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MATHEMATICS

D. V. MANEVICH

ON THE EXTENSION OF A. N. KOLMOGOROV’
S UNIFORM THEOREM TO HOMOGENEOUS
MARKOV CHAINS
(Presented by Academician A. N. Kolmogorov, 9 XII 1966)

In the works (1,2 ) A. N. Kolmogorov gave an estimate for the approximation
of the distributions of sums of independent, identically distributed summands
by infinitely divisible distributions. In the present note this result is extended
to the case of distributions of sums of summands connected in a homogeneous
Markov chain.

Let, on a probability space {Ω, ℱ, 𝑃}, a sequence of random variables {𝑋𝑘 =
𝑋𝑘(𝜔)} be given, connected in a homogeneous Markov chain; Ω is an arbitrary
set of states 𝜔; ℱ is a 𝜎-algebra of its subsets 𝐴; 𝑃 is a probability measure
of the elements of the set ℱ. Denote by 𝑃𝑖𝑗(𝜔, 𝐴) the probabilistic transition
function in 𝑗 − 𝑖 steps;

𝑃(𝐴) is the probability of 𝐴; 𝑐, 𝑐1, 𝑐2, … are absolute constants; 𝑠𝑛 =
𝑛

∑
𝑖=1

𝑋𝑖,

𝐹𝑛 = 𝑃(𝑠𝑛 < 𝑥), 𝐹 = 𝑃(𝑋𝑖 < 𝑥).

We shall assume that the ergodic property of the chain is characterized by the
condition adopted in the works of S. V. Nagaev (3):

sup
𝜔,𝐴

∣𝑃𝑖𝑗(𝜔, 𝐴) − 𝑃(𝐴)∣ ≤ 𝐶𝑞𝜇, 0 < 𝑞 < 1, 𝜇 = 𝑗 − 𝑖.

We note that the ergodicity condition used in the works of R. L. Dobrushin (4)
would not change the subsequent reasoning.

Theorem. Let 𝐺 be the set of all infinitely divisible distribution laws 𝐷(𝑥).
Then there exists an absolute constant 𝐶1 such that
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𝜌(𝐹𝑛, 𝐺) = sup
𝐹

inf
𝐷𝑛∈𝐺

sup
𝑥

|𝐹𝑛 − 𝐷𝑛| ≤ 𝑐1𝑛−1/3 ln𝜆/3 𝑛, (1)

where 𝜆 > 1.

We outline the proof. Using the idea of S. N. Bernstein (5), we construct sums
of independent random variables by whose distributions we shall approximate
𝐹𝑛. Write 𝑠𝑛 as follows:

𝑠𝑛 = 𝑦1 + 𝑢1 + … + 𝑦𝑙 + 𝑢𝑙,

where

𝑦𝑖 = 𝑋(𝑖−1)(𝑟+𝑘)+1 + … + 𝑋𝑖(𝑟+𝑘)−𝑘; 𝑢𝑖 = 𝑋𝑖(𝑟+𝑘)−𝑘+1 + … + 𝑋𝑖(𝑟+𝑘);

𝑖 = 1, … , 𝑙; (𝑟 + 𝑘)𝑙 ≥ 𝑛; Σ𝑙 = 𝑦1 + … + 𝑦𝑙; 𝜎𝑙 = 𝑢1 + … + 𝑢𝑙;

𝑠𝑛 = Σ𝑙 + 𝜎𝑙.

Put 𝑘 = 𝑟 = ln𝜆 𝑛, 𝜆 > 1. Then 𝑙 ≥ 𝑛/2 ln𝜆 𝑛.

Denote

𝐹Σ(𝑥) = 𝑃(Σ𝑙 < 𝑥), 𝐹𝜎(𝑥) = 𝑃(𝜎𝑙 < 𝑥),

and 𝐹Σ(𝑥/𝐴), 𝐹𝜎(𝑥/𝐴) the corresponding conditional distribution functions
(d.f.) under some condition 𝐴; Φ′

𝑘 is some conditional d.f., and Φ𝑘 the un-
conditional d.f. of 𝑦𝑘.

The rest of the proof rests on three lemmas.

Lemma 1. Let 𝐺𝑙 and 𝑓 be the characteristic functions (c.f.) of Σ𝑙 and 𝑦𝑘,
respectively. Then

𝐺𝑙 − 𝑓 𝑙 =
𝑙

∑
𝑟=1

𝛿𝑟𝐿𝑟, where 𝛿𝑟 = ∫ 𝑒𝑖𝑡𝑥 𝑑[Φ′
𝑟 − Φ𝑟], 𝐿𝑟 ≡ 𝐺𝑟−1𝑓 𝑙−𝑟.

Proof is carried out in many respects in the same way as that of Lemma 2 in
the author’s paper (6).
Lemma 2. One can indicate such a continuous d.f. ΨΣ(𝑥) of the sum of 𝑙
terms, related to one another in the same way as the 𝑦𝑘 in the sum Σ𝑙, that

sovietrxiv.org/items/ru-196701.43306 Machine Translation

https://sovietrxiv.org/items/ru-196701.43306


|𝐹Σ(𝑥) − ΨΣ(𝑥)| ≤ 𝑐2𝑛−1/3.

For the proof we compose Φ(𝑥/𝜀)—a certain normal distribution—with 𝐹Σ(𝑥).
We show that

|𝐹Σ(𝑥) − ΨΣ(𝑥)| ≤ |ΨΣ(𝑥 − 2ℎ𝜀) − ΨΣ(𝑥 + 2ℎ𝜀)| + 2𝑐3
ℎ 𝑒−ℎ2/2, ΨΣ = 𝐹Σ ∗ Φ.

The estimate

𝛼 ≡ |ΨΣ(𝑥 − 2ℎ𝜀) − ΨΣ(𝑥 + 2ℎ𝜀)|

is carried out by S. N. Bernstein’s lemma ((7), 𝑝.409):

𝛼 ≤ 2𝜀
𝜋 [𝐴 ⋅ 2ℎ𝜀 + 1

2
√

𝑁ℎ𝜀
] ,

𝐴 = 1
2 ∣∫

𝑁

−𝑁
𝜑𝑙(𝑡) 𝑑𝑡∣ ;

𝜑𝑙 is the ch.f. for the d.f. ΨΣ(𝑥). Then, by Lemma 1,

𝐴 = 1
2 ∣∫

𝑁

−𝑁
𝑓 𝑙(𝑡) 𝑑𝑡 +

𝑙
∑
𝑘=1

∫
𝑁

−𝑁
𝛿𝑘𝐿𝑘 𝑑𝑡∣ .

The first integral is estimated by known methods, while the second is reduced
to the Dirichlet integral. Setting ℎ = ln2 𝑛, 𝜀 = ln−2 𝑛 ⋅ 𝑛−1/3, 3√𝑛 = 𝑛2/3, and
using the ergodicity condition, we verify the validity of the lemma.

Lemma 3. Let ̄𝐹Σ(𝑥) denote the d.f. of the sum 𝑦1 + ⋯ + 𝑦𝑙 under the
assumption of continuity and independence of the terms. Then

| ̄𝐹Σ(𝑥) − ΨΣ(𝑥)| ≤ 𝑐4𝑛−1/3.

Proof. For the d.f.’s ̄𝐹Σ(𝑥) and ΨΣ(𝑥), the corresponding ch.f.’s can be written
as follows: 𝑓 𝑙𝜑; 𝐺𝑙𝜑, where 𝜑 is the ch.f. for Φ(𝑥/𝜀). Next we use Esseen’s
theorem (8), for the application of which we consider

Δ = ∣∫
𝑇

−𝑇
𝑒−𝑖𝑡𝑥 (𝑓 𝑙 − 𝐺𝑙)𝜑

−𝑖𝑡 ℎ(𝑡) 𝑑𝑡∣
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instead of

∫
𝑇

−𝑇

|𝑓 𝑙 − 𝐺𝑙| |𝜑|
|𝑡| 𝑑𝑡,

and verify the validity of the lemma.

Further,

𝐹𝑛(𝑥) = 𝑀 {∫ 𝐹Σ (𝑥 − 𝑡
𝐴 ) 𝑑𝐹𝜎 ( 𝑡

𝐴)} .

Since Lemma 2 remains valid also for conditional distributions, i.e.

∣𝐹Σ (𝑥 − 𝑡
𝐴 ) − ΨΣ ( 𝑥

𝐴)∣ ≤ 𝑐2𝑛−1/3,

the error in replacing 𝐹Σ((𝑥 − 𝑡)/𝐴) by a continuous function will not exceed
𝑐2𝑛−1/3. We shall assume, without making elementary explanations for simplic-
ity, that 𝐹Σ((𝑥 − 𝑡)/𝐴) is continuous. From

𝐹𝑛(𝑥) = 𝑀 [∫
𝜉

−∞
+ ∫

∞

𝜉
]

we obtain

𝐹𝜎(𝜉) − 1 ≤ 𝐹𝑛(𝑥) − 𝐹Σ(𝑥 − 𝜃) ≤ 0,

−∞ < 𝜃 ≤ 𝜉. We choose 𝜉 so that 1−𝐹𝜎(𝜉) ≤ 𝑛−1/3. Next we replace 𝐹Σ(𝑥−𝜃)
by the distribution ̄𝐹Σ(𝑥 − 𝜃). Then, using Lemma 3, we obtain

−𝑐5𝑛−1/3 ≤ 𝐹𝑛(𝑥) − ̄𝐹Σ(𝑥 − 𝜃) ≤ 𝑐5𝑛−1/3. (2)

According to A. N. Kolmogorov’s theorem (2), there exists an infinitely divisible
distribution 𝐷𝑛(𝑥) such that

| ̄𝐹Σ(𝑥 − 𝜃) − 𝐷𝑛(𝑥)| ≤ 𝑐6𝑛−1/3 ln𝜆 𝑛,

since the number of terms in Σ𝑙 is equal to 𝑙 ≥ 𝑛/2 ln𝜆 𝑛. Combining this with
(2), we arrive at the conclusion that (1) holds. The theorem is proved.
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