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THEORY OF ELASTICITY

L. A. FILSHTINSKII

A DOUBLY PERIODIC PROBLEM IN THE
THEORY OF A CIRCULAR CLOSED CYLIN-
DRICAL SHELL
(Presented by Academician L. I. Sedov on 23 IX 1966)

The paper formulates the problem of the state of stress in a circular cylindrical
shell weakened by a doubly periodic system of identical circular holes. A solution
is constructed for the system of equations of the theory of cylindrical shells in
the class of doubly periodic functions.

1. Let the exterior of a system of congruent circles on the surface of the
shell form a doubly periodic lattice with fundamental periods 𝜔′

1 = 2𝑎
and 𝜔′

2 = 2𝑎𝑙𝑒𝑖𝛼 (0 < 𝛼 ≤ 𝜋/2). Denote the contour of the hole with
center at the point 𝑃 ′ = 𝑚𝜔′

1 + 𝑛𝜔′
2 (𝑚, 𝑛 = 0, ±1, …) by 𝐿𝑚,𝑛; place

the origin of coordinates at the center of the hole 𝐿0,0; direct the 𝑥-axis
along a generator, and the 𝑦-axis along the directrix of the cylinder. For
simplicity we shall assume that the lattice is symmetric with respect to the
coordinate axes and is loaded along the edges of the holes by a symmetric
system of forces and moments, and is also subjected to the action of a
uniform internal pressure and a uniform tension at infinity. Introducing
dimensionless coordinates 𝑥 = ̄𝑥/𝑎, 𝑦 = ̄𝑦/𝑎, we write the system of
equations of the theory of a circular cylindrical shell in the form

∇2∇2𝐹1 = 𝜀𝜕2𝐹2
𝜕𝑥2 , ∇2∇2𝐹2 = −𝜀𝜕2𝐹1

𝜕𝑥2 + 𝑞
𝐷, (1)

𝜀 = 𝑎2

𝑅ℎ√12(1 − 𝜇2), 𝐷 = 𝐸ℎ3

12(1 − 𝜇2) , 𝑈 = 𝐹1, 𝑤 = √12(1 − 𝜇2)
𝐸ℎ2 𝐹2;

𝑅 and ℎ are the radius and thickness of the shell; 𝐸 and 𝜇 are the Young’s
modulus and Poisson’s ratio of the shell material; 𝑞 is the intensity of the normal
load; 𝑈 and 𝑤 are the stress and deflection functions in the shell.
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The problem consists in constructing a doubly periodic function 𝐹2 and a
quasiperiodic function 𝐹1, satisfying the system of equations (1), the bound-
ary conditions of the first fundamental problem on the boundary 𝐿 = ⋃ 𝐿𝑚,𝑛,
the static conditions within the period parallelogram, and the condition of clo-
sure of the shell along a generator. In addition, the single-valuedness conditions
for the displacements (1) must be satisfied.

2. Introduce the representations

𝐹𝑠 = 𝐹 0
𝑠 + 𝐹 ∗

𝑠 , 𝐹 0
𝑠 = Re{ ̄𝑧𝜑𝑠(𝑧) + 𝜒𝑠(𝑧)}, (2)

𝐹 ∗
𝑠 = ∑

𝑚,𝑛
𝑑(𝑠)

𝑚,𝑛𝜉, 𝑠 = 1, 2,

where (2)

𝜑𝑠(𝑧) = 𝐴𝑠𝑧 +
∞

∑
𝑘=0

𝛼(𝑠)
2𝑘+2

𝜆2𝑘+2𝔓(2𝑘−1)(𝑧)
(2𝑘 + 1)! , 𝛼(2)

2 = 𝛽(2)
2 = 𝐵2 = 0,

𝜒𝑠(𝑧) = (𝑠−1)𝐵0+ 1
2𝐵𝑠𝑧2+

∞
∑
𝑘=0

𝜆2𝑘+2

(2𝑘 + 1)! {𝛽(𝑠)
2𝑘+2𝔓(2𝑘−2)(𝑧) − 𝛼(𝑠)

2𝑘+2𝑄(2𝑘−1)(𝑧)} ,

℘(𝑧) = 1
𝑧2 +

′
∑
𝑚,𝑛

{ 1
(𝑧 − 𝑃)2 − 1

𝑃 2 } , 𝑄(𝑧) =
′

∑
𝑚,𝑛

{ 𝑃
(𝑧 − 𝑃)2 − 2𝑧 𝑃

𝑃 3 − 𝑃
𝑃 2 } ,

𝑧 = 𝑥 + 𝑖𝑦, 𝑃 = 𝑚𝜔1 + 𝑛𝜔2, 𝑃 = 𝑚𝜔1 + 𝑛𝜔2, 𝜔1 = 2,

𝜔2 = 2𝑙𝑒𝑖𝛼, 𝛼𝑚 = 𝜋𝑚/𝛼, 𝛽𝑛 = 𝜋𝑛/𝛽, 𝜉 = cos 𝛼𝑚𝑥 cos 𝛽𝑛𝑦,

℘(𝑧) is the Weierstrass elliptic function (3); 𝑄(𝑧) is a special meromorphic func-
tion (2,4 ); 2𝜆 is the dimensionless diameter of the hole; 𝛼 and 𝛽 are the half-
periods along the axes 𝑥 and 𝑦, respectively; the constants 𝛼(𝑠)

2𝑘+2 and 𝛽(𝑠)
2𝑘+2 are

to be determined from the boundary conditions; the constants 𝑑(𝑠)
𝑚,𝑛 are to be

determined from system (1).

The condition of double periodicity of 𝐹2 is satisfied automatically. The static
conditions on arcs connecting congruent points 𝑧 with 𝑧 + 𝜔1 and 𝑧 with 𝑧 + 𝜔2
give
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𝐴1 = 𝑎2

4 (𝑁1 + 𝑁2) + (𝐾0𝛼(1)
2 + 𝐾1𝛽(1)

2 )𝜆2,

𝐵1 = 𝑎2

2 (𝑁2 − 𝑁1) + (𝐾2𝛼(1)
2 + 𝐾3𝛽(1)

2 )𝜆2, (3)

where

𝐾1 = 𝜋𝑖/(𝜔1𝜔2 − 𝜔2𝜔1), 𝐾2 = (𝛾1 − 𝛿1)/𝜔1 + 4𝐾1, 𝛿1 = 2𝜁(𝜔1/2),

𝐾0 = 𝐾3 = 𝛿1/𝜔1 − 2𝐾1, 𝛾1 = 2𝑄(𝜔1/2) − 𝜔1℘(𝜔1/2),

𝜁(𝑧) is the Weierstrass zeta-function, and 𝑁1 and 𝑁2 are components of the
basic stress state.

The tangential displacements 𝑢 and 𝑣 in the middle surface of the shell are found
by integrating Hooke’s law with allowance for (2). We have

𝑣 = 1
2𝐺ℎ𝑎 Im{𝑥𝜑1(𝑧)−𝑧Φ′

1(𝑧)−𝜓1(𝑧)}−𝑎𝜀∗

𝑅 Im {∫ 𝜒2 𝑑𝑧 + 𝑧 ∫ 𝜑2 𝑑𝑧 + ∬ 𝜑2 𝑑𝑧2}−𝑎𝜀∗

𝑅 ∑
𝑚,𝑛

𝑑(2)
𝑚,𝑛

𝜂∗

𝛽𝑛
+𝐵(𝑥),

(4)

where

𝜂∗ = cos 𝛼𝑚𝑥 sin 𝛽𝑛𝑦, 𝜀∗ = √12(1 − 𝜇2)/𝐸ℎ2, 𝐺 = 𝐸/2(1 + 𝜇).

The condition for closure of the shell is the periodicity of the displacement 𝑣
along the directrix of the cylinder:

𝑣(𝑧 + 𝜔2) − 𝑣(𝑧) ≡ 0. (5)

From (5) and (2), taking into account the properties of the introduced functions
(2) and formulas (3), we find

𝜀𝐵0 = 𝑎2(𝑁2 − 𝜇𝑁1) + 𝜋𝜆2

𝐻𝜔1
(2𝛼(1)

2 + 𝛽(1)
2 )+

+ 𝜀𝜆4

6𝐻𝜔1
{𝐻(𝛾1 − 𝛿1)𝛼(2)

4 + (𝛿1𝐻 − 𝜋)𝛽(2)
4 }, (6)
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where 2𝐻 = 2𝑙 sin 𝛼.

Thus, the condition of shell closure along the generator does not affect the stress
state in the shell. In this respect the formulation under discussion differs from
other analogous formulations, in which the shell-closure condition cannot be ful-
filled, indicating their known incorrectness. Finally, the condition of uniqueness
of the displacement 𝑣, as is easily seen from formula (4), is satisfied automati-
cally.

3. To integrate system (1), we represent the functions 𝐹 0
𝑠 , by means of 𝜎-

multipliers (5), in the form of double trigonometric series and substitute
them, together with the functions 𝐹 ∗

𝑠 , into equations (1). After carrying
out the necessary

formal operations, we obtain

𝐹 ∗
1 = −𝜀

∞
∑
𝑘=0

{𝛼(2)
2𝑘+2Π𝑘 + 𝛽(2)

2𝑘+2Π∗
𝑘 + 𝜀𝛼(1)

2𝑘+2(Ω𝑘 + 𝜈1𝛿0
𝑘Ω) + 𝜀𝛽(1)

2𝑘+2(Ω∗
𝑘 + 𝜈2𝛿0

𝑘Ω)} ,

𝐹 ∗
2 = 𝜀

∞
∑
𝑘=0

{𝛼(1)
2𝑘+2(Π𝑘 + 𝜈1𝛿0

𝑘Π) + 𝛽(1)
2𝑘+2(Π𝑘 + 𝜈2𝛿0

𝑘Π) − 𝜀𝛼(2)
2𝑘+2Ω𝑘 − 𝜀𝛽(2)

2𝑘+2Ω∗
𝑘} ,

(7)

where

Π𝑘 = 𝜆2𝑘+2

(2𝑘 + 1)!
𝑑2𝑘Π0
𝑑𝑥2𝑘 , Π∗

𝑘 = 𝜆2𝑘+2

(2𝑘 + 1)!
𝑑2𝑘Π∗

0
𝑑𝑥2𝑘 , Ω𝑘 = 𝜆2𝑘+2

(2𝑘 + 1)!
𝑑2𝑘Ω0
𝑑𝑥2𝑘 ,

𝜈1 = 𝐾0 + 𝐾2
2 ,

Ω∗
𝑘 = 𝜆2𝑘+2

(2𝑘 + 1)!
𝑑2𝑘Ω∗

0
𝑑𝑥2𝑘 , Π0 = ∑

𝑚,𝑛
𝜒𝑚,𝑛𝐴𝑚,𝑛𝜉,

Π∗
0 = ∑

𝑚,𝑛
𝜒𝑚,𝑛𝑎𝑚,𝑛𝜉, 𝜈2 = 𝐾1 + 𝐾3

2 ,

Ω0 = ∑
𝑚,𝑛

𝛿𝑚,𝑛𝐴𝑚,𝑛𝜉, Ω∗
0 = ∑

𝑚,𝑛
𝛿𝑚,𝑛𝑎𝑚,𝑛𝜉, 𝜒𝑚,𝑛 = 𝛼2

𝑚(𝛼2
𝑚 + 𝛽2

𝑛)2

Δ , 𝛿𝑚,𝑛 = 𝛼4
𝑚

Δ ,
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Δ = 𝜀2𝛼4
𝑚 + (𝛼2

𝑚 + 𝛽2
𝑛)2, 𝐴𝑚,𝑛 = 𝑏𝑚,𝑛 − 2𝑘𝑎𝑚,𝑛, 𝛿0

𝑘 = {1, 𝑘 = 0,
0, 𝑘 ≠ 0.

The quantities 𝑏𝑚,𝑛 and 𝑎𝑚,𝑛 are the Fourier coefficients of the functions
Re{−𝑧𝜉(𝑧) − ∫ 𝑄(𝑧) 𝑑𝑧} and Re{∫ 𝜉(𝑧) 𝑑𝑧}, respectively.

Representations (2) and (7) determine the general solution of system (1). The
derivation, from the boundary conditions on the contour of the hole 𝐿0,0, of the
infinite system of linear algebraic equations for the quantities 𝛼(𝑠)

2𝑘+2 and 𝛽(𝑠)
2𝑘+2

presents no difficulty.

In conclusion, let us note that the method developed here makes it possible
to consider a considerably broader class of problems. In particular: a finite
cylindrical shell with one or several holes, a doubly periodic or periodic problem
for a spherical shell, a perforated shell under the action of concentrated forces,
etc. Special cases of the problem considered here are shells with one hole, with
a row of holes along the generator, or along the directrix.

Formulas (4) and (6) make it possible to give a rigorous formulation of the
problem of reducing a cylindrical doubly periodic lattice to a continuous shell
equivalent to it in stiffness.

Received
2 IX 1966
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