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Recall that a random vector x € RP is said to be distributed according to
the normal law N(p, ¢, o) if its density is equal to

1 1 L
oo (a0 -9).

where o is a certain symmetric positive definite matrix (the covariance matrix);
¢ = E(x) is the vector of means; (z — &)’ is the row transposed with respect
to the column (z — &). Fix some finite number of normal laws N(p*,&*,0%),
a = 1,..,a, and for each « consider a sample 27, ...,z € N(p*, &%, 0%) of

arbitrary size n,. By a multidimensional polynomial hypothesis we mean a
statement of the form*

m €%, 0% = ... 7. [, 0% =0, (1)
where 7, ..., 7, are arbitrary polynomials in the quantities &', ... &% o', ..., 0%
Note that the general multidimensional linear hypothesis (see (1)) is a special
case of (1), when 7y, ..., 7, are linear in ¢!, ..., €% and do not depend on o, ..., 0.

The problem considered in this note is to describe similar tests for the hypothesis
(1) of a prescribed level A, 0 < A < 1.

We shall need the following notation. Let x4, ..., x,, be a sample from the normal
law N(p,&,0). Put x; = (z},...,27). The quantities

79

n i n
_ i = i
Sij = E LpLes T; = E L,
k=1 k=1

are sufficient statistics of the joint distribution of z, ..., x,,. Consider the vector
s, formed by the quantities s;;, 1 < i < j < p, and the vector T = (Zy,...,Z,).
Next introduce an analogous vector A, formed by the quantities %(0’1)“- and

(071);; with 1 <4 < j < p, and the vector § = —o~'¢ € RP. Note that the

sovietrxiv.org/items/ru-196701.48608 Machine Translation


https://sovietrxiv.org/items/ru-196701.48608

parameters £ and o are expressed in terms of # and A in a fractional-linear way,

while the density of the joint distribution of x4, ..., z,, is equal to

O(f, 0) exp(*(Aa 5) - (03 ‘f))h<57 j)a

where C(&,0) is a certain positive function; h(s,z) is a certain nonnegative
function whose support is equal to the image U of the mapping

R™ 3 (2,...,x,)  (s,7) € RW*+p)/2Fp,

In the general case, when we have a finite set of normal laws N(p%, &%, 0%),

a=1,...,a, the joint distribution of the samples

* If y* is the general element of the sequence y*, ..., y%, then by f[y®] we denote
any function of y',...,y%.

(z¢, ..., x5 ) has the following density (in the obvious notation):

Clg, 0% exp ( > (A s — 2(9“75“)> hls®, z7],

[e3% e}

where the support of the function h is equal to U = xU,. Thus, the problem
«

of describing level-A cotests for hypothesis (1) consists in finding all functions
¥[s*, 2], defined on U, bounded between —\ and 1 — A, such that

[e3%

/w[sa,i«a] h[s®, 7] exp (-Z(Aa,sa) _ Z(aa,ja)) ds2dze =0 (2)

for all A%, 0% satisfying system (1) (see [2, 3]). To obtain this description,
consider the ideal I in the ring of all polynomials with complex coeflicients in
the variables A%, 8%, generated by all polynomials that vanish for all real A%, <
satisfying (1). Let py,...,Dp,, be a basis of least length in the ideal I.

Theorem. Suppose that n, > 2p®, a=1,...,a. Then:

I. Every sufficiently smooth cotest 1) with compact support belonging to int U
can be written in the form

Z Ds"‘D 8027 (3)
1

D‘M—‘

where the ¢ are certain bounded functions with compact supports belonging to
intU.
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II. If m = 1, then every cotest 1 can be written in the form

v =3 nlDe, D, @

where ¢ is a function with support in U, belonging to L,, with weight

exp (—EZM + |xa>> ,

where € > 0 is arbitrary.

It is obvious that any function of the form (3), respectively (4), satisfies condition
(2). To demonstrate the idea of the proof, we shall establish the theorem in the
special case when hypothesis (1) corresponds to the Behrens-Fisher problem,
ie.a =2 pl=p>=r=1 m = & — €. Asis easily verified, in this
case system (1) is written as follows: A'6? = A20'. Consequently, I is the
ideal generated by all polynomials in A', A%, 8,62 that are multiples of the
polynomial P, = A'6? — A20*. The corresponding differential operator in (4) is
the ultrahyperbolic one

p, = 0?/0s'0z% — 5% /050!,

For convenience put 7 = (A, A2, 0',6?) and t = (s!,s?,2!,2?). Condition (2)
is rewritten as

/ (1) exp(—(r, 1)) dt = 0, (5)
where ¢’ = ¥h,

h(t) — (51 _ (£1)2>(n173)/2(52 _ (£2)2>(n273)/2

(it is enough to assume that nqy,ny > 1).

The function exp(e,t), where e = (1,1,0,0), obviously grows exponentially in
U. Choose a fundamental solution E(t) for the operator p, (D), satisfying the
condition

F[E(t) exp(e, ) exp(—elt])] <

v
EES e >0, (6)

where F[...] is the symbol of the Fourier transform.* Hence it is seen that the
general—
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* The existence of such a fundamental solution follows from Theorem 3.1.1, Ch.
1T [4], which must first be applied to the operator p, (D—e), and the fundamental
solution obtained multiplied by exp(—e, t).

function E decreases exponentially in U. Since the function 1’ = 9" grows in
U no faster than some power of |¢|, the generalized function

p(s) = (E(s +1),9'(1))

is defined. From (6) it is not hard to infer that in fact ¢ is an ordinary function
belonging, together with its gradient, to the space L, with weight exp(—e|t|) for
any € > 0. Since F is the fundamental solution for p, (D), we have p, (D)¢ = 1)’,
which implies (4).

It remains to verify that suppy C U. Fix an arbitrary point s € U. The
function E(s+t) decreases like exp(—(e,t) +¢|t|) for any e > 0 and satisfies the
homogeneous equation p;(D)FE(s +t) = 0 in a neighborhood of the convex set
U. Therefore it follows from the results of (5) that it can be written in the form

B(s+1) = [ expl(~(r.t)n @
N
where the measure p is concentrated on the set NV described by the conditions

ALG? = A2, le—ReT| <e, T = (A, A%,0%,0%) € C*4,

and is such that the integral in (7) converges in the space of generalized functions
defined in a neighborhood of U, exponentially decreasing as |t| — co. Here the
number € > 0 may be chosen arbitrarily small.

From the form of the set N it is not hard to see that each exponential in the
integral (7) decreases in U like exp(d|¢|) with some & > 0. Therefore we may
perform the following substitution:

p(s) = (E(s+1),4'(t)) = /(exp(—(ﬂt))ﬂ#’(t))u-

N

The scalar product (exp(—7,t),’(t)) is an analytic function of 7 in the complex
domain |e — Re7| < ¢ and, according to condition (5), vanishes for real 7
satisfying the condition A'6%2 = A20'. Therefore it vanishes on the entire set
N. Consequently, the right-hand side of (8) is equal to zero, as was required to
prove.

In the general case the proof of the theorem is also based on the results of (5).
Essential for the application of these results is the circumstance that, under the
condition n,, > 2p*, a =1, ...,d, the set U is convex.
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In conclusion I express my gratitude to Yu. V. Linnik for posing the problem,
and also to A. M. Kagan for very valuable discussions of the questions touched
upon in the note.
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