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Let D be a domain of unit volume in k-dimensional Euclidean space; R = 2 X
D x -+ x D—the Cartesian product of D with itself n+ 1 times; E = (zg, ..., Z,),
2, €D,i=0,..,n, and

where f is a function from a given class F' of functions defined and integrable
in D, and A, = A,;(E) are determined by specifying a set @ of cubature sums

K[f].

Suppose that = is chosen in R at random in accordance with a distribution
function h(Z), which, for any f from F, with the given A,(Z), satisfies the
conditions:

A. The mean value E} i [f] of the random variable K|f] satisfies the equality

Boxlf] = /D f() dz.

B. The variance D), i [f] of the random variable K[f] is finite.

If H is the given class of functions h satisfying conditions A and B, then p =
(K[f], h) will be called a procedure of the Monte Carlo method (M.C.M.)
for F' in the class of procedures P = (Q, H). If p’ = (K'[f],h") (p’ € P) is such
that D, K'[f] < D, xlf] for any f from F, and in F there is an f for which

D, K'[f] < D;,x[f], then we shall say that p’ dominates p in P for F. We
shall call p inadmissible in P for F if in P there exists a p’ dominating p for

F', and admissible in the opposite case.
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Clearly, the investigation of the admissibility of M.C.M. procedures and the con-
struction of admissible M.C.M. procedures for various P and F is of considerable
interest.

Let us consider a certain concrete class of M.C.M. procedures for f € L,-
functions integrable with square in 2. Define K|[f] by the equality K[f] =
A(FZ)/A(1E), where A(f;Z) = det [ £(2,), 01 (2,)s ., oy ()3, and 9o (x) =
1,¢1(x),...,p,(z) is a finite sequence of orthonormal and almost everywhere
bounded functions in 2, and we shall assume that () consists of the single
element K[f]. Define H as the set of distribution functions h(Z) for which
conditions A and B are fulfilled and there exists a probability density function,
symmetric with respect to the variables z, x4, ..., z,,. We shall call the sequence
{¢:(x)}§ regular in D if ¢;(z) are linearly independent on any measurable set
d such that d C 2 and mesd # 0, and irregular otherwise. In (!) it was shown
that the function W(Z), defined by the equality

1
(n+1)!

AW (2) = A2(1;E) dZ,

belongs to H. Below the admissibility of (K[f], W) will be investigated.

Theorem 1. If {p;(x)}¢ is reqular in D, then the M.C.M. procedure (K[f], W)
is inadmissible in P for L.

Indeed, set
dh(E) = (1 +8Y w<xp>w<scq>) dw (=),
p<q
where p,q = 0,1,...,n; 1(x) is an almost everywhere bounded function in D,

which is orthogonal to all products ¢, (z)¢,(z) for r,s = 0,1,...,n, and 8 > 0
is a constant satisfying the condition 1 + Zp - Y(z,)(z,) > 0 for almost all

Z in R. Direct calculations show that condition A is satisfied for h and

D3 KI[f] = Dyysclf] — BZ ( /@ F@)p(@)e, () dx)Q,

which proves the theorem.

For the special case of a nonregular sequence {p;(x)}g (a sequence of Haar
functions), (K[f],W) turns out to be admissible in P for L. We define the
functions ¢;(x) in © as follows. Partition © into 2™ subdomains d(m,i,,),
iy = 1,2,...,2™, of equal measure in such a way that, as m — oo, the diameter
of d(m,i,,) tends to zero. Define the domains d(s,i,) (0 < s <m, i, =1,...,2%)
by the equality d(s,i,) = d(s+ 1,2i, — 1) Ud(s + 1,2i,), and put
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252 xed(s+1,2i,—1),

X (x) = =22, zed(s+1,2i), J=2"+i,—1,
0, x ¢ d(s, i),
polz) =1, @) =x; (x) (j=1,..,2"—1). (1)

Fix some my, and let n = 2™o — 1.

Theorem 2. For {¢;(z)}, defined by equalities (1), the p.m.M.-C. (K[f], W)
is admissible in P for L% .

The main stages of the proof are as follows. In our case

1 n
K = .

1= g )
and the determinant A(1; ) is equal to zero if z; and = for i # j belong to one
and the same d(my, i, ), and is constant if all z; belong to distinct d(myg, i, ).
For n =1, any h € H can be defined by the equality

dh(Z) = Z ai,j%(%)‘ﬂj(%)da
i,j=0

Denote

o; = /@ J(@)p,(x) da

and express Dy [f] through a,; ; and ;. Taking into account that K[f] is
E)

i,
defined only for A(1;ZE) # 0 and condition A, we obtain

o0

DhK[f] = DWK[f] + Z /br,saraw

r,s=0

where the prime on the summation sign means that the terms corresponding
to r = s are absent from the sum, while b, , are expressed linearly in terms of

T8
a; j. Obviously, in L% there will be a function f for which D, [f] > Dy xf],
which proves the theorem for n = 1. The general case reduces to the case n = 1,
if f is sought among functions different from zero only in one of the domains
d(mg — 1,4,, _1). As was noted in (2), the indicated procedure dominates the
“ordinary” p.m.M.-C.
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1 n
) h =d=.
<n+1 ;:0 flz;), l) , where dl = d
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discussion of the work.
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