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MECHANICS
V. A. ZHELNOROVICH

ON THE THEORY OF CONSTRUCTING
MODELS OF CONTINUOUS MEDIA

(Presented by Academician L. I. Sedov on 5 I 1967)

We shall consider material media in a pseudo-Riemannian space G of index 3,
referred to the observer’ s coordinate system x? with metric tensor g = |g;.]-
Introduce in the space G a nonholonomic coordinate system 7%, consisting of
orthonormal frames {e,} with metric tensor g,s, assigned to each point of the
space G, and also an accompanying coordinate system & such that the functions
ot = xi(Eh €263, ¢%) give the law of motion of individual points of the medium.
Components of tensors given in the system 2 will be denoted by Latin indices,
and components of tensors given in the system % by Greek indices. The relation
between the holonomic coordinate system z’ and the nonholonomic system ¢
is effected by the formulas

0, = 0%

7 a?

e, =00

air

Qfx = gipgaﬁﬂg7 (1)

where §; are the basis vectors of the system z¢, and Q%] is the metric Lamé
matrix. The components ) are assumed to be sufficiently smooth functions of
the coordinates x’. Parallel displacement in the systems x?, £ is determined by
the relations

de,,/0xI = Af-’aeg, (2)

where 1
= §gkp (093,/ 07 + g,/ 0" — D,/ 0a?)

are the Christoffel symbols, and
AP = Qi) (T8 — Qkoq? /0a7)
are the Ricci symbols. From (1), (2) we have

V.08 = 005 [0k —T1 Q2 — A% Q7 = 0.
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Let v, (o = 1,2,3,4) be Dirac matrices, by definition satisfying the equation
Ya¥s + V5V = 20apl, where I is the unit matrix. A four-component object
U = {¢*}, defined up to sign, which transforms under the representation S
of the group L = |[IZ| of orthogonal transformations of the coordinates ¢,
recoverable from the equation v, = lgS'yﬁS’l, is called a spinor of first rank
in the space G. The covariant derivative for spinors is defined by the formula
V) = 0np/dx* — T, 1), where T, are determined through the Ricci symbols (1)

1 . 1
Fk = zryaBAk;ﬂa 70{6 = 5(7@’7/,6 - 7/37(){) (3)

Spinors of higher ranks and the covariant derivatives for them are defined anal-
ogously to how this is done for tensors.

We shall use the variational principle in the form (2:3)

1
5/ (—R+Am> dr + 6W* + 6W = 0. (4)
v \ 2%

Here V is an arbitrary four-dimensional volume in
dr = /—gdx'dz?dz>dz?

—the element of four-dimensional volume; g = det ||g;5|; % is the gravitational
constant; R is the scalar curvature of the space G; A,,, is the Lagrangian of mat-
ter; dW* is a prescribed functional of the defining parameters of the medium;
0W is a functional determined by the specification of A,, and 6W*. The intro-
duction of §W* is connected with consideration of irreversible processes (2.

Let us consider, within the framework of the general theory of relativity, a model
of a medium for which the Lagrangian A,, depends on certain parameters p“
and on their first n derivatives with respect to coordinates and time, on the
quantities IE; = 0z'/0&P and on their derivatives with respect to coordinates
and time, and also on the metric Lamé tensor Q. Without loss of generality
one may assume that A, also depends on n derivatives of x;. The Lagrangian
A,, may also contain constant tensors, invariant throughout the entire space,
nonvarying tensors v, g, s, etc.™ The independent defining parameters pu may
be tensors and spinors of any rank. The physical meaning of the parameters ;1”4
must be clarified from the equations of motion of the medium, or introduced
a priori. As is known (*?), specifying a spinor is equivalent to specifying a
system of tensors of a special kind. However, the use of spinors in variational
principles as generalized parameters is more convenient than the use of a system
of equivalent tensors, in view of the presence of algebraic relations between the
components of these tensors. Nevertheless, the use of equivalent tensors in the
final formulation of the theory is useful for clarifying the physical meaning of
the spinor equations.

Let us choose the functional W* in the form
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n - X n—1 .. .
SW* = / l@kaxk +QA0uA 4V, (anxk + QI L bk Y Qfl"'fqvjl...jqéuf‘ﬂ dr.
\% g=1 q=0
(®)

The coefficients @) entering into 6W* must be specified as functions of the
defining parameters of the medium or else determined from prescribed equa-
tions. Using the definition of the complete variation du4 = Ou? + 625V, 4
(Out = /JAl — p4 is the local variation), it is easy to obtain the formulas

A _ A k A
6vi1'”in'u - vir"inau B Zl V{il'”ip‘éx vipﬂ“'in}ku +
p:

" OV, Vi i
+oz (vkir“inuA iy ki ) + ;vilmz'pfl (papf‘lnu 3F) )

n n
OVt = D Viiyoig 97"V i 170 = D Vi 027V i et (6)
k=0 k=1

, R oV, V,
+oa* (vkil»--inx{? - vil---ink%j)) + Z Vz'l»--ik,l (kakflp 5F> )
k=1

where V, =V, -V, ; the expression oV; V; pA /0T means that the
derlvatlve Wlth respect to T is taken from the covariant derivative V;, of the

tensor V; ;. pA; the symbol {4 -+ iy|iy, i, } denotes the sum of all possible
permutations with the index numbers arranged in increasing order before and
after the vertical bar; for example,

{igigligig} = (iyigigiy) + (iyi3in0y) +(i1147905) + (1gigiyig) + (Ggigiqis) + (i3147195);
I" are the connection symbols of the object p.

If y# is a tensor, then T' are the Christoffel symbols Fl-’;,

ork = BV, 002,

ma

1
Bi];iq = §Qro¢ [_gkp((giq(;]r + 6;1(5;) + ng(éiqéjp + 5;1611)) + gkq((siréjp + 6;61p>] .
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If u4 is a spinor, then I' are the coefficients I';, defined according to (3). Using
the definition of the coefficients I';, and the covariant equation V, Q% = 0, we
obtain

O, = BUNOOF,  BY = 199 [0, (536L — 651) + 0,0 (6157 — 5160) + 9 (5107 — 816))]

(7)

1
=50 =), P =,

* The case when A,,, depends on the first two derivatives of u“ was considered in
(57). In (7) the case is considered when A,, depends on derivatives of a spinor.
However, the variational technique used in the present work makes it possible
to consider only Lagrangians whose spinor terms are invariant with respect to
the choice of the system 7.

Carrying out the variation in equation (4) with §W*, determined according to
(5) taking formulas (6) into account, we obtain
I, i i A i i 1
s [W +Vi(Gy + Q) + QAP/J + {vi(Pk + Q) + Qr — 5 ViRt

+ Z é)vaAimA <Vm'14..z’q/~LA - vil»--iqk/“LA> outt

q=1 g0

" 9A,, : ‘ L (pr Ly
+ Z oo d <vki1.<.iqx§7 - vil“'iqu%> 6 + [_; (Rm B ing> iat

q=1 avil...iqxp
oA, k ik a is .k = iJ1-+Jq k
Faap a0+ VN 00 - v { Pl + > B, bkt

qg=1

.y nel

=5t1In-1_j k iJ1-dg A

+Gy TV g0 Y GV st
q=0

, 1
+NGFOQ — - (g™65 — g™3) O+

1 V.V A
|‘(I)Xl..4]qplu.prvjlqu ( P1 P2..4p,~,U/ (5I‘> n

—_on—

.
I
=1

q=0 7

i ov, VvV ak
5191--9qP1---Pr P1 " P2---Pr7S —
+‘I)k lequ (81—‘ (5F)1 }} dT + 5W = O

3

or

Here it is denoted
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p=1 =0 axq 2un
o n_ Pp_qal S
ij1dq r 1800100
P D> UV g +
p=q+1 r=0
n—1 . .
ajyJg-1 ka..k,—riy..ip g ij1--dq
+ D I R C R S T O
gip
p=q—1
n—q—1 - }
Glh Jq 1 p+1v aAm iJ1--Jq
- (7 ) Gyl ov. A R\ )
p=0 11-0p0]1 ..]q:u
n—q—1
8ij1--0q oA
E _1)\pt1 m
Gk - ( 1) vz 1 gy k>
p=0 iy ify gy s
n 4 OA oV. V. . ’uA
ik _ E E l R A R ik A J
Na - ( ) vzl,l iq ov. . A or Ba + (,LL - J"P)a
q=1 =1 % zq/J
o n—q—r—1
(I)U1-~~Jq171~~17r 1 m+1v 8Am
A = (—1) N A0
m=0 7414..2,"17,.]1...jqpl...pT/’[’
. . n—q—r—1
ésl_]l...jqpl...pr 1 m+1v aAm
k - (_ ) — 8V xkv
m=1 Uyl 81 JqP1--PrS
Topq--0
iyedy OA,, Ay OA,, v o | g e
77(p>k B ovV. . /_]/A ’Lq\l"'i;nk'u ovV. . xT gi1-ipk™s gj]“‘jq ’
J1--Jp J1--Jp*'s Jar1-Jp
o yige1eip o )
i1.g _ siy slgsigin | <lp
gjl"'jq ‘ T 6{j1 6]q6]q+1 6jp}.
Jg+1--Jp

9)
In formulas (6), (8), (9) the indices with zero number 4, py, j, are omitted, and

it is assumed that VZ-O = Vpo = Vjo =1.

Assuming the independent variations dz*, su?, 082 to be zero on the boundary
¥ of the volume V, from (8) we obtain

; iy L - oA, A AN\~ OA,,
V, P} = —(Qk‘f'ViQk)_ﬁv}gR—; W (Vkil...iq,u = Vi, ikl >—qz:; W (le...iqx’; -V,
(10)
A, i i
W+V¢GA:*<QA+V1QA% (11)
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1 1k 1 ik ) _ 6Am k ik
- (R 39" R) Qi = G + 4,04 + VN, (12)

where R is the Ricci tensor.

For variations of the parameters that are not zero on the boundary X, by virtue
of the equations of motion (10)—(12) we obtain

n—1 B )
W i iJ1---Jq — 881 Tn1
W= /z:ni{Pk(sxk +D_ P00+ G AN
q=1

n—1
vy J‘I (3 (e 1 7 S
+D GV ot NiFOg — 5 (g*96% — g'*ol) oT5 -+
q=1

noznoal oL ov A . ov, Vv k
1J1--JqP1+-Pr D .4.p7_/'t 8119 qP1--Pyr D P ..‘pr'rs
+>0N [@Al ST (br 5F) ey ( LRl T do,

where n,; are the components of the unit normal vector to the surface X.

For given tensors @, equations (10), (11), (12) form a closed system of equations
completely describing the medium. Equations (12), contracted with Q, give
the Einstein equations, whose right-hand side is the energy-momentum tensor.

The totality of the tensors P,G,®, N entering into W determines the sur-
face interaction between a volume V mentally singled out in the medium and
the entire medium. The physical meaning of these tensors is determined by
the nature of the parameters p. The tensor P} may be regarded as the sec-
ond energy-momentum tensor, which is a generalization of the surface-stress
tensor in nonrelativistic mechanics. The definition of §W* and of the energy-
momentum complex may be regarded as the equations of state for the medium
(*).
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discussion of the paper.
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