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Abstract

For the third Painlevé equation, the nature of possible singular points of its
solutions is investigated, the question regarding the number and residues of
movable poles of the solutions is resolved, and necessary and sufficient conditions
for the existence of rational solutions are specified. Bibliography: 5 items.

Full Text

Preamble

This work, originating from 1967, examines the differential equation of the form:
o’ = 2w’ — ww’ + aw’

and its related systems [2]. We consider the parameters «, 3,7, d and the system
(1). By substituting the expressions for u and v:

u=ag(2) + a;(2)w + ay(2)w’ + ag(2)w’

v =by(2) + by (2)w + by(2)v + bs(2)wv + by (2)wr?

into the governing equations, we derive the relationships between the coefficients
aj(z) and b;(2). Specifically, we find that —aga; = —(8 — ag), b3 + ay = 0,
a; +bas = v, and b, + b3 = 0. Given a3 = J, b; = 0, and b = 0 in system
(1), where b # 0 and ag # 0, the condition a? — dag + Ba; + byas = v must be
satisfied.

Following the methodology of N. A. Lukashevich, we consider the transformation
u = zw, which leads to:

dw
2— = ayz + hw + w3u
dz 0

u = az + 22w — ha — wu?

For the case where b # 0, system (1) can be rewritten as z%’ = aw + 2w £
zw. The relationship (@ — 1ww’ + z2w? and a = —1,w = ¢(z,a,[,7,) for
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system (1). In (1), let 2/ = e*. If 8w? # 0, then from (7) and (1) we
have: a) w = ¢~ 1(2,—f,—a,—8,—7), b) w = ¢~ (—z,B,a,—5,—7), ¢) w =
-0 (2, B,a,—0,—), d) w = ¢ 1(z,—B,—a,—3,—7), and 8w’ = et = 1. At
z = 0, for cases a) through d), we observe that z = 0 is a singular point. We
note that at z = 0, the condition @ = v = 0 holds. Thus, at z = 0, we have the
expansion ay¢ + ay2? for (1) where z, o, 7y satisfy (1 —3a_; —4va_;)a, = 0 and
(4—3aa_y —4va_1)A =3(9—3aa_; —4va_4)a,_ 1 +a(a,+ba, 1) +v(da_jay+
12a,,) + Bag[(n+1)2 —3aa_; —4va_4]a, _qa, = P,(a_y,ay,a,) forn=0,1,2, ...
The coefficients a,, are given by:

[(n + 1)2 - a2]a’n—1pn(a’—17 Qg --- 7an—1) = a’n(av 5a 6) (10)

From (10), at z = 0 for system (1), if k*y —a? # 0, then a,,; = 0, and for
j=0,1,2,..., we have k?>y — a? = 0. In (8), the coefficients a; are determined.
Setting wu = 1 in (6), we obtain z — au — zuw, and zuw?. Let a = r = 2y and
z, o, v satisfy (11). Then wy = J,y +v = b+ v. From 2,/7 — az — 2(b + v)a?,
we get 2 = (a — 1)v+ zulb+ (b + )] (12). As z — 0, we have (u,v) — 0 if
a,_, = 0, meaning « is not an integer. If « is an integer, then (u,v) — 0 as
z — 0. Following N. A. Lukashevich for z = 0 [3], from (8) we have a = 2,/7.
If 8+ 0and 8 =0, then (w,u) > 0asz — 0. If 3 =¢ =0, then w — 0
as z = 0. If « = v = 0, then for system (1) at z = 0, we have the series
(13). In (1) with ay = 0 and 6 # 0, the coefficients a; (j = 1,2,...) satisfy
[(n+1)25+ B%|a, = 0, (o, 3,7,0). If n+1+ 3% =0, then for j = 1,2,... where
25 + (% +# 0, the series (13) depends on 3 and 4. If a; = 0, then (13) yields
w = 0. In (13), q, is determined by k%5 + 3% = 0. We have three cases: 1)
w(0) = 0; 2) w(0) = w'(0) = 0; 3) a, ; = 0. If B+ 0and d = 0, then a;
are determined with ay # 0. For j = 1,2,... in (13), if 6 = 0, then for system
(1), a,_; = 0. In case 3), at z = 0, if k26 — 8% = 0 and ay, = 0 for o, 7,
in (1), let 2 = 2% (s = 0,1,...). Then w(z) = hz3 + 2a/z (15). The equation
ww” = Tw'” —ww + 972 (aw® +yu — yriw,u?) = 3[(a— 1wy + 67%u + T3uw |
holds. At z = 0, following N. A. Lukashevich, (15) and (16) imply that if a, # 0,
then a; depends on «, 3,7,6. If ay = a; = 0, then a; = 0 for j > 4. If a3, ¢ are
parameters of (1), then at z = 0, if a; = 0, a; depends on «, 3,7,0. If z =0,
x = ay = 0, then a; # 0. In (16), if ay = a3 = 0, then a, # 0 and a;, azv = 0,
meaning a; = 0. If 3 = = 0 and a; # 0, then for (1), at z = 0 according to
[1, 4], w(z) = 1/2z and v(z) satisfies (2). We have u = 2u” — uu’ — yzv* — auv.
At z = 0, we obtain zw” = 20" — v’ + §zu? + Buv. For z, # 0, w(z) =
im. Following N. A. Lukashevich, with h(z — z;) and (7), system (1)
yields ' = —1/w+ zw? —yw?. From (7) and (1), if w, is known, then w, satisfies
D(wy, wi,w]) = (64 wy)z*w] + zwjw] — 22wy w] + 82w + \/72°w] + B —af...).
From (23), for w, u, w,,w, as in [5], the dimension is d = 4. If w is known, then
D(wy,wh,wy) = 0 in (23). From (22), we find d = 4. If D(w,,w),wy) = 0,
then for (1), system (1) with (23) yields §zw? and zw — 2w; — 3 # 0. In the
case \/yw;, + 0z + zw zw’ + ..., we have zw’ + 1 — - + 2w, — 3. If w,(2)
satisfies (1) and D(wy, wy,wq) = 0, then from (23), wy(zy) = wqo. For (1),
w(z) — p(zg) = wyg, w(zg) = w'(2y) = wy. From (24) and (25), if (28) and (29)
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hold, then —, /5w, + (1 —...)zg(wowy). If wy(2) satisfies D(wy, wy, ws) = 0 with
wy(z) and w'(zy), then w(z) satisfies (26) and (27). If (1) holds, then from
(32), wyo = wy + Aw? + (- + Dwgvyg = zowhy + (- + 2)agy — B for (1). In
(7), at z = zy, wy(z) = % + Z_IZD. At zy, w(z) = ... and wy(z) at z = z,.
Following N. A. Lukashevich, (21) in (22) shows that wy(z) at z, has a pole.
Thus, if v # 0, « —2w; — 8 # 0, and (--- + 2)w, — § # 0, then for (1) at z =0,
we have the expansion. We find zw] — (- —2)w; —f = 0. From (7), we see that
zw) satisfies the condition where \/y+d = 0. Given p,~,d and p+ (wg)\/g = q,
then zw’ (-4 2)wy — f = 0 and wyv/d + (w+2)v/d = 0. From (36) and (37), we
have p + -+ — 3 =0 and v = o? # 0. From (38) and (7) and (22), according to
[2], z = a*zw* — (w4 b*z). In the case where vy =0 and « # 0, at z = 2z, £ 0,
system (1) is consistent with [5], so d = 4. Substituting (19) into (1), we get:
zuzvv”—zv2uu’+zv2u”—zuzv’2+u2vv’—v2uu’—av3u—,3vu3—fyzv4—5zu4 =0.
Let v(z) = /yu(z) # 0. In (40) and (39), for z: a) n = m; b) v = a = 0; c)
n <mand =6 =0. In cases b) and c), we have a = +k\/y. If £ > 0
is not an integer and & = 0, ary # 0, then (1) has the solution w(z) = Cz'**.
In case a), n = m — 0 for (1), sow = 0, § = 0, and w = ++/—F # 0 with
B2 +a? = 0. For z and w in terms of 3,7,4, if < 0 and 5% + 6a? = 0, then
luy(zg)l <mn=m =1, 1e,v=z2+aand u=>bz+cat z=0. For a,b,c, if
bt =0, b+ B, b2 +4ya+4bb3c = 0, b # a, ¢+ 36b%c + fab® + 602y + 6bv/5 = 0,
a? — 3¢ — 3B8bc? — 3Bab%c — 4ya?® — 46bc® = 0, and o?b + a’c + pc + 3Babc? +
yat + 8¢t = 0, then (¢ — ab — aa? — Bc?)ac = 0. Following N. A. Lukashevich,
if ¢ # 0, then: 1) a = (4b5 — B)b?; 2) a = 0 from (41); 3) ay = —6b* and
¢ = 0. We have S = (2ab + A)d, where S = 3,7, € are determined by (41). If
b%(3c — ab)e satisfies (1) and w(z) is such that a = 0 and ¢ # 0, then for 3 # 0,
we obtain 9y —a?2 =0, ¥ + 32 =0, and b? = —c.

In the instance where a # 0 and ¢ = 0, system (1) yields y—a? = 0. Furthermore,
if 9 +a =20 and 82 = 0, we find b> = —..., a> = —..., and 8 = 0. Let us
introduce the substitutions u(z) = £(z) exp g(z) and v(z) = n(2) exp g(z), where
&(z) and n(z) satisfy the conditions derived from (43) and (20), and g(z) is
a function such that exp2g(z) relates to the system dynamics. The resulting
differential equations for n are:

Va /2 /7 / Va4
o’ = zna’” — ' —[g(2) + 29" (2)]n° + 6262 + Bgn
By substituting (45) and (44) into the above, we obtain ¢’ (z)+29” () = 2 z+p,
which implies g(z) = Az + u, where A and p are constants.

The parameters «, (3,7, are determined by the consistency of system (1) with
equations (45) and (46). For the coefficients a,, and b,,, we derive the following
recurrence relations:
22" 4+ (2Ka? +4b3) =0
b+ Sa? =0
n_y + 27 = 7<Ma’n)an—1 —4\b = (7ﬁa:u‘bn)bn
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Assuming b,, # 0, these satisfy (47) and (1). We then find A = +,/~7 and
4X? ++8 = 0. For k = 2,3, ..., the general form is:

2Rk, a4 29b,by g = = Py(1,ay 1 G by by )

where P, is a polynomial function of the indicated variables. The coeflicients
a; and b; are determined for all j = 0,1,2,... by (51). If n # 1 and b # 0, the
parameters of (1) are constrained such that v = 0 and w(z) can be expressed in

terms of z.
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Note: Figure translations are in progress. See original paper for figures.
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