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The purpose of the present work is to obtain new estimates of the rate of con-
vergence for certain schemes of the method of nets, the method of lines, and
the method of integral relations in the case of elliptic problems with a posi-
tive definite self-adjoint differential operator of order 2k. For a one-dimensional
fourth-order equation with discontinuous coefficients, estimates of the rate of
convergence of the method of nets were obtained by A. A. Samarskii (!) and
Hao Shou (?). V. L Lebedev (*) gave estimates, in the metric of the space
Wy, for the rate of convergence of the method of nets for the polyharmonic
equation with general boundary conditions, depending on the smoothness of
the boundary of the domain.

The variational approach used here previously led (=) to new estimates of the
rate of convergence of the method of nets in the case of Dirichlet and Neumann
problems for a second-order elliptic-type equation with measurable and bounded
coefficients and with a square-summable right-hand side.

1°. Suppose that in the n-dimensional Euclidean space R,, there is a certain
regular cellular subdivision, and let {2} be the collection of its n-dimensional
cells, v € M, where N is some set of indices. Let eq,..., e, be an orthonormal

rn
frame in R,; k an integer; D];eu(ac) the k-th right difference quotient in the
direction of the i-th coordinate axis with step p, (p, >0, i =1,...,n):

ke; € €; €; u(x + piei) — u(x)
DPi U(.CL‘) = DPi "'DPi U(l‘), Dpiu(a;) = P . (1)
—’_k %

The set of points at which the function u(x) must be evaluated in order to
construct the difference derivative (1) will be called the scheme of D];fi (z). By
u,»(z) we shall denote the p-fold averaging of the function u over the paral-
lelepiped 0 < &, < p;, ©=1,...,m:
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’U,pp(CL‘) = (upl’ 1)p(l'), p=2,..,k pP= (pla"'7pn>’ (2)

uy (@) = (o (1), )y @), 1 (@) = l/ Cu(a+ ge,) de.
0

We shall call the subdivision {Q*} regular if, for each interior point of any n-
dimensional cell ¥ (v € M), all points of the scheme Dﬁfi () (i=1,...,n) are
interior points of some cells of the subdivision {Q"}. In each n-dimensional cell

0¥ we select a point zf so that the scheme D];f'i (xf) consists only of points of
the system {xf}; the system of points {z{} will be called a net, and each point
zg a node of the net. Let

h = max diam Q".
ven

In what follows we shall consider functions u(z,7) defined in the direct product
R, xR,z € R,, 7€ R,. Retaining the preceding constructions in the pro-

in the space R,,, consider the functions v(z, 7) that are piecewise constant with
respect to R,;:

v(z, ) = v(zf, 7), reQ'CR,, veN

Let us average them by formula 2, regarding 7 as a parameter:

Wz, 1) = (vp)(@,7),  p=(prses pr)- 3)

By Q. we denote the e-neighborhood of the domain @ C R,, X R, and by Q"
the set of points of the domain @ whose distance to its boundary 9Q) is greater
than h. For functions u € V'V2k(Q<E>) we define the modulus of continuity by the
formula

wyk(q)(u, h) = ml% lu(z + 1) — w(@)|wr(q): h<e/vVn+s.
<

Theorem 1. Let the function u € WQk(Q<6)), Q=0xT (Qand T are finite
domains in the spaces R,, and R,, respectively), and suppose that the partition
{Q"} in R, is regular. Then there exists a function @(z, 7) of the form (3) such
that

lu = tllwe @) < Crows(q,. . (s a1P0), (4)
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where py = max;_; _, p;, and the constants C';, a; do not depend on u, p;.

Consider the space X of functions v(z¥,7) € W¥(T), v € N, continuous with
respect to 7, defined on the direct product {z§} x T and equal to zero for
zg € Q9, ¢ = k//n+ spy, and also vanishing inside some neighborhood of
the complement CT of the domain T to the whole space R,. Let X be the
isomorphic space of functions of the form (3), v € X. By @, we denote the set
{yvy_te Q}a te Rn X Rs'

Suppose that the domain @ satisfies the following condition:

(%) There exist N unit vectors my, ..., msz belonging to the (n 4 s)-dimensional
space R, x R, as well as a positive number h and a function ¢(h) > 0, ¢(h) — 0
as h — 0, such that for h < hy the boundary strip of width A lies in the union

(@\ Quhym,)-

7

=

Remark 1. Let C? be the class of piecewise twice continuously differentiable
surfaces without zero angles. If 9Q € C?, then condition (x) is fulfilled for
o(h) =k'h, k' = const > 0.

Theorem 2. Let the function u € WQI"(Q),iand let the domain @ satisfy
condition (x). Then there exists in the space X a function v(zf, ) such that

the function 7(x,7) obtained by formula (3) belongs to the class W¥(Q) and
the inequality

lu — @l ywz(q) < Cowwsrg) (W', ¢(agpy)), (5)

holds, where u’ is the extension by zero of the function u outside the domain Q.

Theorem 3. Let & € WF(Q), u(z,7) € WF(Q), 7 € T. Then, if condition
(%) is fulfilled with respect to the domain Q in the space X, there exists a
function v(z, 7) such that the function #%(x, 7) obtained by formula (3) belongs
to WQk(Q), 7 €T, and the inequality

[u(7) = alm)lwg o) < Cowwga) (W' (7), wlagpo)),

holds, where u'(7) is the extension by zero of the function w(7) outside the
domain 2.

2°. The method of integral relations has been used repeatedly in practice (7~11)
and has yielded positive results, a detailed survey of which is contained in (12).
Some estimates of the rate of convergence of this method are given in (13). Here,
for brevity, we shall restrict ourselves only to the first boundary-value problem.
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Let o and S be (n + s)-dimensional vectors: a = (ap,..,0,,,), B

(B1, - Bpis)- Introduce the symbols

O‘B = (Oélﬂla ) O‘n+sﬂn+s);

n+s

Ts), z€R,, TER |04|:Z|ai\,
i=1

Y= (Tqy ey Tpyy Tys oo s T

as well as the notation for derivatives, difference ratios, and averages:

0%i
DOt = Dalel .._Darz+se7z+s7 Qi€ — —a
oy,
— e
D, "uly) = [u(y) —uly — p;e;)]/ps,
R S "¢ n+s
D,"'=D,"..D,", u§ = (... (up))p2 I P Y= (Y1, Ynis)s
N — e’

g )0‘2 )awrs

[6 2
uﬁ o (.“ (uﬁl P2 : pn+s’

1 Py
uﬁ,(y):—/ u(y — e, ) d€, i=1,..,n+s.
‘ Pi Jo

Consider, in a bounded domain ¢ = Q x T of the space R,, x R, the self-adjoint

equation
k .
Agu=» (—1) Z D%af DPu = f(y), y € Q. (6)
=0 Ja|=]pl=i
Assume that the coefficients a () are measurable and bounded in the domain
Q, and that af = af. Assume also that, for any numbers &,, la] = k, the
inequality
Y ad®abs =y Y &, v =const>0 (7)
la|=|B|=FK o=k
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holds. Let the quadratic form [u,u],

k
[w, uq] :/Z Z al D*uDPuy dy, (8)
=0 |a|=|B|=i

be positive definite, [u, u] > po(u, u), where (u, uq) = fQ uu, dy. By a solution of
the first boundary-value problem for equation (6) we shall mean [14] the solution
of the problem of minimizing the quadratic functional F(u) = [u,u] — 2(u, f)
on the space WQk(Q) As an approximate problem we consider the problem of
minimizing the aforementioned functional on the space X. Sufficient conditions
for the minimum of F(u) on X have the form

k
0=3 ¥ VT 20 o ( R L. da:) (25.7) = Fope, (@o7), ol
/3: Q-

pkeg—aeq
(9)

The operator ZO is symmetric positive definite and can be extended to a self-
adjoint operator in the sense of Friedrichs (we assume that the sta-

the scalar product in the space X induced by the space Xc Ly (@), so that the
isomorphism (3) is an isometry).

Theorem 4. Under the assumptions formulated with respect to the first
boundary-value problem for equation (6), the method of integral relations (9)
converges, and the difference between the solution u* of the exact problem (6)
and the solution v, of the approzimate problem (9) is estimated by the inequality

i, =" lwg@) < Cowws @) (", a0p(po)); (10)

where @, = (v,)P*, u* is the extension by zero of the function u* to the exterior
of the domain @, and the constants Cy, ay do not depend on u*, pq.

Corollary. If u* € Wékﬂ)(Q), 0Q € C?, then

i, — o) < Copo’” (11)

where C{ does not depend on the parameter p.

Remark 2. The results extend to the Neumann problem, to the correspond-
ing problems for a strongly elliptic system of differential equations, to certain
non-self-adjoint problems (see, for example, (7)), and also to certain nonlinear
problems of the form Pu = f; here, with respect to the nonlinear operator P,
it is necessary to require that the Gateaux derivative P, satisfy the inequality
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wolols o < (Pig9) < nlolysoy 9 € WHQ),

uniformly in w € D(A); v, are constants independent of u (see (15), p. 317).

In the case of the Neumann problem, for u* € Wz(kH)(Q) the convergence has
order p,y. For s = 0, system (9) is the method of nets for problem (6).

In conclusion the author expresses his deep gratitude to Prof. S. G. Mikhlin for
his attention to this work.

Leningrad State University
named after A. A. Zhdanov
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