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(Presented by Academician M. A. Lavrent ev, 5 X 1966)

1. A quasiconformal homeomorphism w = f(z) of the disk U : |z| < 1 onto
the disk U’ : |w| < 1 with (measurable) characteristic u(z) = w;/w,
(related to the characteristics p(z),6(z) of M. A. Lavrent’ ev (}) by the
relation = —[(p — 1)/(p + 1)]e*"), for which

vraimax |u(z)| = k < 1,
zeU

i.e., the maximal dilatation K[f] = (1 4+ k)/(1 — k) < oo, induces a
homeomorphism 7 = w(t) of the circle S : [t/ = 1 onto S’ : |7| = 1,
satisfying the known conditions (see (?)). Let Q be the set of all home-
omorphisms 7 = w(t) : S — S’ admitting a quasiconformal extension
into the disk U, and let Q(w) be the class of all quasiconformal mappings
w = f(z) : U — U’ with the restriction f|g = w, for a given w € Q. In
this note we consider properties of mappings for which

Klfo) = inf KIf)

It is known (376) that in the class of quasiconformal homeomorphisms w = f(z)
of the disk U onto U’, carrying prescribed boundary points zi, ..., z,, |z =1,
to prescribed points wy, ..., w,,, w; = f(z;), there exists, and moreover uniquely,
a mapping with least maximal dilatation K[f]. This extremal mapping has a
characteristic of the form pu(z) = ko(2)/|¢(2)|, where k = const, and ¢(z) is a
function analytic in the disk |z| < 1, except, possibly, for the points zq, ..., z,,,
where it may have simple poles*. If, however, one considers quasiconformal map-
pings with a prescribed boundary correspondence w, then in this class there may
exist extremal mappings which no longer possess analogous properties. Indeed,
as an example constructed in (7), no. 7, shows, there exist homeomorphisms
w € Q such that in the class Q(w) there are, moreover distinct, extremal map-
pings for which |u(z)| # const, as well as such mappings that |u(z)| = k = const,
but u(z) cannot be represented in the form p(z) = kp(2)/|p(2)|, ¢ € AU),
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where A(U) denotes the Banach space of analytic functions in the disk U with
finite norm

lolacy = [[ le@ldzdy, == a+iy
U

A quasiconformal mapping w = f,(z) : U — U’ with characteristic of the form

p(z) = ke(2)/e(2)], k= const, e AU), (1)

will be called a Teichmiiller mapping. In (®) it is proved that the Teichmiiller
mapping f,(z) is the unique extremal mapping in the class Q(w), where w =

fols-

2. For a given w € 2, put

Kol = inf KIS

and
ko = (Kolw] — 1)/ (Kplw] + 1).

Denote by f, (z) the extremal with respect to

* In the case when the parameter z is local, the quadratic differential pdz? is
an invariant.

the Teichmiiller mapping in the class of all quasiconformal homeomorphisms
f: U — U’ satisfying the conditions f(e™/2" ") = w(ei™/2" ") n=1,2,...; | =
0,1,...,2" — 1. We shall denote the characteristic of the mapping f, (z) by
i, (2) and put |w,(2)| = k,. Then k, ., > k,. Mappings that are limits of
subsequences of {f, } (with respect to uniform convergence in the disk |z| < 1)
will be called limit mappings for the sequence {f,}.

Every limit mapping w = f;(z) has maximal dilatation K|[f;] = K,[w], and,
consequently,

lim k, = k. (2)

n—oo
Lemma. Whatever the sequence of positive numbers {k,} satisfying the condi-
tions k, 1 >k, and lim k, = ky < 1, there exists a homeomorphism w € )

n—oo ''n

for which |, (2)] =k, n=1,2,..., and K,[w] = (1 +ky)/(1 — k).

Proof. Assuming, without loss of generality, that k; = 0 and f;(z) = z, choose
a point 7, |7| = 1, so that the conformal quadrilateral with vertices at the points
1,4,—1, 7, formed by the circle |w| = 1, has modulus equal to (1 + kq)/(1 — k5).
As f5(z) we take the mapping, extremal in the sense of Teichmiiller, in the class
of homeomorphisms f : U — U’ satisfying the conditions f(e'™/2) = ¢im/2,
1 =0,1,2; f(—i) = 7. Assuming that the mapping f,(z) has already been
constructed, we construct f,, ,;(z) as follows. If f; (2) is the extremal mapping
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in the class of homeomorphisms f : U — U’ for which f(e!™/?") = f, (e!™/?"),
I =0,1,..,2" — 2, f(e™2"=V/2")y = 7 where 7, varies continuously on the
circle [w| = 1 from the point w = f,(ei™?"~V/2") to w = 1, then K[f:,]
increases continuously from K[f,,] to co. Therefore there exists such a 7,, = 7,
that K[f; 1] = (14K, 1)/(1=ky,4), and we put f,,,(2) = fr.1(z) for 7, = 7,
In this case the induced homeomorphisms w, (t) = f,|; converge uniformly to
some homeomorphism w € €, and Ky[w] = (1 + ky)/(1 — ky). The lemma is
proved.

3. Theorem. Let w € Q and ky — k,, = O(2"1+%)) o > 0. If there exists a
limit mapping fo(z) for the sequence {fn} with characteristic py(z), for which
|t (2)| = ky almost everywhere in U, then

// 110(2)0(2) da dy‘ = ky. 3)

The proof of this theorem is based on the method developed in (®), and proceeds
according to the following scheme.

.\3\

PEAU \SDHA n)=1

Suppose there exists a limit mapping w = f,(z) for the sequence {f,} with
characteristic p(z), for which |py(2)| = k, almost everywhere in U, and let
{fs,(2)} C {f.(2)} be a subsequence of mappings (which, for convenience, we
again denote by {f,,}) converging to f,(z) uniformly in the disk |z| < 1, with

f0<z> 7& fn(z)7 n= 1a2a
In the space L,(U) of functions ¢(z) measurable in U, With norm |||z, &
[ l#(2)] dz dy, consider the functional ug(p) = [f; 11o(2)¢(2) dx dy. Let

// e dmdy‘ K. ()

We shall show that & = k. Suppose that ¥ < k,. Then, by the Hahn-Banach
theorem, in L, (U) there is a linear functional mg(¢) such that mg(¢) = po(e)
for ¢ € A(U) and |mg|, () = k. In this case

peAU H#JHA =1

/ mg(2)e(2) da dy, (4)

where my(z) is a measurable function in the disk U and vrai max .y [mg(2)| = k.
Then for the difference v(z) = py(z) — my(z) we shall have

// Ddrdy =0, g€ AU). (5)

The function v(z) determines the corresponding variation of the disk, i.e. the
mapping ¢ = H(z,e) of the disk U onto itself with characteristic ev(z) and
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normalization H(l,e) = 1, H(i,e) =4, H(—1,e) = —1, representable by the
formula

B _ & v(€) | 2P(E) ; . ;
(= H(ze)=> w//UL—zHZJ do(€)+ M(2)+0(), |2 < 1, (6)

where ¢ is a small real parameter, M(z) is a polynomial of the form M (z) =
a+2ibz—az?, whose coefficients are uniquely determined from the normalization
conditions (see (9)).

Denoting the characteristic of the mapping w = f,o H1(¢) by p*(¢), we obtain:

fi(2) = 1*(C(2)) C./C. = ho(2) — ev(z) + ev(2)ug(2) + O(e?). (7)
By applying equalities (4) and (7) it is established that, for sufficiently small
€ > 0, the inequality

sup
H80||L1(U):1

J[[ #rete) s o] < o - 010 ®
U
holds, where the quantity O(e) depends only on ¢, ky, and &/, i.e.
kE* = vraimax |p*(Q)] < kg — O(e). (9)
¢eU

On the other hand, by virtue of (6),

Gn=H (™2 o) =™ £ 0?), n=1,2..;1=01,.,2"—1,

and, consequently, denoting by fi,,(¢) the characteristic of the Teichmiiller ex-

tremal mapping fn(() in the class of homeomorphisms f : U — U’ satisfying
the conditions f((;,,) =we H ((,), 1 =0,1,...,2" — 1, for fixed n, we shall
have

‘%n - kn| < 0(27152)7 where %n = ‘ﬁn(CN (10)

In particular, if we take a sufficiently large n = ny and ¢ = 214/ " then
from (9) and (10) we obtain the inequality k* < [u, ()|, which is impossible.
The contradiction obtained proves that k' =k, i.e. (3) is satisfied.

If the conditions are satisfied that ensure the existence of an element ¢, € A(U),
loll 4y = 1, for which sup |pg(¢)] is attained on the sphere |@] 47y = 1 (Which
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certainly occurs in the case when only a finite number of points are fixed on the
circles S and S”), then from (3) it follows that ug(2) = kgpo(2)/|(2)], i.e. the
mapping f;(z) is Teichmiiller and, consequently, the unique extremal one in the
class Q(w).
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