gives
A—p—DG+r+vVa+v—2),

which also vanishes by virtue of (9). Substituting the values of A and p from (9) into (10,), after
simplification we obtain
2V2a(—a+33+y—8)+2v —2f(3a—p—
—t+8)+4y—aB(—at+p+y—8—D+2@—p—m+
X2 — 63—y + 2B+ B+ By — B3+ P+ 28+ 22 =0, 12)
where the value 2y/"—af is taken to be that which coincides with v'2ay — 2B, since the values
v/2a and v'— 28 and are chosen beforehand. Condition (12) ensures the existence of the general

form of the function b (z), satisfying equations (4) — GL
Thus, equation (1) yields families of solutions which are general relations of the equations

, Vx Aa+p V=2
T z(z=1) L s z(z—=1) e e (3

for any choice of the values of the radicals v/Za and v/'— 2P (A and p are them according to (9)),
recurr relation (12) is satisfied.
Let us pass from equation (13) to linear is linear equations. Setting

_zz—D v
ek R a#0, (14)
we obtain 2y . 5
i 2=—Nz—p=—1 v —a e
bl s oy g e ek (13

Equation (15) is an equation of the Fuchsian class, with singular points z =0, z =1,
z = oo and Riemann P-symbol:

1 oo
v=P! 0 —y—=ZH 0 =z} (16)
g - —V+2x 1-)
By the substitution
==, w=+VEH  h=+V=®  n=k ()

(15) reduces to the Gaussian equation with parameters a,, B, and v,
Tr—DaG+ (1 +a +B) T — nlop + mpw =0. (18)
Thus, the following is valid

Figure 3: Figure 3
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Theorem. If v(1) is a solution of any hypergeometric equation, then upon
choosing parameters a, B, v, 8, according to (1%’,‘(5) and (12),

oL
—‘(:,;—u” —‘:Ezg (19)

1-2z

w(2)=

is a solution of the sixth Painlevé equation, . .
em 1. Under transition from (13) to (13) it is supposed a # 0, in case
a =0 (13) gives a linear equation

s_Mztp V=28
w_z(z—l)w+ z—1 @0
with
_3+y+8 p=—V=28+@-y-8
V-2§+1" V-2B+1 :

Remark 2. In (9) it was assumed that radicals in (3) are taken such that
V2a— V=26 —1#0. If we assume that
V2a—-V-28-1=0, @

then for the existence of the function b(z) it is necessary that the numerators for
A and p vanish, which leads to the condition

1

Y+8=—, )

and equations (6) and (7) coincide. By integrating one of them, we obtain again

_ Az4p
b@=7a—1y =0’ @)
but now A is an arbitrary constant, which must be found from the equation
=-A-2V=3p-1.

Al reasoning regarding (8), (10,) — (10,) are preserved if (21) and (22) are taken
into account, as fn'tﬁis'm's'egzﬂn)oh]i)mgs Blace. Erom here, ii(in)(lz) 'z l)eplace (1)

ac
and (22) and find A from (10,), then we get b(z) i the form (3)

e later reasoning is also valid in the case when in (20) V=25 + 1 =0, as then
(21) takes place. o V=2
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