
Soviet-era science, translated into English

ON SOME
EMBEDDINGS OF
ORDERED
SEMIGROUPS
MATHEMATICS

1967

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196701.47755

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196701.47755


Abstract
Full Text
UDC 519.45

MATHEMATICS

E. T. SHUTOV

ON SOME EMBEDDINGS OF ORDERED
SEMIGROUPS
(Presented by Academician A. I. Mal’tsev, March 18, 1966)

1. By an order we mean a partial order. All notions of semigroup theory
that are not specially defined are used in the usual sense (1). If 𝑥 ∈
𝐴 or 𝑥 is the empty symbol ∅, we shall write 𝑥 ∈ 𝐴. If an ordered
semigroup (o. semigroup) 𝐴 is a subsemigroup of such an o. semigroup
𝐵, whose order induces on 𝐴 the order of 𝐴, then one says that the o.
semigroup 𝐴 is a subsemigroup of the o. semigroup 𝐵, or that the o.
semigroup 𝐴 is embeddable in the o. semigroup 𝐵. We shall say that
the o. semigroup 𝐴 is isomorphic to the o. semigroup 𝐵 if there exists
an isomorphism of the semigroup 𝐴 onto the semigroup 𝐵 preserving the
order. Further, by a binary relation 𝜎 of an o. semigroup 𝐴 we mean an
arbitrary binary relation on 𝐴, generally speaking distinct from the order
of the o. semigroup 𝐴. For quasi-ordered semigroups (q.o. semigroups)
we use analogous terminology.

2. A binary relation 𝜎 of an o. (q.o.) semigroup 𝐴 is called a relation of
right potential divisibility if the o. (q.o.) semigroup 𝐴 is embeddable
in an o. (q.o.) semigroup 𝐵 in which, for every (𝑎, 𝑏) ∈ 𝜎, the element 𝑏
divides 𝑎 on the right. A subset 𝑀 of an o. (q.o.) semigroup 𝐴 is called
potentially left-invertible if the o. (q.o.) semigroup 𝐴 is embeddable
in an o. (q.o.) semigroup 𝐵 in which every 𝑎 ∈ 𝑀 is left-invertible.

3. In the present note necessary and sufficient conditions are found for a
binary relation of an o. semigroup to be a relation of right potential
divisibility, for a subset of an o. semigroup to be potentially left-invertible,
and for an o. semigroup to be embeddable in an o. semigroup with left
invertibility. Analogous results are obtained for q.o. semigroups.

Since every semigroup is trivially ordered, from the results obtained there fol-
low the known results of works (2−4) on potential one-sided divisibility and
invertibility of elements in semigroups (2,3 ) and on embeddings of semigroups
in semigroups with one-sided invertibility (4). All the results of the present
note are obtained by a unified method, by using the construction of a certain
factor semigroup of a semigroup that is the free product of the semigroup 𝐴 and

sovietrxiv.org/items/ru-196701.47755 Machine Translation

https://sovietrxiv.org/items/ru-196701.47755


infinite monogenic semigroups generated by the elements of a binary relation of
the semigroup 𝐴. This construction, in particular, makes it possible to obtain
by a unified method all the results of works (2−4), which in those works were ob-
tained by different methods. Apparently, potential properties in o. semigroups
are considered here for the first time.

4. Let 𝐴 be a q.o. semigroup with respect to the quasi-order ⩾. We shall
say that a binary relation 𝜎 of the q.o. semigroup 𝐴 satisfies condition
(1), and a subset 𝑀 of the q.o. semigroup 𝐴 satisfies condition (2), if

(∀(𝑎, 𝑐) ∈ 𝜎, 𝑥, 𝑦 ∈ 𝐴) [(𝑐𝑥 = 𝑐𝑦 → 𝑎𝑥 = 𝑎𝑦) ∧ (𝑐𝑥 > 𝑐𝑦 → 𝑎𝑥 ⩾ 𝑎𝑦)] , (1)

(∀𝑐, 𝑑 ∈ 𝑀, 𝑥, 𝑦 ∈ 𝐴, 𝑎 ∈ 𝐴)[(𝑐𝑑𝑥 = 𝑐𝑑𝑦 → 𝑎𝑥 = 𝑎𝑦) ∧
∧ (𝑐𝑑𝑥 > 𝑐𝑑𝑦 → 𝑎𝑥 ≥ 𝑎𝑦)]. (2)

In a right-cancellative ordered semigroup, every binary relation of right potential
divisibility satisfies condition (1), and every potentially invertible-on-the-left
subset (Sec. 2) satisfies condition (2). It is easy to show that a subset 𝑀 of an
ordered semigroup 𝐴 satisfies condition (2) if and only if the Cartesian product
𝐴 × 𝐶, where 𝐶 is the subsemigroup of 𝐴 generated by 𝑀 , satisfies condition
(1).

5. In what follows, by 𝐴 we mean an ordered semigroup with respect to the
quasiorder ≥, by 𝜎 an arbitrary binary relation in 𝐴 satisfying condition
(1), and by 𝐵 the semigroup that is the free product of the semigroup 𝐴
and all infinite monogenic semigroups generated by elements (𝑎, 𝑏) ∈ 𝜎. If
𝜎 = 𝐴 × 𝐶, where 𝐶 is a subsemigroup of 𝐴, then by 𝜏1 we denote the
following binary relation in 𝐵:

(𝑢, 𝑣) ∈ 𝜏1 ↔ (∃𝑢1 ∈ 𝐵, 𝑢2 ∈ 𝐵, 𝑥, 𝑦 ∈ 𝐴)[𝑢 = 𝑢1𝑥𝑢2 ∧ 𝑣 =
= 𝑢1𝑦𝑢2 ∧ (∀𝑎 ∈ 𝐴)(𝑎𝑥 = 𝑎𝑦)].

If 𝜎 ≠ 𝐴 × 𝐶 for any subsemigroup 𝐶 of the semigroup 𝐴, then by 𝜏1 we shall
mean equality in the semigroup 𝐵. Next, by 𝜏2 and 𝜏 we denote the following
binary relations in 𝐵:

(𝑢, 𝑣) ∈ 𝜏2 ↔ (∃𝑢1, 𝑢2 ∈ 𝐵, (𝑎, 𝑐) ∈ 𝜎)[𝑢 = 𝑢1(𝑎, 𝑐)𝑐𝑢2 ∧ 𝑣 =
= 𝑢1𝑎𝑢2], (𝑢, 𝑣) ∈ 𝜏 ↔ (∃𝑢 = 𝑢1, 𝑢2, … , 𝑢𝑛 = 𝑣 ∈ 𝐵)(∀1 ≤ 𝑖 ≤

≤ 𝑛 − 1)[𝑢𝑖 = 𝑢𝑖+1 ∨ (𝑢𝑖, 𝑢𝑖+1) ∈ 𝜏1 ∪ 𝜏2 ∨ (𝑢𝑖+1, 𝑢𝑖) ∈ 𝜏1 ∪ 𝜏2].

The relation 𝜏 is a stable equivalence of the semigroup 𝐵. We denote the factor
semigroup of the semigroup 𝐵 by 𝜏 by 𝐵; the 𝜏 -class of 𝐵 containing 𝑢 ∈ 𝐵 by
𝑢, and the set of all 𝑎 ∈ 𝐵, where 𝑎 ∈ 𝐴, by 𝐴.
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6. Denote by ≥𝜏1
, ≥𝜏 the following binary relations in the semigroup 𝐵 (Sec.

5):

𝑢 ≥𝜏1
𝑣 ↔ (∃𝑢1, 𝑢2 ∈ 𝐵, 𝑎, 𝑐 ∈ 𝐴)[𝑢 = 𝑢1𝑎𝑢2 ∧ 𝑣 = 𝑢1𝑐𝑢2 ∧

∧ (𝑢1 = 𝜙 → 𝑎 ≥ 𝑐) ∧ (∀𝑥 ∈ 𝐴)(𝑥𝑎 ≥ 𝑥𝑐)], 𝑢 ≥𝜏 𝑣 ↔ (∃𝑢1 =
= 𝑢, 𝑢2, … , 𝑢𝑛 = 𝑣 ∈ 𝐵)(∀1 ≤ 𝑖 ≤ 𝑛 − 1)(𝑢𝑖 ≥𝜏1

𝑢𝑖+1).

The relation ≥𝜏 is a stable quasiorder in the semigroup 𝐵; therefore 𝐵 is an
ordered semigroup with respect to the quasiorder ≥𝜏 . From the definition of ≥𝜏
it follows that if 𝑎 ≥ 𝑐 (𝑎, 𝑐 ∈ 𝐴), then 𝑎 ≥𝜏 𝑐.

7. Denote by 𝜆 the following binary relation in 𝐵:

(𝑢, 𝑣) ∈ 𝜆 ↔ (𝑢 ≥𝜏 𝑣 ∧ 𝑣 ≥𝜏 𝑢).

The relation 𝜆 is a stable equivalence of the semigroup 𝐵. We denote the factor
semigroup of the semigroup 𝐵 by 𝜆 by 𝐵; the 𝜆-class of 𝐵 containing 𝑢 ∈ 𝐵 by
𝑢, and the set of all 𝑎 ∈ 𝐵, where 𝑎 ∈ 𝐴, by 𝐴. In the semigroup 𝐵 introduce
the following binary relation ≥𝜏∗:

𝑢 ≥𝜏∗ 𝑣 ↔ 𝑢 ≥𝜏 𝑣.

The relation ≥𝜏∗ is a stable order in the semigroup 𝐵; therefore 𝐵 is an ordered
semigroup with respect to the ordering ≥𝜏∗. From the definitions of ≥𝜏 , ≥𝜏∗ it
follows that if 𝑎 ≥ 𝑐 (𝑎, 𝑐 ∈ 𝐴), then 𝑎 ≥𝜏∗ 𝑐.

8. With respect to the semigroup 𝐵 (Secs. 5, 6), as a result of rather compli-
cated arguments, the following lemmas can be proved.

Lemma 1. If 𝑎 = 𝑐 (𝑎 ≥𝜏 𝑐), where 𝑎, 𝑐 ∈ 𝐴, then 𝑎 = 𝑐 (𝑎 ≥ 𝑐).
Lemma 2. If 𝜎 = 𝐴 × 𝐶, where 𝐶 is a subsemigroup of 𝐴, and 𝑐𝑢1 =
= 𝑐𝑢2(𝑐𝑢1 ≥𝜏 𝑐𝑢2), where 𝑐 ∈ 𝐶, 𝑢1, 𝑢2 ∈ 𝐵, then 𝑢𝑢1 = 𝑢𝑢2 for any 𝑢 ∈ 𝐵.

Lemma 3. If 𝐴 contains no idempotents, 𝜎 = 𝐴 × 𝐴, 𝑢𝑢1 = 𝑢𝑢2(𝑢𝑢1 ≥𝜏 𝑢𝑢2),
where 𝑢 ∈ 𝐵, 𝑢1, 𝑢2 ∈ 𝐵, then 𝑣𝑢1 = 𝑣𝑢2 (𝑣𝑢1 ≥ 𝑣𝑢2) for any 𝑣 ∈ 𝐵.

9. From Lemma 1 it follows that the mapping 𝜑(𝑎) = ̄𝑎 (𝑎 ∈ 𝐴) is an
isomorphism of the q.o. semigroup 𝐴 onto the q.o. subsemigroup ̄𝐴 of
the q.o. semigroup 𝐵 (Sec. 6). According to Sec. 5, for any (𝑎, 𝑐) ∈
𝜎 we have (𝑎, 𝑐)𝑐 = ̄𝑎. If the semigroup 𝐴 is ordered, then from the
preceding, according to Sec. 7, it follows that 𝜑 is an isomorphism of
the ordered semigroup 𝐴 onto the ordered subsemigroup ̄𝐴 of the ordered
subsemigroup 𝐵. Hence, according to Secs. 2, 4, it follows that
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Theorem 1. In order that a binary relation 𝜎 of an ordered (q.o.) semigroup
𝐴 be a relation of right potential divisibility, it is necessary and sufficient that
𝜎 satisfy condition (1) in 𝐴.

10. Let 𝐴𝑖 (𝑖 = 1, 2, …) be q.o. semigroups with respect to quasi-orders ≥𝑖,
such that each q.o. semigroup 𝐴𝑖 is a subsemigroup of the q.o. semigroup
𝐴𝑖+1, and let 𝐷 be the limiting semigroup (2) of the set of all semigroups
𝐴𝑖. Denote by ≥ the following binary relation in 𝐷:

𝑎 ≥ 𝑐 ↔ (∃𝑖)(𝑎, 𝑐 ∈ 𝐴𝑖 ∧ 𝑎 ≥𝑖 𝑐).

The relation ≥ is a stable quasi-ordering in the semigroup 𝐷; therefore 𝐷 is a q.o.
semigroup with respect to the quasi-order ≥. We shall call 𝐷 a limiting q.o.
semigroup. Each q.o. semigroup 𝐴𝑖 is a subsemigroup of the q.o. semigroup 𝐷.
If all 𝐴𝑖 are ordered, then 𝐷 is ordered.

11. Let 𝑀 be a subset of the q.o. semigroup 𝐴 satisfying condition (2). Then,
according to Sec. 4, the relation 𝜎 = 𝐴 × 𝐶, where 𝐶 is the subsemigroup
of 𝐴 generated by 𝑀 , satisfies condition (1) in 𝐴. From Sec. 9 and Lemma
2 we obtain the existence of such q.o. semigroups 𝐴𝑖 (𝑖 = 0, 1, …) that
𝐴0 = 𝐴, each q.o. semigroup 𝐴𝑖 is a subsemigroup of the q.o. semigroup
𝐴𝑖+1, in any 𝐴𝑘 (𝑘 = 1, 2, …) every equation 𝑥𝑐 = 𝑎 (𝑐 ∈ 𝐶, 𝑎 ∈ 𝐴𝑘−1) is
solvable, and the relation 𝜎𝑘 = 𝐴𝑘−1 ×𝐶 satisfies condition (1) in 𝐴𝑘−1. In
the q.o. limiting semigroup 𝐷 (Sec. 10) of the set of semigroups 𝐴𝑖, any
equation 𝑥𝑐 = 𝑎 (𝑐 ∈ 𝐶, 𝑎 ∈ 𝐷) is solvable. If the semigroup 𝐴 is ordered,
then, applying the construction of the semigroup 𝐵 (Sec. 7), analogously
to Sec. 9 we obtain that the 𝐴𝑖 are ordered; therefore 𝐷 will be ordered.
Hence, according to Secs. 2, 4, it follows that

Theorem 2. In order that a subset 𝑀 of an ordered (q.o.) semigroup 𝐴 be
potentially left invertible, it is necessary and sufficient that 𝑀 satisfy condition
(2) in 𝐴.

12. If the q.o. semigroup 𝐴 contains no idempotents and 𝜎 = 𝐴 × 𝐴 satisfies
condition (1), then, by Lemma 3, analogously to Sec. 11 we obtain the
existence of such q.o. semigroups 𝐴𝑖 (𝑖 = 0, 1, …) that 𝐴0 = 𝐴, each
q.o. semigroup 𝐴𝑖 is a subsemigroup of the q.o. semigroup 𝐴𝑖+1, in any
𝐴𝑘 (𝑘 = 0, 1, …) each 𝑎 ∈ 𝐴𝑘−1 is left invertible, and 𝜎𝑘 = 𝐴𝑘 ×𝐴𝑘 satisfies
condition (1). Then the limiting q.o. semigroup 𝐷 (Sec. 10) of the set
of semigroups 𝐴𝑖 has left invertibility. If 𝐴 is ordered, then 𝐷 is ordered.
Hence it follows that

Theorem 3. In order that an ordered (q.o.) semigroup 𝐴 without idempotents
be embeddable in an ordered (q.o.) semigroup with left invertibility, it is necessary
and sufficient that the relation 𝐴 × 𝐴 satisfy condition (1).

13. Let 𝐷 be an ordered (q.o.) semigroup with respect to the order (quasi-
order) ≥, embeddable in an ordered (q.o.) group; let 𝑁 be a nonempty
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set; let 𝐷𝛼 (𝛼 ∈ 𝑁) be a right ideal of the semigroup 𝐷; let 𝑅 be the set
of all (𝛼, 𝑎), where 𝛼 ∈ 𝑁, 𝑎 ∈ 𝐷𝛼; let 𝑅𝛼 (𝛼 ∈ 𝑁) be the set of all (𝛼, 𝑎),
where 𝑎 ∈ 𝐷𝛼. With respect to the multiplication (𝛼, 𝑎)(𝛽, 𝑏) = (𝛼, 𝑎𝑏),
the set 𝑅 is a semigroup,

and 𝑅𝛼 is a subsemigroup of 𝑅. Each subsemigroup 𝑅𝛼, with respect to the
binary relation ⩾𝛼,

(𝑎, 𝑎) ⩾𝛼 (𝑎, 𝑏) ↔ 𝑎 ⩾ 𝑏,

is ordered (quasiordered). Denote by Γ (by Γ1) the class of all such o.(q.o.) con-
structed semigroups 𝑅 whose order (quasiorder) induces on each subsemigroup
𝑅𝛼 the order (quasiorder) ⩾𝛼.

Theorem 4. In order that an o.(q.o.) semigroup 𝐴 with idempotents be em-
beddable in an o.(q.o.) semigroup with left reversibility, it is necessary and
sufficient that the o.(q.o.) semigroup 𝐴 be isomorphic to an o.(q.o.) semigroup
of the class Γ (of the class Γ1).
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