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MATHEMATICS
L. I. Gavrilov
K-CONTINUABILITY OF POLYNOMIALS

(Presented by Academician P. S. Aleksandrov on 18 X 1966)

In the present paper a simple algebraic method is considered for solving the
problem of K-continuability of polynomials.

The problem of continuability of polynomials is as follows. Given a polynomial

P(x) =1+ a7+ ayx® + ... +a”,;

we form the polynomial

P (xz) = P(z) + ap 2™ + ...+ al,.

One asks under what conditions the roots of the polynomial P;(z), with a
suitable choice of m and of the coefficients a,,,,...,a,,, can be located on a
prescribed set of points of the plane of the complex variable. It was already
proved long ago by me that the problem is always possible if the set of points

is taken to be the circle |z| = 1 (K-continuability of polynomials).

Making the transformation x = 1/z, we obtain

P (1/2)2™ = (2" +a.2" V4 o4 a,) 2" 4 a2+ L ay,.

In this form it is more convenient to consider the problem, since Newton’ s
formulas for computing sums of like powers of the roots of a polynomial are
usually written for the case when the coefficient of the highest power is equal
to one.

In my preceding paper the following solution of the problem of K-continuability
of polynomials was given (see (1)):

n

S = Z N (et + eii’mj)(sfj + 52kj +...+ gfj)eikwi, k=1,2,...,n,
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where s, are Newton sums; €4, €5, ..., €;; are the roots of the equation z7 = 1;
N; are positive integers.

The roots of the continued polynomial are seen in the first line

51 = Ny(ef® 4 e7t)et1 + N,(el®2 + e71%2) (g5 + €99 )€™¥2 + ...

e+ N, (e 4 e ) (g1, + €gy + oo F Epp )e¥n.

The first group of roots has multiplier N, the second has N,, and so on.

Let us form the continued polynomial. For this we form the polynomials corre-
sponding to the first group of roots, then to the second group of roots, and so
on. For the first group of roots

{[z — eflat¥D)][z — el tP] N1 = [22 — (i1 4 e )% 4 e2191] V1
By Euler’ s formula

p1/N; = e + e =2cosa; >0, 5, = p et

(see (1)), denoting —2 cos a;e’¥1 = b;, we obtain

(22 4 bz + 201N = 221 4 N b 22Nt 2N

where |by] < 2, ¢; = argb; + 7 (since cosa; > 0); it is easy to see that, when
these conditions are satisfied, the roots of the quadratic polynomial lie on the
unit circle.

Next we form the polynomial corresponding to the second group of roots. We
obtain

[24 4 byo? 4+ e 4¥2]Na = 4N2 4 N b oAN22 .
where by, = —(e21%2 4 e721%2)e2W2 |y | < 2, 29, = arg by + 7.

For the last group of roots we obtain the polynomial

i- 2nN, —
[22n+b22+612nd)n]NH :ZQnNn +NnZ n ”+

)

where b, = —(e™M®n + "W )ei™Wn |b | < 2, nip, = argh, + 7.

Consequently, the extended polynomial is composed in the form
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[22 + blz + eZiwl]Nl [Z4 + b222 + ei~4w2]N2 [ZQ" + b:iz + @iQm/fn]Nn

— (Zn + alz”’l + a2zn72 R an)szn + an+1zm7n71 NI am?
where m = 2N; + 4N, + - + 2nN,,; the numbers by, v, by, Yy, ..., b, 1, are
found successively.

We first observe that multiplying the leading terms of the factors gives the
leading term of the product. If in the first factor one takes the second term
Nb, 22171 and in all the other factors the leading terms, then we obtain
the product N, b, z?N1F4Net-42nN =1 — N b »m=1 which represents the second
term of the extended polynomial. Consequently, N b; = aq, by = a;/Ny; Ny
must be taken so large that |b;| < 2. As we see, this can be done in infinitely
many ways. Having found b;, we determine the argument of b, which we denote
by 1, —m, and the first factor is determined. After this we proceed to finding the
second factor. For this we note that the next term of the extended polynomial
is obtained if in the second factor we take the second summand Nyb,z4N2"2
and in the remaining factors the first terms. The product obtained is

N2b222N1+4N2+"‘+2nNn*2 — N2622m72'

But, in addition, one can take in the second and subsequent factors the leading
terms, and in the first factor the term ¢z?172. The product obtained is

c22N1+4Ny 420N, =2 _ ,m—2

Thus,

Nyby + ¢ = ay,

whence we find by = (ay — ¢)/N,, where N, is sufficiently large. Having found
by, we determine 15, and so on.

Let us consider, as an example, the polynomial
2%+ %z + 2.
We know that a real polynomial extends real-ly. Write
[22 4+ bz + UM 28 + by2? + 1]V = (22 + 324+ 2)2m7 2 +

where m = 2N, 4+ 4N,.
First, N1b, = 3; we may take N; = 1, b; = 3. We shall have
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(224 32+ 12" + 0,22 + 1]V2 = (22 + 32+ 2)2™ 2 + |
m =2+ 4N,.

Next, Nyby +1 =2, Nyby = 1; we may take N, =1, b, = 1, consequently,

(P4 32+ 1) +22+1) = (2 +32+2)2" + 328+ 222 + 32+ 1,
and the problem is solved.

We note that the roots of the extended polynomial are expressible in radicals.
This simplest method for solving the problem of K-extendability of polynomials
was found by me by conjecture. It is only one of an infinite number of methods.
The general principles for solving the problem were developed by me in other
works and were used for further generalizations. Precisely because the problem
has an infinite number of solutions, various generalizations have proved possible.

In my previous works it was proved that part of the points of the circle can be
removed without violating the generality of the theorem (see 2).
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