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Abstract
For the third Painlevé equation, the nature of possible singular points of its
solutions is investigated, the question regarding the number and residues of
movable poles of the solutions is resolved, and necessary and sufficient conditions
for the existence of rational solutions are specified. Bibliography: 5 items.

Full Text
Preamble
This work, originating from 1967, examines the differential equation of the form:

𝑧𝑤𝑤″ = 𝑧𝑤′2 − 𝑤𝑤′ + 𝑎𝑤3

and its related systems [2]. We consider the parameters 𝛼, 𝛽, 𝛾, 𝛿 and the system
(1). By substituting the expressions for 𝑢 and 𝑣:

𝑢 = 𝑎0(𝑧) + 𝑎1(𝑧)𝑤 + 𝑎2(𝑧)𝑤2 + 𝑎3(𝑧)𝑤3

𝑣 = 𝑏0(𝑧) + 𝑏1(𝑧)𝑤 + 𝑏2(𝑧)𝑣 + 𝑏3(𝑧)𝑤𝑣 + 𝑏4(𝑧)𝑤𝑣2

into the governing equations, we derive the relationships between the coefficients
𝑎𝑗(𝑧) and 𝑏𝑗(𝑧). Specifically, we find that −𝑎0𝑎1 = −(𝛽 − 𝑎0), 𝑏3 + 𝑎2 = 0,
𝑎1 + 𝑏𝑎3 = 𝛾, and 𝑏4 + 𝑏3 = 0. Given 𝑎3 = 𝛿, 𝑏1 = 0, and 𝑏 = 0 in system
(1), where 𝑏 ≠ 0 and 𝑎3 ≠ 0, the condition 𝑎2 − 𝛿𝑎3 + 𝛽𝑎3 + 𝑏2𝑎3 = 𝛾 must be
satisfied.

Following the methodology of N. A. Lukashevich, we consider the transformation
𝑢 = 𝑧𝑤, which leads to:

𝑧 𝑑𝑤
𝑑𝑧 = 𝑎0𝑧 + ℎ𝑤 + 𝑤2𝑢

𝑢 = 𝑎𝑧 + 𝛾𝑧2𝑤 − ℎ𝑎 − 𝑤𝑢2

For the case where 𝑏 ≠ 0, system (1) can be rewritten as 𝑧 𝑑𝑤
𝑑𝑧 = 𝑎𝑤 + 𝑧𝑤 ±

𝑧𝑤. The relationship (𝑎 − 1)𝑤𝑤′ + 𝑧𝑤2 and 𝑎 = −1, 𝑤 = 𝜙(𝑧, 𝑎, 𝛽, 𝛾, 𝛿) for
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system (1). In (1), let 𝑧′ = 𝑒2𝑡. If 8𝑤2 ≠ 0, then from (7) and (1) we
have: a) 𝑤 = 𝜙−1(𝑧, −𝛽, −𝛼, −𝛿, −𝛾), b) 𝑤 = 𝜙−1(−𝑧, 𝛽, 𝛼, −𝛿, −𝛾), c) 𝑤 =
−𝜙−1(𝑧, 𝛽, 𝛼, −𝛿, −𝛾), d) 𝑤 = 𝜙−1(𝑧, −𝛽, −𝛼, −𝛿, −𝛾), and 8𝑤′ = 𝑒𝑡 = 1. At
𝑧 = 0, for cases a) through d), we observe that 𝑧 = 0 is a singular point. We
note that at 𝑧 = 0, the condition 𝛼 = 𝛾 = 0 holds. Thus, at 𝑧 = 0, we have the
expansion 𝑎0𝜙 + 𝑎2𝑧2 for (1) where 𝑧, 𝛼, 𝛾 satisfy (1 − 3𝑎−1 − 4𝛾𝑎−1)𝑎0 = 0 and
(4−3𝛼𝑎−1 −4𝛾𝑎−1)𝐴 = 3(9−3𝛼𝑎−1 −4𝛾𝑎−1)𝑎𝑛−1 +𝛼(𝑎𝑛 +𝑏𝑎𝑛−1)+𝛾(4𝑎−1𝑎0 +
12𝑎𝑛)+𝛽𝑎0[(𝑛+1)2 −3𝛼𝑎−1 −4𝛾𝑎−1]𝑎𝑛−1𝑎𝑛 = 𝑃𝑛(𝑎−1, 𝑎0, 𝑎𝑛) for 𝑛 = 0, 1, 2, ….
The coefficients 𝑎𝑛 are given by:

[(𝑛 + 1)2 − 𝛼2]𝑎𝑛−1𝑃𝑛(𝑎−1, 𝑎0, … , 𝑎𝑛−1) = 𝑎𝑛(𝛼, 𝛽, 𝛿) (10)
From (10), at 𝑧 = 0 for system (1), if 𝑘2𝛾 − 𝛼2 ≠ 0, then 𝑎𝑛−1 = 0, and for
𝑗 = 0, 1, 2, …, we have 𝑘2𝛾 − 𝛼2 = 0. In (8), the coefficients 𝑎𝑗 are determined.
Setting 𝑤𝑢 = 1 in (6), we obtain 𝑧 − 𝛼𝑢 − 𝑧𝑢𝑤𝑥 and 𝑧𝑢𝑤2. Let 𝑎 = 𝑟 = 2𝛾 and
𝑥, 𝛼, 𝑣 satisfy (11). Then 𝑤1 = 𝐽𝑥𝑦 + 𝑣 = 𝑏 + 𝑣. From 2√𝛾 − 𝛼𝑧 − 𝑧(𝑏 + 𝑣)𝛼2,
we get 𝑧 = (𝑎 − 1)𝑣 + 𝑧𝑢[𝑏 + (𝑏 + 𝛼)] (12). As 𝑧 → 0, we have (𝑢, 𝑣) → 0 if
𝑎𝑛−1 = 0, meaning 𝛼 is not an integer. If 𝛼 is an integer, then (𝑢, 𝑣) → 0 as
𝑧 → 0. Following N. A. Lukashevich for 𝑧 = 0 [3], from (8) we have 𝑎 = 2√𝛾.
If 𝛽 ≠ 0 and 𝛽 = 0, then (𝑤, 𝑢) → 0 as 𝑧 → 0. If 𝛽 = 𝛿 = 0, then 𝑤 → 0
as 𝑧 → 0. If 𝛼 = 𝛾 = 0, then for system (1) at 𝑧 = 0, we have the series
(13). In (1) with 𝑎0 = 0 and 𝛽𝛿 ≠ 0, the coefficients 𝑎𝑗 (𝑗 = 1, 2, …) satisfy
[(𝑛 + 1)2𝛿 + 𝛽2]𝑎𝑛 = 𝜎𝑛(𝛼, 𝛽, 𝛾, 𝛿). If 𝑛 + 1 + 𝛽2 = 0, then for 𝑗 = 1, 2, … where
25 + 𝛽2 ≠ 0, the series (13) depends on 𝛽 and 𝛿. If 𝑎0 = 0, then (13) yields
𝑤 = 0. In (13), 𝑎0 is determined by 𝑘2𝛿 + 𝛽2 = 0. We have three cases: 1)
𝑤(0) = 0; 2) 𝑤(0) = 𝑤′(0) = 0; 3) 𝑎𝑛−1 = 0. If 𝛽 ≠ 0 and 𝛿 = 0, then 𝑎𝑗
are determined with 𝑎0 ≠ 0. For 𝑗 = 1, 2, … in (13), if 𝛿 = 0, then for system
(1), 𝑎𝑛−1 = 0. In case 3), at 𝑧 = 0, if 𝑘2𝛿 − 𝛽2 = 0 and 𝑎2𝑠 = 0 for 𝛼, 𝛾, 𝛿
in (1), let 𝑧 = 𝑥𝑠 (𝑠 = 0, 1, …). Then 𝑤(𝑧) = ℎ𝑧3 + 2𝛼/𝑧 (15). The equation
𝑤𝑤″ = 𝜏𝑤′2 −𝑤𝑤′ +9𝜏2(𝛼𝑤𝑠 +𝛾𝑢−√𝛾𝑥𝑠𝑤1𝑢2) = 3[(𝛼−1)𝑤1 +𝛿𝜏3𝑢+𝜏3𝑢𝑤1]
holds. At 𝑧 = 0, following N. A. Lukashevich, (15) and (16) imply that if 𝑎0 ≠ 0,
then 𝑎𝑗 depends on 𝛼, 𝛽, 𝛾, 𝛿. If 𝑎4 = 𝑎1 = 0, then 𝑎𝑗 = 0 for 𝑗 > 4. If 𝑎3, 𝛿 are
parameters of (1), then at 𝑧 = 0, if 𝑎0 = 0, 𝑎𝑗 depends on 𝛼, 𝛽, 𝛾, 𝛿. If 𝑧 = 0,
𝑥 = 𝑎2 = 0, then 𝑎1 ≠ 0. In (16), if 𝑎2 = 𝑎3 = 0, then 𝑎2 ≠ 0 and 𝑎𝑗, 𝑎3𝑣 = 0,
meaning 𝑎𝑗 = 0. If 𝛽 = 𝛿 = 0 and 𝑎1 ≠ 0, then for (1), at 𝑧 = 0 according to
[1, 4], 𝑤(𝑧) = 1/𝑧 and 𝑣(𝑧) satisfies (2). We have 𝑢 = 𝑧𝑢″ − 𝑢𝑢′ − 𝛾𝑧𝑣2 − 𝛼𝑢𝑣.
At 𝑧 = 0, we obtain 𝑧𝑤″ = 𝑧𝑣′ − 𝑣𝑣′ + 𝛿𝑧𝑢2 + 𝛽𝑢𝑣. For 𝑧0 ≠ 0, 𝑤(𝑧) =
± 1√𝛾(𝑧−𝑧0) . Following N. A. Lukashevich, with ℎ(𝑧 − 𝑧0) and (7), system (1)
yields Γ = −1/𝑤+𝑧𝑤2 −𝛾𝑤2. From (7) and (1), if 𝑤1 is known, then 𝑤2 satisfies
𝐷(𝑤1, 𝑤′

1, 𝑤″
1) = (𝛿 + 𝑤2)𝑧2𝑤″

1 + 𝑧𝑤′
1𝑤′

1 − 𝑧2𝑤1𝑤″
1 + 8𝑧𝑤′

1 + √𝛾𝑧2𝑤′
1 + 𝛽 − 𝛼(… ).

From (23), for 𝑤, 𝑢, 𝑤1, 𝑤2 as in [5], the dimension is 𝑑 = 4. If 𝑤 is known, then
𝐷(𝑤2, 𝑤′

2, 𝑤″
2) = 0 in (23). From (22), we find 𝑑 = 4. If 𝐷(𝑤2, 𝑤′

2, 𝑤″
2) = 0,

then for (1), system (1) with (23) yields 𝛿𝑧𝑤2 and 𝑧𝑤 − 2𝑤1 − 𝛽 ≠ 0. In the
case √𝛾𝑤1 + 𝛿𝑧 + 𝑧𝑤1𝑧𝑤′ + …, we have 𝑧𝑤′ + 1 − ⋯ + 2𝑤2 − 𝛽. If 𝑤1(𝑧)
satisfies (1) and 𝐷(𝑤2, 𝑤′

2, 𝑤″
2) = 0, then from (23), 𝑤1(𝑧0) = 𝑤10. For (1),

𝑤(𝑧) − 𝜌(𝑧0) = 𝑤10, 𝑤(𝑧0) = 𝑤′(𝑧0) = 𝑤′
0. From (24) and (25), if (28) and (29)
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hold, then −√𝛾𝑤1 +(1−… )𝑧0(𝑤2𝑤0). If 𝑤2(𝑧) satisfies 𝐷(𝑤2, 𝑤′
0, 𝑤″

2) = 0 with
𝑤2(𝑧0) and 𝑤′(𝑧0), then 𝑤(𝑧) satisfies (26) and (27). If (1) holds, then from
(32), 𝑤20 = 𝑤′

0 + √𝛾𝑤2 + (⋯ + 1)𝑤0𝑣20 = 𝑧0𝑤′
20 + (⋯ + 2)𝑎20 − 𝛽 for (1). In

(7), at 𝑧 = 𝑧0, 𝑤1(𝑧) = −√𝛾
(𝑧−𝑧0)2 + 1

𝑧−𝑧0
. At 𝑧0, 𝑤(𝑧) = … and 𝑤1(𝑧) at 𝑧 = 𝑧0.

Following N. A. Lukashevich, (21) in (22) shows that 𝑤2(𝑧) at 𝑧0 has a pole.
Thus, if 𝛾 ≠ 0, 𝛼 − 2𝑤1 − 𝛽 ≠ 0, and (⋯ + 2)𝑤2 − 𝛿 ≠ 0, then for (1) at 𝑧 = 0,
we have the expansion. We find 𝑧𝑤′

1 − (⋯ − 2)𝑤1 − 𝛽 = 0. From (7), we see that
𝑧𝑤′

1 satisfies the condition where √𝛾 + 𝛿 = 0. Given 𝜌, 𝛾, 𝛿 and 𝜌 ± (𝑤″
2)

√
𝛿 = 𝛼,

then 𝑧𝑤′(⋯ + 2)𝑤2 − 𝛽 = 0 and 𝑤2
√

𝛿 ± (𝑤 + 2)
√

𝛿 = 0. From (36) and (37), we
have 𝜌 + ⋯ − 𝛿 = 0 and 𝛾 = 𝛼2 ≠ 0. From (38) and (7) and (22), according to
[2], 𝑧 = 𝛼∗𝑧𝑤∗ − (𝑤 + 𝑏∗𝑧). In the case where 𝛾 = 0 and 𝛼 ≠ 0, at 𝑧 = 𝑧0 ≠ 0,
system (1) is consistent with [5], so 𝑑 = 4. Substituting (19) into (1), we get:
𝑧𝑢2𝑣𝑣″ −𝑧𝑣2𝑢𝑢′ +𝑧𝑣2𝑢″ −𝑧𝑢2𝑣′2 +𝑢2𝑣𝑣′ −𝑣2𝑢𝑢′ −𝛼𝑣3𝑢−𝛽𝑣𝑢3 −𝛾𝑧𝑣4 −𝛿𝑧𝑢4 = 0.
Let 𝑣(𝑧) = √𝛾𝑢(𝑧) ≠ 0. In (40) and (39), for 𝑧: a) 𝑛 = 𝑚; b) 𝛾 = 𝛼 = 0; c)
𝑛 < 𝑚 and 𝛽 = 𝛿 = 0. In cases b) and c), we have 𝛼 = ±𝑘√𝛾. If 𝑘 > 0
is not an integer and 𝛿 = 0, 𝛼𝛾 ≠ 0, then (1) has the solution 𝑤(𝑧) = 𝐶𝑧1+𝑘.
In case a), 𝑛 = 𝑚 − 0 for (1), so 𝑤 = 0, 𝛿 = 0, and 𝑤 = ±√−𝛽 ≠ 0 with
𝛽2 + 𝛼2 = 0. For 𝑧 and 𝑤 in terms of 𝛽, 𝛾, 𝛿, if 𝜙 < 0 and 𝛽2 + 𝛿𝛼2 = 0, then
|𝑢𝛾(𝑧0)| < 𝑛 = 𝑚 = 1, i.e., 𝑣 = 𝑧 + 𝑎 and 𝑢 = 𝑏𝑧 + 𝑐 at 𝑧 = 0. For 𝑎, 𝑏, 𝑐, if
𝑏4 = 0, 𝑏 ≠ 𝛽, 𝑏3 + 4𝛾𝑎 + 4𝑏𝑏3𝑐 = 0, 𝑏 ≠ 𝛼, 𝑐 + 3𝛽𝑏2𝑐 + 𝛽𝑎𝑏3 + 6𝛼2𝛾 + 6𝑏

√
𝛿 = 0,

𝛼2 − 3𝑐 − 3𝛽𝑏𝑐2 − 3𝛽𝑎𝑏2𝑐 − 4𝛾𝛼3 − 4𝛿𝑏𝑐3 = 0, and 𝛼3𝑏 + 𝛼2𝑐 + 𝛽𝑐3 + 3𝛽𝑎𝑏𝑐2 +
𝛾𝛼4 + 𝛿𝑐4 = 0, then (𝑐 − 𝑎𝑏 − 𝛼𝑎2 − 𝛽𝑐2)𝛼𝑐 = 0. Following N. A. Lukashevich,
if 𝑐 ≠ 0, then: 1) 𝛼 = (4𝑏𝛿 − 𝛽)𝑏2; 2) 𝛼 = 0 from (41); 3) 𝛼𝛾 = −6𝑏4 and
𝑐 = 0. We have 𝑆 = (2𝑎𝑏 + 𝐴)𝛿, where 𝑆 = 𝛽, 𝛾, 𝜖 are determined by (41). If
𝑏2(3𝑐 − 𝑎𝑏)𝜖 satisfies (1) and 𝑤(𝑧) is such that 𝑎 = 0 and 𝑐 ≠ 0, then for 𝛽 ≠ 0,
we obtain 9𝛾 − 𝑎2 = 0, 𝑏′ + 𝛽2 = 0, and 𝑏2 = −𝑐.

In the instance where 𝑎 ≠ 0 and 𝑐 = 0, system (1) yields 𝛾−𝑎2 = 0. Furthermore,
if 9𝑏 + 𝑎 = 20 and 𝛽2 = 0, we find 𝑏2 = − …, 𝑎2 = − …, and 𝛽 = 0. Let us
introduce the substitutions 𝑢(𝑧) = 𝜉(𝑧) exp 𝑔(𝑧) and 𝑣(𝑧) = 𝜂(𝑧) exp 𝑔(𝑧), where
𝜉(𝑧) and 𝜂(𝑧) satisfy the conditions derived from (43) and (20), and 𝑔(𝑧) is
a function such that exp 2𝑔(𝑧) relates to the system dynamics. The resulting
differential equations for 𝜂 are:

𝑧𝜂𝜂″ = 𝑧𝜂𝑎′2 − 𝜂𝜂′ − [𝑔′(𝑧) + 𝑧𝑔″(𝑧)]𝜂2 + 𝛿𝑧𝜉2 + 𝛽𝑔𝜂

By substituting (45) and (44) into the above, we obtain 𝑔′(𝑧)+𝑧𝑔″(𝑧) = 2𝜆𝑧+𝜇,
which implies 𝑔(𝑧) = 𝜆𝑧 + 𝜇, where 𝜆 and 𝜇 are constants.

The parameters 𝛼, 𝛽, 𝛾, 𝛿 are determined by the consistency of system (1) with
equations (45) and (46). For the coefficients 𝑎𝑛 and 𝑏𝑛, we derive the following
recurrence relations:

𝑧2𝑛 + (2𝐾𝑎2
𝑛 + 𝛾𝑏2

1) = 0
𝑏2

1 + 𝑆𝑎2
1 = 0

𝑛−1 + 2𝛾 = −(𝜇𝑎𝑛)𝑎𝑛−1 − 4𝜆𝑏 = (−𝛽𝑎𝜇𝑏𝑛)𝑏𝑛
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Assuming 𝑏𝑛 ≠ 0, these satisfy (47) and (1). We then find 𝜆 = ±√−𝛾 and
4𝜆2 + 𝛾8 = 0. For 𝑘 = 2, 3, …, the general form is:

𝑧2𝑛+1−𝑘4𝑘𝑎𝑛𝑎𝑛−𝑘 + 2𝛾𝑏𝑛𝑏𝑛−𝑘 = −𝑃𝑘(𝑛, 𝑎𝑛−1, 𝑎𝑛−𝑘+1, 𝑏𝑛, 𝑏𝑛−𝑘+1)

where 𝑃𝑘 is a polynomial function of the indicated variables. The coefficients
𝑎𝑗 and 𝑏𝑗 are determined for all 𝑗 = 0, 1, 2, … by (51). If 𝑛 ≠ 1 and 𝑏 ≠ 0, the
parameters of (1) are constrained such that 𝛾 = 0 and 𝑤(𝑧) can be expressed in
terms of 𝑧.
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