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The question of the structure of a tidal flow in a sea with a free surface has been
studied theoretically rather well (1~7); however, the structure of a tidal flow in
a sea covered with ice has been studied insufficiently. Apparently, the first work
in which this question is touched upon is the work of Sverdrup (1), devoted to
the processing of the results of the expedition on the vessel “Mod.”

Let us consider the case of a homogeneous sea covered with ice. We shall
represent the ice cover in the form of a flexible film, which reacts to the vertical
motions of the fluid (takes the form of the wave passing beneath it) and at the
same time exerts a retarding influence on horizontal motions. During the motion
of a tidal wave under ice, owing to the adhesion of the fluid, the formation of
two boundary layers must occur: at the bottom and at the lower edge of the ice
cover. If the sea depth is small, then the upper and lower boundary layers may
close, and then the entire thickness of the sea will be encompassed by turbulent
mixing.

In this case, as a first approximation, it is natural to take the coefficient of
turbulence k as constant within the entire thickness of the sea. In addition,
it is expedient to assume that k represents a certain coefficient of turbulence
averaged over the tidal period, whose magnitude must be found in the course
of solving the problem.

Then the system of equations and boundary conditions describing the distribu-
tion of the velocity of the tidal current in the sea under ice will be written in
the form

Qu)dt — v = —gdC/0x + k9*u/d2?; (1)

Ov/ot + Mu = —gd(/dy + k 0*v/d2%; (2)
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z2=0: u=v=0; (3)

z=D: u=v=0, (4)

where u,v are the components of the velocity of the tidal current; ( is the
oscillation of the sea level; A is the Coriolis parameter; g is the acceleration of
gravity; t is time; D is the depth; the z-axis is directed vertically upward; the
origin of coordinates is located in the plane of the bottom.

For convenience in solving the problem, we reduce the system (1)—(4) to the
form

OW /Ot + iAW = —gdC/On + k O*W /922 (5)
OW™ |0t — iINW* = —gOC* /On + k9 W* /922, (6)
2=0: W=W"=0; (7)

z=D: W=W*=0, (8)

where

W=u+iv, W*'=u—1iv,

9¢/On = 9¢/0x +19C /Dy, IC*/On = I(/Ox —i9(/Dy. (9)

In a tidal flow the velocity components and the level are harmonic functions of
time; consequently, one may write

— . —_—k .
W =We 't W'=W e,

(=Ceot, ¢+ =( e, (10)

—% =

where ¢ is the angular velocity of the tidal wave; W, W ; &, £ are complex
amplitudes.

Substituting (10) into the system (6)—(9) and finding the solutions of the or-
dinary differential equations obtained, with the corresponding boundary condi-
tions, we have
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We_ ig ig 1 sh(l —d)ayz ig 675* o—(1=)az _ g—(1=i)a, D sh(l —i)ayz |
o—Adn sh(l—i)ayD| o—X0On sh(1—i)ay D]’
(11)
W ig 675 - sh(l —d)ayz g 875* o—(1-i)agz _ o—(1-i)ayD sh(l —d)ayz
o+ Aon sh(l—d)ayD| o+ X On sh(l —i)ay,D |’
(12)
where

ay = /(o —X)/2k; ay =/ (0 + X)/2k.

Using the definition of the functions W and W*, we find:

U= —

1 (igd&/om ] sh(l —d)ay 2 ig OE* /On 1 sh(l —d)ayz
2{ o—A {sh(l—i)alD}Jr o+ A [sh(l—i)oz?)D]}jL

+1 M e~ (Imiayz _ p=(1—i)oy D Sh(l — i)alz + ig ag*/an e—(1—i)azz _ €7<177L)OL2DM .
2 o—AX sh(1 —i)ay D o+ A sh(l —i)a,D ||’
(13)

’17:

1 (go€/on 1 sh(1 —4)ayz gOE*/on 1 sh(l —i)ayz
_2{ o—\ [ _sh(l—i)alD}_ o+ A [ _sh(l—i)OzQD]}+

_~_1 {985/873 |:e—(1—i)041z _ o—(1=i)a,D sh(l —d)oy 2 ] _ go¢ /on e—(1—i)ayz

_ o-(-i)ayD sh(l —i)ayz
2| o— A sh(l —i)ay; D '

o+ A sh(1 —¢)ay,D
(14)

The relations obtained can be used to calculate the vertical profile of velocity
if the magnitude of the turbulence coefficient k, averaged over depth and over
the tidal period, is known. To determine the latter, we shall use the equation
of the energy balance of turbulence. We integrate it vertically from the surface
to the bottom, which makes it possible to eliminate from the equation the term
characterizing the diffusive influx of turbulence energy (8). Next we integrate
both parts of the turbulence-energy balance equation with respect to time from
zero to T, where T is the tidal period. Then, taking into account that from
period to period no accumulation or decrease of turbulence energy occurs, the
turbulence-energy balance equation is written in the form
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Fig. 1. Variation during the tidal period of the components of the current
velocity along the parallel (a) and meridian (b). The hours of the tidal period
are denoted by Roman numerals.

Figure 1: Fig. 1. Variation during the tidal period of the components of the

current velocity along the parallel (a) and meridian (b). The hours of the tidal
period are denoted by Roman numerals.

/OD/OT l(j;)Q-i- (22)21 dtdz—cEQTD =0, (15)

where ¢ is a constant.

| =

The relation between the turbulence energy b, averaged within the thickness of
the sea and over the tidal period, and the turbulence coefficient k will be found
using relation (9),

k=1Vb, (16)

where [ is the turbulence scale, averaged over height and over the tidal period.
To estimate [ we shall use the representation of the turbulence scale in the form
of Zilitinkevich—Laikhtman (1°), which

for the case of a homogeneous sea reduces to the form:

I =—nd' /0", (17)

where

1 Pt rdunN? s dv? 1 P T aw awe
P == _ - I ) 1
T/o /0 [(dz) + (dz) di dz T/o /0 dz dz dtdz, (18)

primes denote differentiation with respect to z.

Fig. 1. Variation during the tidal period of the components of the current
velocity along the parallel (a) and meridian (b). The hours of the tidal period
are denoted by Roman numerals.

Substituting into (18) the expressions for W and W*, and rewriting with the
aid of the relation found, equations (15) and (17), we obtain:

1(D) —T1(0)

— T
(D) —1I

o)’ 1
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K[II(D) — I1(0)] = 2¢b2D/k. (20)

Here

' = (du’/dz)? + (dv' /dz)? + (du” /dz)? + (dv” /dz)?,

and u’, v/, u”, v” are the velocities of the tidal current at two instants of time
separated from one another by a quarter of the tidal period. They are found by
separating the real and imaginary parts in (13) and (14).

Eliminating from the system of equations (16), (20), (21) the functions I and b,
we obtain an expression for the turbulence coefficient &

(D) — T1(0)]°/2
o_ [1(D) - 1O o)
(D) —11(0)]
where a is a dimensionless parameter. From (21) it is seen that the turbulence
coefficient may be regarded as found if the velocity profile of the tidal current
under the ice is known.

Thus, by formulas (13), (14), (21) one can simultaneously calculate the vertical
profile of the velocity of the tidal current and the value of the turbulence coef-
ficient in a homogeneous sea covered with ice, specifying only the values of the
horizontal gradients of the level. In

this coefficient of turbulence is conveniently found by the method of successive
approximations.

As an illustration of the application of the proposed model of the structure of
a tidal flow, Fig. 1 presents the variation over the tidal period of the vertical
distribution of the components of the velocity of the tidal current in a sea
covered with ice. In the calculation the following values of the input parameters
were adopted: ¢ = 1.405-107%* s, A =10 s ' a = 0.5-10%; D = 50 m;
¢ J0x = —3-1077; 9¢’ /Oy = 19-1077; 3¢” /0x = —15-10"7; 9¢” /Oy = —6-107".
The calculation results agree qualitatively well with Sverdrup’ s observations on
the Siberian shelf ().

In conclusion the author expresses his deep gratitude to Prof. D. L. Laikhtman
for advice and discussion of the present work.
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