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1°. Let a matrix of numbers be given

—1<at <2l <<V <1, n=12,.. (m)
The function § = arccosz, —1 < x < 1, maps the matrix (m) one-to-one onto
the matrix

0<o™ <o < <o <.
We shall call the point 9;;” the image of the point xé") on the unit semicircle.
It has been known for a comparatively long time that the law of distribution of
the images {95”)} plays an important role in the theory of interpolation. Thus,
for example, in order that the Lagrange interpolation process

L(f0) = Y @), =1 ) = )

k=1 (@ — ) )y, (2,

converge uniformly for every function f(z) continuous on [—1, 1], it is necessary
that the inequalities

Ol/ngel(:k)l_elin) SCQ/”? k:O,172,...,TL;
n=12..; 6,=0; 0,.,=m, (1)
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hold, where the constants C; > 0, ¢ = 1,2, do not depend on n (}). An
analogous result is known (1) for the Hermite-Fejér interpolation process.

If the matrix (m) is such that inequalities (1) are satisfied, then we say that the
nodes m are quasi-uniformly distributed.

According to the classical result of S. N. Bernstein-G. Faber, there is no such
matrix of nodes (m) for which, for every f € C, the relation*

L,(f,x) = f(x),  n—oo (2)

holds uniformly on [—1, 1].

Therefore S. N. Bernstein (2, p. 500) posed the problem of constructing such an
interpolation process {4,,(f,x)}>2; which converges uniformly for every f € C
and at the same time has the property that the ratio o,, of the degree of the
polynomial A, to the number of its nodes can be made arbitrarily close to one.
This problem was solved by S. N. Bernstein himself (3), who constructed the
polynomials A, in the following way.

For a given fixed natural number p, put

where

o = (@),  k#0 (mod 2p);

(”) (n)
Gopt = E:fopt 1+2J1 E:f'ert 1+2g
=

* C is the set of all functions continuous on [—1,1].

It is not hard to see that, for sufficiently large p, o,, is arbitrarily close to unity.
S. N. Bernstein () proved that, for the nodes of P. L. Chebyshev

" 2%k —1
J:;C):cos o™ k=1,2,...,n; n=1,2,..., (4)
for every f € C the relation
A(f3) = f@),  novoo,  —l<z<l (5)
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holds uniformly. The polynomials A, of S. N. Bernstein are remarkable also
because there exists (1) a very broad class of node matrices (m), including the
nodes (4), for which, for every f € C, the relation (5) holds uniformly. A
natural question arises: what must the nodes be in order that, for every f € C,
the interpolation process of S. N. Bernstein converge uniformly?

In (5,5) it was proved that, for this, it is necessary that the nodes be quasi-
uniformly distributed.* The question of whether this condition is sufficient re-
mained open. Theorem 1 gives an answer to this question.

2°. By an extended system of Chebyshev nodes we shall mean the node
matrix

n n n 2k —1
xé +2) - 1, xilflz) =1, :1:5C +2) = cos o m,
k=1,2,....n; n=1,2,.... (6)

It is obvious that these nodes are quasi-uniformly distributed.

Theorem 1. The interpolation process (3) of S. N. Bernstein, constructed at
the nodes (6) for the function p(xz) = (z + |x|)/2, diverges at the point x = 0.

We outline the proof. We shall assume that the polynomial A,, is constructed
with p = 1. Then it is not hard to see that

A (1,0) =z (lg + 1y) + - + 29y (lg), + 205,14), n = 4p.

Hence, after simple calculations, we obtain

1 1
An(/’ba O) =5+

2 ncosw/2n T

1201 (=

_ k—1 L
" R
k=1 "k \/1—xk \/1_9%4

The prime means that the summation is taken over odd k.

With the help of straightforward computations we obtain

1 1 682
A, (1,0) > = - -
i 0) > S T a9

Tn

— 0, n — oo.

It follows that
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lim A, (p,0) > 1/117.

n—oo

Consequently, the process diverges at the point = 0.

3°. Denote by M, 7 > 1, the set of all node matrices (m) for which the quantity

n 1/7
() _ Ty ,
A =0 (m) = max (;Ih(aﬁ)l )

is bounded, i.e. ASP < C, where C depends only on (m) and 7. Among the
numbers )\gf), the quantity /\53 >, which is the Lebesgue constant of the Lagrange

interpolation process, is of special interest. The quantity )\ELT), as a rule, is
difficult to estimate. It is easy to see that

/\%1) < nl—l/T)\g;F). (7)

Therefore an upper estimate of the quantities )\gf) is of interest.

Theorem 2. In the case of the nodes (6) the inequality

A < VT (8)

* Le., that the inequalities (1) be satisfied.

We outline the proof. For the nodes (6)

@y _ @+ D) Tia) g~ 1-2?  Ti) [~ 22
()2 = 5 + n2 Z(x—xk)Q_ n2 {k }

k=1 1t Tk
(1+2)°T?(x) ¢~ 1 (1—2)2T2(x) ¢~ 1

- & =8,+5, -85, +S5;,+8
2n? = 1—ux 2n2 =1+, 0 ! 2 3 4

)

Since
T/ (x) T 1
) : 10
T, (x) kz:; T —xy (10)
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we have

Slzl_sm2n90059' (1)

2n sin 6

Consequently, 0 < §; < 1.

We pass to the estimate of S,. From (9) it is seen that
QxTn(x) S (_1)k_1
Sy = =Ny (a) =

where {l,(z)}}_, are the fundamental polynomials of the Chebyshev nodes.
Since

d Ba)<2, —1<a<l, (7)
k=1
it follows that
2T, @) g5 (s 1\
z|T, (z
S5 < ﬁ(;l i) (12)
In view of the fact that (8)*
& 1 & 1 2k —1
— = ——— =2n? 0, = T, 13
;cos20k/2 ;sin29k/2 g 2n 19)

from (12) we obtain

1S, | < 22|T, (z)|V2 < 2V/2. (14)

The identities (13) lead to the equality

S5+ 8y = (1 +2*) T3 ().

Thus,

3(1 + 2?)

So+S3+S4: 2

T2(z) < 3, -1<z<1. (15)

From (11), (14), (15) follows (8).
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Corollary 1. For the nodes (6),

)\%D < VTn.

This assertion follows directly from Theorem 2 and inequality (7).

Corollary 2. If the best approximation E,, (f) of the function f by a polynomial
of degree n satisfies the inequality

E, (f) <C/n~, a>1/2,

then the Lagrange interpolation process constructed for the function f at the
nodes (6) converges uniformly to f on [—1,1].

* These equalities follow very simply from identity (10). In (8) they are proved
differently.

Indeed, the inequality is known ((2), p. 258)

(@) = L, (f.2)] < (1+ A )E, ().

Therefore Corollary 2 follows directly from Corollary 1.

From Corollary 2, in particular, it follows that the Lagrange interpolation pro-
cess constructed at the nodes (6) for the function f(z) = |x| converges uniformly
on [—1,1], while the Hermite-Fejér interpolation process constructed for the
same function and at the same nodes diverges at = 0 (9).

4°. Corollary 2 can be strengthened. To this end we first establish a theorem:
Theorem 3. Let the fundamental Lagrange polynomials {lj(x)} be constructed

at the nodes (6), and

n+1

M, () = |L;(x)].
§=0

Then the estimate

n

4
M, (x) < —|T,(x)|Inn + 20, n>10, —-1<z<1 (16)
7r

s valid.

We outline the proof. By virtue of the symmetry of the nodes, we may assume
that 0 < 2 < 1. Since [ly(z)| + |l,,.1(z)] <1, =1 < & < 1, we shall estimate the
function
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by =3 (@)

=1

If 2 is a node, then (16) is obvious. Therefore let us suppose that z,,; <z <z,
We have

p—2 p+2

d@) =Y ll@)+ D @)+ Y (@) =) + Sy + Ss.
=1 i=p1 i=p+3
By Theorem 2,
S, < 4VT. (17)
Let
1
ri(t) = 0<t<6;

(cost — cosf) sint’

1
(cos — cost)sint’

ro(t) =

0<t<m;

T+ V8 + 2 B T — V8 + a2
_ 6-) = arccos

TOVOTT p<p<l.
A ’ A ’ STS

6t = arccos

It is not difficult to verify that 7,(t) decreases on the interval (0,0*)) and
increases on (), 0); r,(t) decreases on (6,0')) and increases on (), 7). With
the aid of these properties of the functions r,(t), ¢ = 1, 2, after some calculations
we obtain

T 0—06,_ 0,.5—0
S +55 < %ﬂ (hmtg 2p L octg p+22 cosec 6 cosecf,+

0 0
+cos€1ntgp771 tgp;Z) +2V7 (z = cosb).

Hence, together with (17), (16) follows.

Theorem 4. The Lagrange interpolation process {L, (f)}, constructed at the
nodes (6) for a function f from the Dini-Lipschitz class (limw;(5)Ind — 0),
satisfies relation (2) uniformly on [—1,1].
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