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Consider the problem of the one-dimensional outflow of an ideal gas at rest,
located in a constant gravitational field and obeying the equation P = const - p¥.
Previously this problem was solved for one simplest particular case, k = 3 ().

The basic equations of the problem will be
ut+qu+Pw/p:_a’ pt+upa:+puac:0’ (1)

where a = const is the acceleration due to gravity.

In the case of an ideal gas we shall have

2
uy + un, + 1% =% ¢, +uc, + cu, = 0. (2)

We note that the characteristic conditions of system (2) have the form: along
the lines dx/dt = u £ ¢ the relation

w +

¢ = const, (3)

is satisfied, where w = u + at.

A gas at rest, compressed by the gravitational field, is described by the equations

2 =c4—(k—1)axz, u =0, (4)

where ¢ = cy at 2 = 0.

Let, at the time ¢t = 0, the outflow of gas begin in the section z = 0. Since
there is an initial distribution of pressure or speed of sound along the length
x, the outflow of gas cannot be described by special solutions of the system of
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equations. For this purpose it is necessary to use the general solutions of this

system.

As was shown by one of the authors (1), these solutions have the form

ot B [V20n+ Di+w] + B[220+ 1)i — w)
~9int Vi ’

(8

at?

t = 0y/0i, r=xy+ wt — 5

o /0w,

where

x, = const, kE=(2n+3)/(2n+ 1), n=0,1,2,..

(6)

It is obvious that, during outflow, the wave-front of rarefaction moving to the

left is described by the equation

0z /0t = —c = —\/c — (k— 1)ax,

whence, integrating under the condition x = 0, ¢ = 0, we find

( L t2>
r=—|c at® ) .
H 4

On this front, since v = 0, we shall have

2 2

k—lC: or w=at=

2
ati 7k_1CH k_l(C*CH)’

which, incidentally, is verified identically by substituting (7) into (4).

Since (8) can be written in the form

V2(2n + 1)i —w = /2(2n + 1)i,, = const,

then

Fy[v/2(2n + 1)i — w] = Fy(const) = const,

and consequently this function cannot be determined from the condition on the
left-hand characteristic (7). With the aid of this characteristic one can find the

form of the function F;[/2(2n + 1)i 4+ w].

sovietrxiv.org/items/ru-196701.51219 Machine Translation


https://sovietrxiv.org/items/ru-196701.51219

Since on the characteristic

_W_ 2

b= = (k—1)a

(c—e¢,) = 2 [V2(2n + 1)i — /2(2n + 1)i,| (9)

and the condition () holds,

( 8)”F1(w—w) 1 o F1(2w—ﬁ)’ (10)

w— = ——
Ow w on Qwn wntl

where

2 2
w= c=+/22n+1)i, f=w—w=w, = T —1¢n = const, (11)

the solution for ¢ will take the form

n—1 n
b = %{A [V2(2n + 1)i + w+ /2(2n + 1)¢n]2< o
1

— Bw, [V2@2n + 1)i + w+ v/2(2n + 1)i,,] ey FQ} Vi (12)

Here, on the characteristic (11), the condition F, = 0 must be satisfied, and

fo YT [2(2n 4+ 1)]"*Y2 9™ A(2w)2 D) — Buw, (2w)?* 1 B
- a - 22n 3&)” wTLJrl -
dnwnJrl d™w™
= [2(2n + 1)]"*1/2 [44 —2Bw, —— | =
[2(2n + 1) 28w, S

=[2(2n + 1)]"*Y2 [4(n + 1)! Aw — 2n! Bw, ],
whence

1 1
B= ,
da(n + 1)![2(2n + 1)]nt1/2’ 2an! [2(2n + 1)]1/2

Thus,

1 anfl .
da(n + 1)1 [2(2n + D)]n+1/2 9in—1 {[v2@n+Ditws

P =
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2(n+1

+v/22n + 1)i,, )—2(n+ Dw, [v2(2n + )i+

w2+ +F2}/\fz‘, (13)

or

1 anfl
da(n + 1) [2(2n + D)]r+1/2 gin—1

P = {[V2(@n+1)i +wt

2(n+1
+v/2(2n + 1)i, " )—2(2n+1)1/2,/¢n.2(n+1) [V2(2n + )i+

2n+

+w + 1/2(2n + 1)i,,| 1+F2}/\fz'. (14)

The function % can also be written in the form

] 2n+3

W=

4a(n + 1)![2(2n + 1)]"+1 din 2n + 3

1 on {[\/2(2n+1)i+w+ 2(2n + 1)i,,

o, V2@ it w20 T e L (15)
v

For n =0, z, = 0. In the general case (for n = 1,2, ...) the value x, may prove
to be nonzero. To compute z, we proceed as follows—

as follows. Since for u =0

r=(c2=c?/(k—1)a=(w?—w?)/2(2n+ 1)a,

xr =1z + at?/2 — Op/ow,
then hence, comparing the expressions for x, we shall have

Ty = (W? —w?)/2(2n + 1)a — (w —w)?/2a + OY/Ow

and after calculation we obtain the expression for 9¢/0w on characteristic (11).

Since
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oy 1 ot

7 2n+1__
Ow  2an![2(2n + 1)]7+1/2 gin—1 {l

w—w+w]

—2n+ Nw [w+w+w]?} /Vi,

then, using condition (10), we may write

% _ on anfl 2w2n+1 _ (2’)7, + 1)w w2n _
Oow  an!2(2n + 1) (wow)n—1 w N
2 anfl

- an! 2(271 + 1) Jwn—1 [2wn+1 — (2n —+ ]_)w w”] —

= 2(2n2(j- a [(n+1w—(2n+1w],

which immediately determines
1y = —nw?/(2n + 1)a. (16)

Let us determine the functions F;, which can be done by assuming that at
t =0, x = 0 the condition is satisfied

(c —¢)=w —w. (17)

Since along the left characteristic (11) F, = 0, it is obvious that the expression
for F, must be sought in the form

F, :FQ[\/2(2n—|—1)'—w— V2@2n+1)i | = Fhlw—(w+w)].

Then, when condition (11) is satisfied, F}, = F,(0) = 0. For n = 0,1,2,... one
may prescribe F, in the form F, = Y A [w— (w+ w)]". In this case the value

F=Flwtwtw]=F2uw) = 22n+lp 20t (18)

Writing the expressions t = 0i/0v = 0 and © = x;—9¢ /0w = 0, or OY/Ow = x,,
when (17) is satisfied, it is easy for each n to determine A, and the degree r in
the expression for F,.

For n =0, F, = 0; for n = 1,2,3, the calculations are comparatively simple,
becoming more complicated as n increases, and already for n = 4 they are rather
cumbersome. We give the values of ¢ for n = 0,1, 2,3, 4:
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7%:028%[(w+w+w)3—3w(w+w+w)2]/3;

wnzl:m{(www)“%w(www)%
+H4w?w — (w4 w )P} Vi
) ;a{(w—kw—kw) — 6w (w+w+w )+
"2 24102100 0

+1202w — (w + w)]* — 8wiw — (w — w)P} /Vi;

1 0°
ey = ————— — { (w+ w + wy)® — 8wy (w +w +wy) "+
flp =3 96.142\/m 0i2 {( H) H( H)
+24wfi[w — (w +wy)]® + 320k [w — (w + wy) P+
+16w [w — (w + wip)]*} Vi
1 0° 10 9
Ypg = 3 {lw+w+ wy]™ — 10wy (w +w + wy)?+

480 - 18%y/18q 043
+A40ww — (w + wy)]® + 80w [w — (w + wyy)] "+

+80wi [w — (w + wiy)]® + 32w [w — (w + wy)]°} /Vi.

We see that the number of terms in Fj is equal to n. The maximum degree is

2n, the minimum n + 1.

Thus, in general form one may write

1 671—1

U T IR0+ 1] g T {

2n
—2(n + Nwyg(w + w + wy) 1 + Z Ar(wwwH)T}/ﬂ,

r=n+1

where the coefficients A,., as we have just indicated, are computed algebraically
for each n.
2

= ey
k—1
dz/dt = u = wy — at, whence z = wyt — at?/2; at t = wy/a, = w¥/2a, the

The front of the gas rarefaction will obey the law ¢ = 0, w = = wyy, Or
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gas reaches the maximum point of ascent and begins to fall “downward.” In this
case a new wave arises, which can be found simply, since in it

u=0, 2= 1012{ — (k—1)ax. (19)

Near the point v = 0, ¢ = 0, for example for k¥ = 5/3, there will be the
asymptotic expression

1
w= (wy —w)/2+ 5\/%2_1 + 9w? — 2wwy = wy — w + 2w? Jwy.

The problem considered is also of practical and methodological interest, since for
the very first rarefaction wave one has to determine both arbitrary functions F}
and F,, which does not occur in ordinary problems of unsteady gas dynamics.

In conclusion it should be noted that if we solved the problem of the motion
of a gas with constant acceleration, then the solutions of the equations for this
problem would be equivalent to (5), but the initial conditions and the wave
system would be different, since the initial gas density is the same everywhere.
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