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We shall consider countably additive real functions of sets ®(E), defined on
Borel sets E of the n-dimensional cube 2 with sides parallel to the coordinate

axes &, %y, ..., T,. For an arbitrary E from n-dimensional Euclidean space R,

we shall put ®(E) = ®(ENQ). By W®(FE) we shall denote the total variation of
the function ® on E. Finally, together with the function ®(E), we shall consider
the function ®"(E) = ®(FE + h), where h is a vector in R,,, and E + h denotes
the set E shifted as a rigid body by the vector h.

Classical results (see, for example, (1)) assert the equivalence of the following
three conditions:

1°. The function ®(F) is absolutely continuous with respect to Lebesgue mea-
sure.
2°.
lim W[®" — ®](Q) =0 (1)
|h|—0
(the function ®(F) is continuous with respect to translation).
3°.
D(E) = / f(x)dex, z€ER,. (2)
E

The present note is devoted to countably additive functions possessing properties
1° or 2° only along certain coordinate axes. In this case, as we shall show,
conditions 1° and 2° cease to be equivalent. Functions possessing these properties
are, generally speaking, singular. However, for them one can obtain certain
integral representations analogous to (2).

Let m;,A denote the k-dimensional Lebesgue measure of the set A, and let P,A
be the projection of the set A onto the axis z;.

Definition 1. The function ®(E) is called absolutely continuous in the
coordinate direction z; if |P(E)| — 0 as soon as my P, — 0.
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Example 1. The function of plane sets
Q(E) =m P (ENd) =m Py(ENd),

where d is the diagonal of the unit square, is an example of a function absolutely
continuous in each coordinate direction.

The function ¢(F) is obviously singular. Thus, absolute continuity in each
coordinate direction is insufficient for ordinary absolute continuity.

Let Pr_E denote the projection of the set E onto the subspace R,, s < n.

Definition 2. The function ®(F) is called absolutely continuous with
respect to the collection of coordinate directions z,,2,,...,z,, s <n, if
|®(£)| — 0 as soon as m Pr £ — 0.

From absolute continuity with respect to the collection x, z, ..., z4 it obviously
follows that there is absolute continuity in each of the directions x{, zs, ...,
The converse is not true.

s*

Let R} denote the orthogonal complement of R, s < n, in R,, and let BG be
the totality of all Borel sets from some set G C R,,.

Theorem 1. In order that the function ®(F) be absolutely continuous with
respect to the totality of directions z,z,,...,2,, s < n, it is necessary and

Vs

sufficient that one of the following conditions be fulfilled:
1) ®(E)=0,if m P E=0.

2) For sets E of the form E = E, x EL, where E, € BR,, and E+ € BRy,
the representation holds

®(E, x EL) :/ f(BEL %) dx®,
ES

where x° € R; f(EL, %), for almost all x°, is countably additive in EY
and, for all EX € BR}, is summable in z°.

It follows from 1) that from the set of singularities of a function ®(E) absolutely
continuous with respect to the totality of directions z,x,,..., =4, one may re-

move any set () such that m,Pr @ = 0, without this set ceasing to be a set of
singularities.

Theorem 2. If ®(F) is absolutely continuous with respect to the totality of
directions xy, ,, ..., z,, then the functions W®(E), W®(E), and W (E) will
have the same property. For W®(FE) the representation holds

Wo(E, x BL) :/ Wf(EL, 2°) das.
Es

Analogous representations hold for the upper and lower variations W®(E) and
Wo(E).
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Let 1 € RE. Denote {21} =zl x R,.

Definition 3. The function ®(F) is called continuous under shifts with
respect to the totality of directions z,,z,,...,z,, if |P(E)| — 0 as soon as
my[{xt} N E] — 0 simultaneously for all {zl}.

Lemma. Let Q be a set from Bf) such that for any {z1} the measure m,[Q N
{x+}] = 0. Then for almost all, in the sense of the measure m,, vectors h € R,
the equality

2H(Q) = 2(Q+ 1) =0
is valid.

Theorem 3. In order that the function ®(E) be continuous under shifts with
respect to the totality of directions x,,z,,...,2,, § < n, it is necessary and

yLsy

sufficient that one of the following conditions be fulfilled:

1. The function ®(E) is absolutely continuous with respect to the measure
Y(E), defined by the equality

d)(Es X Esi) = W(I)(Qe X EGL) : msE37

where (2, = Py €, and, consequently,
®(E) = [ f()d0(E).
E

2. The function ®(F) satisfies condition (1) only for vectors h € R,.

3. The function ®(E) vanishes on any set E € BR,, such that m,[EN{zL}] =
0 for any {z1}.

Thus, any of the properties 1, 2, and 3 listed in Theorem 3 may be taken as the
definition of a function continuous under shifts.

Corollary 1. If ®(FE) is continuous under shifts with respect to the totality
Zq,Tq,..., T4, then it is absolutely continuous with respect to this totality.

The converse, as we have seen, is false.

Corollary 2. The projection onto R: of the set of singularities of a func-
tion ®(F) that is continuous under shifts jointly in xq,z,,...,z, has (n — s)-
dimensional measure zero.

Corollary 3. If the function ®(F) is continuous under shifts jointly in
Z1,%q,...,T, and absolutely continuous jointly in z,, ,,%,. ,,...,%,, then it is
absolutely continuous in the usual sense.

Example 2. The function n(E), defined for sets E = E, x EL by the equality
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is continuous under shifts jointly in xy,z,, ..., z,, if ¥(E,) is an absolutely con-
tinuous set function, E, € BR,, and §(EY) is a countably additive set function,
El € BR:.

The following example shows that the simultaneous fulfillment of Corollaries 1
and 2 is only a necessary condition for shift continuity of the function ®(FE).

Example 3. In the plane square @ = {0 < 2z < 1, 0 < y < 1} construct
the graph of the “Cantor staircase” y = f(z) and remove from this graph the
intervals on which the function f(z) is constant. Denote by C the remaining
set of points on the graph, and define a set function £ C €2 by the formula

e(E) =my P (ENC),

where P, denotes projection onto the y-axis. The function thus constructed is,
obviously, absolutely continuous in the y-direction, since ¢(E) = 0 if my Py = 0.
The projection of its set of singularities (the set C') onto the z-axis has measure
zero. At the same time, p(F) is not continuous under shifts along y.

The properties of set functions considered here are connected with differentiation
in the generalized sense of S. L. Sobolev (see (2), and also (3)). We indicate two
simple propositions:

1. If a countably additive set function ®(FE) has, as generalized derivatives in
the directions x,x,, ..., x,, also countably additive functions, then ®(F)

is continuous under shifts jointly in x4, z,, ..., z,.

2. If a countably additive function ®(F) is absolutely continuous jointly in

Zy,Ts, ..., L,, then as its primitive in the direction x; one may take a set
function that is absolutely continuous in the usual sense.
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