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MATHEMATICS

S. Ya. Yakubov

NONLINEAR ABSTRACT HYPERBOLIC
EQUATIONS*
(Presented by Academician A. N. Tikhonov on 10 I 1967)

The paper investigates the solvability of the Cauchy problem for nonlinear ab-
stract hyperbolic equations of second order. Local and nonlocal existence the-
orems are proved. The abstract results obtained are applied to the study of
a boundary-value problem for one class of nonlinear hyperbolic equations in
partial derivatives.

1. Consider the problem

𝑑2𝑢(𝑡)/𝑑𝑡2 + 𝐴(𝑡)𝑢(𝑡) = 𝑓(𝑡, 𝑢(𝑡), 𝑑𝑢(𝑡)/𝑑𝑡), 𝑢(0) = 𝑢0, 𝑢′(0) = 𝑢1 (1)

in a Hilbert space 𝐻. By a solution of problem (1) we mean a function 𝑢(𝑡),
twice continuously differentiable on [0, 𝑇 ], satisfying equation (1) for every 𝑡 ∈
[0, 𝑇 ] and having the property that the functions 𝐴(𝑡)𝑢(𝑡), 𝐴1/2(𝑡)𝑑𝑢(𝑡)/𝑑𝑡 are
continuous on [0, 𝑇 ]. The investigation of problem (1) is carried out by methods
of the theory of semigroups (1).
Let 𝐴(0) = 𝐴0 be a self-adjoint positive definite operator in 𝐻 with domain of
definition 𝐷(𝐴). Define the Hilbert space 𝐻(𝐴𝛼), consisting of elements 𝐷(𝐴𝛼)
with scalar product (𝑢, 𝑣)𝐴𝛼 = (𝐴𝛼

0 𝑢, 𝐴𝛼
0 𝑣).

Theorem 1. Suppose that the following conditions are fulfilled:

1∘. For each 𝑡 ∈ [0, 𝑇 ] the operator 𝐴(𝑡) is self-adjoint positive definite in 𝐻,
and for all 𝑡 ∈ [0, 𝑇 ] and all 𝑢 ∈ 𝐷(𝐴(𝑡)) one has

(𝐴(𝑡)𝑢, 𝑢) ≥ 𝛾(𝑢, 𝑢) (𝛾 = const > 0).

2∘. *The operator 𝐴1/2(𝑡) has a domain of definition 𝐷(𝐴1/2) independent of
𝑡; the operator-function 𝐴1/2(𝑡)𝐴−1/2(0) is twice strongly continuously differen-
tiable on [0, 𝑇 ]**.*
3∘. 𝑢0 ∈ 𝐷(𝐴(0)), 𝑢1 ∈ 𝐷(𝐴1/2).
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4∘. The operator 𝑓(𝑡, 𝑢, 𝑣) acts from [0, 𝑇 ] × 𝐻(𝐴1/2) × 𝐻(𝐴1/2) into 𝐻 and
is bounded; for any function 𝑢(𝑡) continuously differentiable in 𝐻(𝐴1/2) and
any function 𝑣(𝑡), continuous in 𝐻(𝐴1/2) and continuously differentiable in
𝐻, the vector-function 𝑓(𝑡, 𝑢(𝑡), 𝑣(𝑡)) is continuously differentiable in 𝐻; for
any two pairs of functions 𝑢1(𝑡), 𝑢2(𝑡), 𝑣1(𝑡), 𝑣2(𝑡), respectively satisfying these
smoothness conditions, the inequality holds

∥ 𝑑
𝑑𝑡 [𝑓(𝑡, 𝑢1(𝑡), 𝑣1(𝑡)) − 𝑓(𝑡, 𝑢2(𝑡), 𝑣2(𝑡))]∥ ≤

≤ 𝑐(𝑅) [∥𝐴1/2
0 (𝑢1(𝑡) − 𝑢2(𝑡))∥ + ∥𝐴1/2

0 (𝑢′
1(𝑡) − 𝑢′

2(𝑡))∥ +

+ ∥𝐴1/2
0 (𝑣1(𝑡) − 𝑣2(𝑡))∥ + ‖𝑣′

1(𝑡) − 𝑣′
2(𝑡)‖] ,

as soon as

∥𝐴1/2
0 𝑢𝑖(𝑡)∥ + ∥𝐴1/2

0 𝑢′
𝑖(𝑡)∥ ≤ 𝑅, ∥𝐴1/2

0 𝑣𝑖(𝑡)∥ + ‖𝑣′
𝑖(𝑡)‖ < 𝑅 (𝑖 = 1, 2).

* The main part of the paper was reported at the All-Union Symposium“Some
Problems of the Theory of Differential and Integral Equations”in April 1964,
Dushanbe.

** Twice strong continuous differentiability of the operator-function
𝐴1/2(𝑡)𝐴−1/2(0) may be replaced by the condition of continuity of the
operator-function 𝐴1/2(0)(𝐴1/2(𝑡))′𝐴−1(0).
Then problem (1) has a unique solution on some interval [0, 𝑡0] ⊂ [0, 𝑇 ], which
can be found by the method of successive approximations.

Theorem 2. Suppose that the hypotheses of Theorem 1 are satisfied. Suppose,
further:

5∘. For any functions 𝑢(𝑡) that are continuous in 𝐻(𝐴1/2) and twice continuously
differentiable in 𝐻, the following holds:

Re∫
𝑡

0
(𝑓(𝜏, 𝑢(𝜏), 𝑢′(𝜏)), 𝑢′(𝜏)) 𝑑𝜏 ≤ 𝐶 [1 + ∫

𝑡

0
(‖𝐴1/2

0 𝑢(𝜏)‖2 + ‖𝑢′(𝜏)‖2) 𝑑𝜏] ;

for all functions 𝑢(𝑡) satisfying these smoothness conditions, the inequality

∥ 𝑑
𝑑𝑡𝑓(𝑡, 𝑢(𝑡), 𝑢′(𝑡))∥ ≤ 𝐶(𝑅) [1 + ‖𝐴1/2

0 𝑢′(𝑡)‖ + ‖𝑢″(𝑡)‖],

holds as soon as
‖𝐴1/2

0 𝑢(𝑡)‖ + ‖𝑢′(𝑡)‖ ≤ 𝑅.
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Then problem (1) has a unique solution on [0, 𝑇 ].
In the case when not only 𝐷(𝐴1/2(𝑡)), but also 𝐷(𝐴(𝑡)) does not depend on 𝑡,
stronger theorems are proved.

Theorem 3. Suppose that hypotheses 1∘ and 3∘ of Theorem 1 are satisfied.
Suppose, further:

6∘. The operator 𝐴(𝑡) has a domain of definition 𝐷(𝐴) independent of 𝑡; the
operator-valued function 𝐴(𝑡)𝐴−1(0) is strongly continuously differentiable.

7∘. The operator 𝑓(𝑡, 𝑢, 𝑣) maps [0, 𝑇 ]×𝐻(𝐴)×𝐻(𝐴1/2) into 𝐻 and is bounded;
for any function 𝑢(𝑡) continuous in 𝐻(𝐴) and continuously differentiable in
𝐻(𝐴1/2), and any function 𝑣(𝑡) continuous in 𝐻(𝐴1/2) and continuously differ-
entiable in 𝐻, the vector-valued function 𝑓(𝑡, 𝑢(𝑡), 𝑣(𝑡)) is continuously differen-
tiable in 𝐻; for any two pairs of functions 𝑢1(𝑡), 𝑢2(𝑡), 𝑣1(𝑡), 𝑣2(𝑡), respectively
satisfying these smoothness conditions, the inequality

∥ 𝑑
𝑑𝑡 [𝑓(𝑡, 𝑢1(𝑡), 𝑣1(𝑡)) − 𝑓(𝑡, 𝑢2(𝑡), 𝑣2(𝑡))]∥ ≤

≤ 𝐶(𝑅) [‖𝐴0(𝑢1(𝑡) − 𝑢2(𝑡))‖ + ‖𝐴1/2
0 (𝑢′

1(𝑡) − 𝑢′
2(𝑡))‖+

+‖𝐴1/2
0 (𝑣1(𝑡) − 𝑣2(𝑡))‖ + ‖𝑣′

1(𝑡) − 𝑣′
2(𝑡)‖],

holds as soon as

‖𝐴0𝑢𝑖(𝑡)‖ + ‖𝐴1/2
0 𝑢′

𝑖(𝑡)‖ ≤ 𝑅, ‖𝐴1/2
0 𝑣𝑖(𝑡)‖ + ‖𝑣′

𝑖(𝑡)‖ ≤ 𝑅

(𝑖 = 1, 2).

Then problem (1) has a unique solution on some interval [0, 𝑡0] ⊂ [0, 𝑇 ], which
can be found by the method of successive approximations.

Theorem 4. Suppose that hypotheses 1∘ and 3∘ of Theorem 1 and hypotheses
6∘ and 7∘ of Theorem 3 are satisfied. Suppose, further:

8∘. For any functions 𝑢(𝑡) continuous in 𝐻(𝐴), continuously differentiable in
𝐻(𝐴1/2), and twice continuously differentiable in 𝐻, the following holds:

Re∫
𝑡

0
(𝑓(𝜏, 𝑢(𝜏), 𝑢′(𝜏)), 𝑢′(𝜏)) 𝑑𝜏 ≤ 𝐶 [1 + ∫

𝑡

0
(‖𝐴1/2

0 𝑢(𝜏)‖2 + ‖𝑢′(𝜏)‖2) 𝑑𝜏] ;

for all functions 𝑢(𝑡) satisfying these smoothness conditions, the inequality

∥ 𝑑
𝑑𝑡𝑓(𝑡, 𝑢(𝑡), 𝑢′(𝑡))∥ ≤ 𝐶(𝑅)[1 + ‖𝐴0𝑢(𝑡)‖ + ‖𝐴1/2

0 𝑢′(𝑡)‖ + ‖𝑢″(𝑡)‖],

holds as soon as
‖𝐴1/2

0 𝑢(𝑡)‖ + ‖𝑢′(𝑡)‖ ≤ 𝑅.
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Then problem (1) has a unique solution on [0, 𝑇 ].
In the case when the operator 𝐴 does not depend on 𝑡, Theorems 3 and 4
strengthen the corresponding results of works (2, 3). Let us also note that the
theorems

1–4 strengthen and supplement some results obtained earlier by the author (4,5).
Nonlocal existence theorems for problem (1) under other assumptions and in
another class of solutions were obtained in (6).
2. Consider the problem:

𝑑2𝑢(𝑡)/𝑑𝑡2 + 𝐴(𝑡, 𝑢(𝑡))𝑢(𝑡) = 𝑓(𝑡, 𝑢(𝑡)), 𝑢(0) = 𝑢0, 𝑢′(0) = 𝑢1 (2)

Apparently, hyperbolic equations of the form (1) have not been studied. With
the aid of the special substitution

𝑣1(𝑡) = 1
2 [𝑖𝐴1/2(𝑡, 𝑢(𝑡))𝑢(𝑡) + 𝑢′(𝑡)],

𝑣2(𝑡) = 1
2 [−𝑖𝐴1/2(𝑡, 𝑢(𝑡))𝑢(𝑡) + 𝑢′(𝑡)],

problem (2) is reduced to the equivalent problem

𝑑𝑣(𝑡)/𝑑𝑡 = 𝔄1(𝑡, [𝐵𝑣](𝑡))𝑣(𝑡) + 𝔄2(𝑡, [𝐵𝑣](𝑡))𝑣(𝑡)+

+𝐹(𝑡, [𝐵𝑣](𝑡)), 𝑣(0) = 𝑣0, (3)

where
𝑣 = (𝑣1

𝑣2
), 𝑣0 = (

1
2 [𝑖𝐴1/2(0, 𝑢0)𝑢0 + 𝑢1]

1
2 [−𝑖𝐴1/2(0, 𝑢0)𝑢0 + 𝑢1]),

𝔄1(𝑡, 𝑣) = (𝑖𝐴1/2(𝑡, 𝑣1) 0
0 −𝑖𝐴1/2(𝑡, 𝑣1)) ,

𝔄2(𝑡, 𝑣(𝑡)) =
⎛⎜⎜⎜⎜⎜
⎝

1
2

𝑑𝐴1/2(𝑡, 𝑣1(𝑡))
𝑑𝑡 𝐴−1/2(𝑡, 𝑣1(𝑡)) − 1

2
𝑑𝐴1/2(𝑡, 𝑣1(𝑡))

𝑑𝑡 𝐴−1/2(𝑡, 𝑣1(𝑡))

− 1
2

𝑑𝐴1/2(𝑡, 𝑣1(𝑡))
𝑑𝑡 𝐴−1/2(𝑡, 𝑣1(𝑡)) 1

2
𝑑𝐴1/2(𝑡, 𝑣1(𝑡))

𝑑𝑡 𝐴−1/2(𝑡, 𝑣1(𝑡))

⎞⎟⎟⎟⎟⎟
⎠

,

𝐹(𝑡, 𝑣) = (
1
2 𝑓(𝑡, 𝑣1)
1
2 𝑓(𝑡, 𝑣1)), [𝐵𝑣](𝑡) = 𝑢0 + ∫

𝑡

0
(𝑣1(𝜏) + 𝑣2(𝜏)) 𝑑𝜏,

in the Hilbert space 𝐻2 = 𝐻 × 𝐻. In what follows, problem (3) is investigated
by the method of “freezing”the coefficients.

Theorem 5. Suppose that the following conditions are satisfied:

1∘. For every 𝑡 ∈ [0, 𝑇 ], 𝑢 ∈ 𝐻, the operator 𝐴(𝑡, 𝑢) is self-adjoint and positive
definite in 𝐻, with domain of definition

𝐷(𝐴(𝑡, 𝑢)) = 𝐷(𝐴);
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for every 𝑡 ∈ [0, 𝑇 ] the inequality holds

(𝐴(𝑡, 𝑢)𝑣, 𝑣) ≥ 𝛾(𝑣, 𝑣), ‖𝐴(𝑡, 𝑢)𝑣‖ ≥ 𝛾‖𝑣‖𝐴.

2∘. The operator 𝐴(𝑡, 𝑢)𝐴−1
0 acts from [0, 𝑇 ] × 𝐻 into 𝐵(𝐻)∗ and is bounded;

for every continuously differentiable vector-function 𝑢(𝑡) the operator-function
𝐴(𝑡, 𝑢(𝑡))𝐴−1

0 is strongly continuously differentiable and

∥ 𝑑
𝑑𝑡𝐴(𝑡, 𝑢(𝑡))𝐴−1

0 ∥ ≤ 𝐶(𝑅)

as soon as ‖𝑢(𝑡)‖ + ‖𝑑𝑢(𝑡)/𝑑𝑡‖ ≤ 𝑅; for any pair of such functions 𝑢1(𝑡), 𝑢2(𝑡)
the inequality holds

∥ 𝑑
𝑑𝑡 [𝐴1/2(𝑡, 𝑢1(𝑡)) − 𝐴1/2(𝑡, 𝑢2(𝑡))]𝐴−1/2

0 ∥ ≤

≤ 𝐶(𝑅) [‖𝑢1(𝑡) − 𝑢2(𝑡)‖ + ∥𝑑𝑢1(𝑡)
𝑑𝑡 + 𝑑𝑢2(𝑡)

𝑑𝑡 ∥] ,

3∘. The operator 𝑓(𝑡, 𝑢) acts from [0, 𝑇 ] × 𝐻 into 𝐻 and is bounded; for every
continuously differentiable function 𝑢(𝑡) the vector-function 𝑓(𝑡, 𝑢(𝑡)) is contin-
uously differentiable and

∥ 𝑑
𝑑𝑡𝑓(𝑡, 𝑢(𝑡))∥ ≤ 𝐶(𝑅),

as soon as ‖𝑢(𝑡)‖ + ‖𝑑𝑢(𝑡)/𝑑𝑡‖ ≤ 𝑅; for any pair of such functions 𝑢1(𝑡), 𝑢2(𝑡)
the inequality holds

‖𝑓(𝑡, 𝑢1(𝑡)) − 𝑓(𝑡, 𝑢2(𝑡))‖ ≤ 𝐶(𝑅)[‖𝑢1(𝑡) − 𝑢2(𝑡)‖+

+‖𝑑𝑢1(𝑡)/𝑑𝑡 − 𝑑𝑢2(𝑡)/𝑑𝑡‖].

4∘. 𝑢0 ∈ 𝐷(𝐴), 𝑢1 ∈ 𝐷(𝐴1/2).

* 𝐵(𝐻) is the space of bounded operators on 𝐻.

Then problem (2) has a unique solution on some interval [0, 𝑡0] ⊂ [0, 𝑇 ], which
can be found by the method of successive approximations.

3. As an application, let us consider, in a bounded cylinder 𝑄 = [0, 𝑇 ] × Ω,
where Ω is a domain of variation of 𝑥 = (𝑥1, … , 𝑥𝑛) in 𝑅𝑛 (𝑛 ⩽ 3), the
first boundary-value problem for the quasilinear hyperbolic equation

𝜕2𝑢(𝑡, 𝑥)
𝜕𝑡2 −

𝑛
∑
𝑖,𝑗=1

𝜕
𝜕𝑥𝑖

(𝑎𝑖𝑗(𝑡, 𝑥)𝜕𝑢(𝑡, 𝑥)
𝜕𝑥𝑗

) + 𝑏(𝑡, 𝑥)𝜕𝑢(𝑡, 𝑥)
𝜕𝑡 =
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= 𝑓(𝑡, 𝑥, 𝑢(𝑡, 𝑥), |𝑢(𝑡, 𝑥)|2) (4)

with the conditions

𝑢(𝑡, 𝑥)∣𝑡=0 = 𝑢0(𝑥), 𝑢′
𝑡(𝑡, 𝑥)∣𝑡=0 = 𝑢1(𝑥), 𝑢(𝑡, 𝑥)∣Γ = 0. (5)

Applying results (7,8 ) and Theorem 3 of the present note, we prove the following
theorem.

Theorem 6. Suppose that the following conditions are satisfied:

a) the coefficients 𝑎𝑖𝑗 are real, and

𝑎𝑖𝑗 = 𝑎𝑗𝑖,
𝑛

∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑡, 𝑥)𝜉𝑖𝜉𝑗 ⩾ 𝛼 ∑ 𝜉2
𝑖 ,

where 𝛼 = const > 0, for all real 𝜉1, … , 𝜉𝑛; the functions 𝑎𝑖𝑗, 𝜕𝑎𝑖𝑗/𝜕𝑥𝑖, and their
first derivatives with respect to 𝑡 are continuous in 𝑄; the boundary Γ of the
domain Ω is twice continuously differentiable;

b) the functions 𝑏(𝑡, 𝑥), 𝑓(𝑡, 𝑥, 𝑢, 𝑟) are continuous together with their deriva-
tives with respect to 𝑡, 𝑢, 𝑟 in the domain {0 ≤ 𝑡 ≤ 𝑇 , 𝑥 ∈ Ω, |𝑢| ≤ 𝑅, 0 ≤
𝑟 ≤ 𝑅}, and these derivatives satisfy, with respect to 𝑢, 𝑟, a Lipschitz con-
dition in each bounded set |𝑢| ≤ 𝑅, 0 ≤ 𝑟 ≤ 𝑅, with a constant depending
only on 𝑅,

c) 𝑢0(𝑥) ∈ 𝑊 2
2,0(Ω), 𝑢1(𝑥) ∈ 𝑊 1

2 (Ω).
Then problem (4)—(5) has a unique solution in some cylinder.

The author’s next article (9) is devoted to the application of the results obtained
in the present article to quasilinear partial differential equations of hyperbolic
type. Nonlocal existence theorems are proved.

The author expresses deep gratitude to Z. I. Khalilov and S. G. Krein for their
attention and discussion of the results obtained.
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Note: Figure translations are in progress. See original paper for figures.
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