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Abstract

Full Text
UDC 517.946+517.516
MATHEMATICS

M. B. KAPILEVICH

ON SINGULAR CAUCHY AND TRICOMI
PROBLEMS

(Presented by Academician I. N. Vekua, March 1, 1967)
Consider in the half-plane s > 0 the equation

Zypw + sz =z, + gzs + b2z (a,b,c = const) (1)
x s
and call z(z, s), z(x, s) solutions of the Tricomi problems for (1), if

2(2,0) =7(z),  z2z2)=¢),  7(0)=¢0); (2a)

5@, 0)=vl@),  Hwa) =),  n=—(1 )H. (2b)

1—a

As shown in (1), z and Z can be written in quadratures if the Riemann function
v(z, 5520, 50) and the Green-Hadamard resolvents H (x, s; g, 5o), H(x, s;2¢, o)
of problems (1), (2) are known. Introducing, instead of v, H, H, the expressions
U=, V==0H, V=>0H, &, =12;°s;" we obtain:
1. Let a = 283, ¢ = 2u, 76 = sin7wf, 4ssqw = R?, 4dxz, ) = —R?, 4p =
b’R?, R? = (v —x)* — (s — 8¢)%. Then for 0 < B < 1

U=5(mo)’”(880)’5/ (1 =€) 11— €w) Qo () d; (3a)

0

Qo(§) = Ealp, 1 — p, B; A1 =€), p(1 = &), (3b)

where E,(a, 8,7;x,y) is Humbert’ s function. Further, for all 5 < 1

v = dleay) o (£) [ -0 (1-8) Qo )
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Q1(8) = Ealp, 1 — 1, B; A(1 = §/w), p(1 = §/w)], (4b)

and, with the same notation and for 5 > 0,

V = §(zxy)™H (;)a/o

Q1(8) = Eap, 1 — 1, 1= B A(1 = §/w), p(1 — §/w)]. (5b)

From (3), (4), (5) it further follows that

1

B
gn-or (1-5) Quods 6w

U= (xxo)iu(sso)iﬁ Z AnpnFiﬁ(ﬂa s 1-— Ba 1-— s 1 + n; w, )‘>7 (63)
n=0

V = u(zwy) Fwr ! (%) X

XZBnan2<1_ﬁ_n71_67/1/)1_/1/)2_0/;0‘)_17_)‘)’ (6b)

n=0

_ 2\ &,
V= 7Z(me)iu (E) Z Bnan2(ﬂ - n,ﬁvuv 1-— :U/va;w717 _)‘) (60)
n=0

Here (n!)2A,, =1, n!(B),zn =1, nl(1 —p)
(*).
2. With the aid of (6b), (6¢), for ¢(x) = ¥(x) = 0 we obtain

»Bn =1, and %, % are indicated in

Lo

z=u(l— a)(25)1_“/ ( 7(20)re 2 (—)H Eo(p, 1 —p, B, p1) dzy, (7a)
0

T

To\ M

1 xr—Ss
F= g2l [ v (52) Za - B dr, ()

where dzzg\; = —r2, 4p; = b*r?, r = \/(z — 2)? — s2. If, however, 7(z) = 2

(o > 0), then

[e% —(cTo —Qa.artc o/ «a a+]‘ r2 1
2@ = py~letatl)gl-apatet2ag, <2+1vg+u,%$2a4b2rz)» (®)
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r? =22 — 52, y=a+ 8+ pu+1, —c—2a<a<l,

PN-np=T (5 +1)T (O‘T“ + u) .

Since z(x, s) and z(z, s) are connected by the equality
z[z, s;a,b, c;v(x)] = nzlz, $;2 — a, b, c;v(x)], (9)

(8) and (9) give a convergent solution z(®)(z, s) of problem (2b) for v(z) = z°.
In the more general case when 7(x) and v(x) are given by power series

T(z) = Z Amte v(z) = Z Amte (o = const > 0), (10)
m=0 m=0

we arrive at expansions in the functions z(® and z(@):

Awys) =Y A (a,s),  EHxs) =Y A Em(as). (1)
m=0

Finally, denoting by z,(x, s) and zy(z, s) the solutions of the Cauchy problems
for (1):

zo(z,0) = 7(x), Zon(2,0) = 0, Zy(z,0) = 0, Zon(2,0) = v(z), (12)

we obtain, for 8> 0, 4(1 + &t)wy = t2(£2 — 1), t = s/z, 40 = b?s%(£2 — 1),

1

2o(@,5) = 7 / r(a 4 €s)(1— €91+ €01 Q(a, 5:6)dE,  (13a)

\/7?F<B)7:F(V+1)’ V:ﬁ_%a Q:EQ(M71_M76;L‘J07U>’
and when § < 1,
\/7?1—‘(1_/6)5/:1—‘(1_1/)7 Q:EQ(:U’vl_,U/vl_IB;WOaU):

1

2ol 8) = 1 / V(o +s)(1— E)P(1+ Qe 5:6)dE.  (13D)
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This time the holomorphic data (10) correspond to formulas (11), in which

N 1— 2
z((J )(x,s) =5, (;, —5 a —pu, 1+ v; ;2,4b252) ; (14a)
_(a) R a l—a Ks 1b22 14b
ZO (1'75) = T 1=9 _§a 2 —,U,,l—l/, x27_£ S . ( )

3. In analogous operators one solves problems (2), (12) for the equation
c a =2\ -2
Zyw + P + ez +b(14+7%) 22 (a,b, ¢ = const), (15)

where 72 = 22 — 52, Namely, here (3)—(6) likewise determine U, V, V', but now

Qo = F3lp, v, 1 —p, 1 — 7, B A1 =€), p(1—=¢)],  (n!)?A, =T,; (16a)

Ql = FS[M?V’]-_:U'a]-_’Y»ﬂ;A(l_g/w)ap(l_g/w)]v n'(ﬂ) BN = Fn (16b)

and @1, B, arise from Q,, B,, after replacing 3 by 1 — 3, where in (16)

The solutions z and Z of the Tricomi problems (2), (15) for ¢ = 1 = 0 have the
form

r—s T w
Z:X(l—a)(2s)1’“/ 7(20)r0 2 (;0) Fo(p, v, 1 — p, 1 —, 85 Ay, py) dzyy;
0

(17a)
B 1 . r—s o (%o ©
P= XAt [ vl (22) Fylal— 1=y, 1= Bidpy) day,
b x
(17b)
where (1+72)(1 4 22)p, = 2, and 7, A}, x and X are the same as in (7). With

)
the aid of (3a), (16a) we further find for the Cauchy problems (12), (15) (r; =
|57 = (= 2)?])
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T+
x I
2y = 70517‘1/ 7(550)7"3172 (f) F3(p, 7,1 — i, 1=, B; Mgy py) dg; (18a)

Tr—s

x+s
_ o (To\*
ZOZ'VO/ v(xo)ry <;O) Fy(p, 7, 1 —p, 1=, 1 — B Ay, py) dzg;  (18b)

xr—s

drxghy = —12, VTT(B)y =T (1 +v),

VAT = B)(1 - a)'=*5, = ~T(1 - v).

Other integral representations are obtained for U, V, V by substituting in (13)
and (18) the initial data 7(x),v(z) of these functions on the line s = 0.

4. In terms of the series F,, the Cauchy problem (12a) is solved for the more
general, than (1), nonhomogeneous equation with a singular perturbing func-
tion:

c a 5k k
Uyy + Uy = U, + SUs + (b + 5—2) u— 5—27(95) (k = const). (19)

Here, under the condition g > p > 0, we find

1

o, 5) = 6, / r(e+€5)(1— )P (1 + €)M T, 5:6) dE; (20a)

1
T =6, / Pt = )P — 1wy ) Q(n) d, (20b)
0

Q) = Eylp,q,8— s (1) (1 —n),0(1—n)], (20¢)

where p and g are the roots of the equation p? — vp + k/4 = 0; wy,0,t, 8, 1, v
are the same as in (13a);

VrT(B)o, =T(p+1)l(q+1),  T(wI(B—p)dy =T(H).

From (20b) it follows that

T= () @nl(B)nnl] (1= )" By, 1 = . S+ n3wg,0). (21)
n=0
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When 8=0(8=1),u=0 (p=1),b=0, (6) and (21) give Appell, Humbert,
and Horn series with two arguments; while in the general case (6), (21) determine
confluent hypergeometric functions of three variables, so that, for example, (6)
may be written in the form

V = Y(xxo)*ﬂ(2/R)aH§3> (57 57 Hy 1— M, a; w717 _>\7 p) (22)

For the purposes of regular continuation of the series (6b), (6¢), the following
autotransformation is used:

HQ(CL,B,’}/,(S,E;I,y) = (1 71‘)7GH2 (1,5*&7’)/,5,5; %7 y(l 79:) ) (238‘)

as well as the quadratic transformation

HQ(a763776; 25,3379) =
2

e P (I |

by which H, can be transformed in each term of the series (6b), (6¢).

The results obtained generate various basis representations for z,Z, zy, Zy, uq-
Thus, starting from (11a), (14a) and the addition theorem for Z,(«, 3,7; x,y)
with respect to v and y, we find, for 8, = 8, — 31 > —n, by = /b3 — b3, v, =
ﬁk - %a

—

n—

Z(l’, S; Qo b27 C) = (71>mgm(ﬂ2)(b05)2mz(z7 S; Qg + 2m7 b17 C) + Rn? (24&)

3
L

1

R, = 5/ €1 (1 —&2)Potn=ly (s,€) 2(x, €55 aq, by, ) dE. (24b)
0

Here U,, is the normalized Lommel function:
1
(Bo)nlU, = (bos/ 22" B [ 1By +mom+ L g Bs2(1 = €3)] . (29)

ml(v +1),,2°"g,,(8) = (=)™, dL(B)L(vy +1) = 2T (v, +1).

Comparing (12), (19) with the homogeneous problem (1), (12), we arrive at the
equality
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n—1

u(z, 8;a4,b,c,k) = Z D, z(z,s;ay +2m,b,c) + R,; (26a)
m=0
- 1
Ro= [ €81- €970 (o551, b ) de (26b)
0
Qn(&) =y 3Fy(L,py + 1,00 +msn + 1,85 +m;1 = €2), (26¢)

%, LBy +n)L(vy + )n! = 2T (vy +n + 1)n!D,, = 2T (py + D)I'(g2 + 1)(p2) 5, (22) >

where 5, = By — 7 > —n, a; > 0. Other basis representations arise when
substituting into (13a), (18a), (20a) the expansions (2a =a+ 1 —mn)

T(r+&s) = i ﬁ (%)n Cr(&)DYzy(x, s;a + 2n,0,0); (27a)
n=0 n
o+ Es) = Z:O(al) (g)"cg(g)pgzo(x,s;a+n,o,0), (27D)

as well as, for the confluent case, the series (27a)

T(x+E&s) = 7;) %Hn (g) Dlw(x, s?),

where w(x, s) is the solution of the Cauchy problem w,, = w,, w(z,0) = 7(z).
Finally, note that the functions V', V, which possess logarithmic singularities on
the characteristics R = 0, may be used as fundamental solutions in boundary-
value problems for the corresponding equations (1) and (15) of elliptic type. In
particular, they make it possible to generalize the mean-value theorems investi-

gated earlier in 3.
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