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(Presented by Academician S. L. Sobolev on 25 I 1967)

1°. In the present work we investigate the solvability of the Dirichlet problem
and the problem with oblique derivative for a quasilinear elliptic equation of
second order in divergence form in a composite domain with a nonlinear conju-
gation condition. In the linear case such problems have been well studied (see,
for example, (279)).

We shall adhere to the notation of the monograph (). Let T' be some bounded
m-dimensional domain with boundary §7', and let inside it there be an (m—1)-
dimensional surface -y, dividing 7" into a finite number of domains:

where the surfaces forming v have no common points either with one another or
with 7. Without loss of generality we shall consider the case N = 2. Let the

functions u(?(z) be given in the closed domain 7' (here and below ¢ = 1,2);
suppose that u(? (z) € C<”’)‘>(Tq), 0 < A < 1. Denote by U,iq), U,(C; (0<k<mn)

respectively the quantities Uk(T(q)), Uy, )\(T(q)), defined in § 33 of (V). Put

=M =0 +02, =4, D =UR+U3,  k<n (1)

Consider the space—the direct sum:

(2)

cN(T) = (T 4 0N T?),

sovietrxiv.org/items/ru-196701.44575 Machine Translation


https://sovietrxiv.org/items/ru-196701.44575

Define the norm in C™*(T') by the formula
lull = Zﬂk + U
k=0
The space C™(T') will be Banach.

The aim of our work is to prove an existence and uniqueness theorem “in the
large” for a classical solution of the following boundary-value problem:

Z (q) (q)) +ql )<x (@ ugﬁq)) =0, re T(q);
[u]'y = 07 p(mvu)zai(xauvuac)’}/i(x) —|—’l/)(f£,u)] = 07 (I)
=1 ~
> o (o) + (o] =0,
1= §T
where
= (T, Tp); u, = (uxl,...7uzm);
v;(z) (i =1,...,m) are the components of the normal, exterior with respect to
TW (T?), to the surface v (FT) at the point x;
[v]’y = v<1)|’y - U< )"y’
where
v<Q)|V = lim 09(2) (¢g=1,2).
T @D3z—ycry

2°. In this section we formulate exact a priori Schauder estimates for the solution
of the linear boundary-value problem in a composite domain:

Zagz)( ux xk + Zb ka + D (2)u'? = f4)(z), re T,

~.

[ul, = x(z); > @, +o(@u(z)| =¢), xey (1)
k=1
.
;vk@)ugg + )| = ex),  weFT.
Assumptions:

1) the ellipticity condition in the form

Z a(’l) )EE; > (@ ZgQ V9 =const >0 (¢=1,2);

i,k=1
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aik(x)7 bk(x>7 C(:L‘), f(.’L‘) € 0(07)\)(?);
(@), o(z) € CUN(T);  x(x) € OBV (y);
P(x) e CMN(y); wle), pz), o(z) e CENET) (i, k=1,...,m)

m
ZTi(q)(x) i(z) > Véq) = const > 0, xey (¢=1,2);

sz(:z:)%(x) > v, = const > 0, zegT.
i1

4) Ag+To+ Ny =O0(1), where Ay, T, N are quantities referring respec-
tively to a;(2), 7, (2), v, (z) and defined with account taken of (1).
5) T'9 are domains of class AN (see (1)).

Theorem 1. Under assumptions 1)—5), for every possible solution of problem
(IT) of class C>Y(T) the estimate

Uy \(T) = O{(Ag x4+ Tox+Noa+ )T + For + Xon+

(Ao x+Tor + DU + ¥\ + (1+ Ny )P+
F( Ao+ Nox + 1P + &\ + 4o - [(Agy + T\ +Noy+1)C+
+Cox + (Agn+Tox+1)81 + 815+ (L+ Ny )Mo+
+(Agx + Noy+ DM+ My 5+ (Co+ 8y + M,)EV2 1]
+iy - [(Aga +Ton+Nox+1)By+ By x+Sor+ Mo+ T+
FNiA+ (Ao +Ton +1)(So+T 1+ 1)+ (A +Ngy + 1) (Mg + 1)+
+H(By+ Sy + Mo+ T+ Ny +1)HA+
H(Agx + Tox+ Noy+ 1IFVAY (2)

holds, depending on m, the domain 7', and the constants entering the assump-
tions of item 2°; the quantities on the right in (2) have the same meaning as in
§ 35 of (1), with account taken of (1).

From estimate (2), by a known method (}), one can obtain the usual Schauder
estimate. We note that, in the case of a single domain, estimates of type (2)
were established in § 35 of (!) for the Dirichlet problem and in (7) for the
third boundary-value problem (see also (3.5) in (?)). Estimate (2) is established
analogously to (17), using the results of (®).

The explicit dependence on the coefficients of problem (II) in estimate (2)—in
this sense we call estimate (2) exact—makes it possible to prove a conditional
existence theorem for a general quasilinear problem in a composite domain. For
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lack of space we omit the formulation of this conditional theorem. We note
only that it is a theorem of the type of Theorem 42, IV in (1) and Theorem 2
in (") (see also Theorem 1.2, Chap. X in (?)), concerning the first and third
boundary-value problems, respectively, in a single domain.

3°. In essence, the conditional theorem asserts that the general quasilinear prob-
lem will be solvable if there are a priori estimates for the quantities £y, £, 4l ;.
Such estimates can be established in a special case of the general quasilinear
problem, namely for problem (I), when the equations are in divergence form
and the conormal derivative appears in the boundary condition and in the con-
jugation condition.

First of all, relying on the maximum principle for elliptic equations, one can
establish an estimate for the quantity .

Having obtained an estimate for i, we, following De Giorgi’ s idea (see (?)),
obtain an estimate for the quantity i{;, and then also an estimate for the quantity
4y - The required estimates are established by us in a neighborhood of the

surface ~y separating the domains 7", T, since estimates inside 7@ and near
the surface T were established in (?).

Let
{mé’l) ={zeT, Uy < My; |[Vu'?| < oo}

Assumptions:

1)
al?, 0@ € CO(T@ x RmH1);  plo) (2, u(@), @) (2,ul?) € CP(T@ x R),

o(z,u?) € CA(TR x R);

2) on the set M\? the inequalities

m 5D (5 @ @ y
a; (x,lf s Uy )§ ¢ > 5 (|u(q)|)(1 + |V D)2 25127
i,5=1 auﬁCqJ -
o Joa? | " L
(14 [V Y (24 (1 Vu "
z‘;l 5“%) Z:: 3%
9d?| |oa@|] T B
| || a9 + ]Z Jud
il

< 5@ ([u@])(1 + [Vul@|)*, k>1 (¢=1,2),
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where 5(()q>(t), 59 (t) are positive, respectively nonincreasing and nondecreasing
continuous functions defined for ¢ > 0;

3)
P9 (z,ul?) > py(M,) = const > 0; zeT,
4)
opl 2| | op'@ 9%p(@)
(q) (a)
e {p (z,ul?), ‘ oz, |" |ou | |oz,0w,|

i,5=1,...,m

9%pl@
dz,;0ul?)

9?p'@)
8u<Q)2

b

} < 6@ (M,) = const > 0;

analogous inequalities for (9 (z,u(®) and ¢(z,u?);
5) T e AP,

Theorem 2. Suppose the assumptions of item 3° are satisfied. Let u(x) €
C@)(T) be a possible solution of problem (I), and let i, < M,. Then the
quantities l;, 8, y are estimated, for some A > 0, by a constant M; depending
only on My, k, §o(M,) = min(éél), 5é2>); §(My) = max(6),§)), and the domain
T. These same quantities also determine the exponent A > 0.

Finally, on the basis of Theorem 2, from the conditional theorem there follows
the main

Theorem 3. Suppose the assumptions of Theorem 2 are satisfied. Let
A, My, M, be the numbers determined by this theorem. Form the set

M={zeT; Uy <My U <M}

and suppose, in addition, that the conditions are fulfilled:

1) on 9 there exist all possible first- and second-order partial derivatives of
(
i
to u<q),u;q,3, which on 9%: a) are bounded in absolute value; b) satisfy
the Holder condition with exponent A in x; (i = 1,...,m); c) satisfy the

Lipschitz condition in the arguments u(?, u&qi);

the functions a q>, p@ D o and the first derivatives of a5q> with respect

(P (@, u?)p(z,u?)) 20, = €FT, W, < My;
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on M, where c? = const > 0 and depend on M,, M; and on the constants
from the assumptions of item 3°, whose explicit form we omit for brevity
of exposition.

4) TW@W ¢ AZN (¢=1,2).
Then there exists a unique solution u(x) € C>N(T) of problem (I).

The Dirichlet problem with the boundary condition u?|; = ¢(z) is studied
analogously. In this case one uses the estimates of § 35 in (!) and Chapter IV
of (2).

I express my deep gratitude to V. N. Maslennikova for her constant attention
to my work.
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