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MATHEMATICS

M. B. KAPILEVICH

ON SINGULAR CAUCHY AND TRICOMI
PROBLEMS
(Presented by Academician I. N. Vekua, March 1, 1967)

Consider in the half-plane 𝑠 ≥ 0 the equation

𝑧𝑥𝑥 + 𝑐
𝑥𝑧𝑥 = 𝑧𝑠𝑠 + 𝑎

𝑠 𝑧𝑠 + 𝑏2𝑧 (𝑎, 𝑏, 𝑐 = const) (1)

and call 𝑧(𝑥, 𝑠), ̄𝑧(𝑥, 𝑠) solutions of the Tricomi problems for (1), if

𝑧(𝑥, 0) = 𝜏(𝑥), 𝑧(𝑥, 𝑥) = 𝜑(𝑥), 𝜏(0) = 𝜑(0); (2a)

̄𝑧𝜂(𝑥, 0) = 𝜈(𝑥), ̄𝑧(𝑥, 𝑥) = 𝜓(𝑥), 𝜂 = − ( 𝑠
1 − 𝑎)

1−𝑎
. (2b)

As shown in (1), 𝑧 and ̄𝑧 can be written in quadratures if the Riemann function
𝑣(𝑥, 𝑠; 𝑥0, 𝑠0) and the Green–Hadamard resolvents 𝐻(𝑥, 𝑠; 𝑥0, 𝑠0), 𝐻̄(𝑥, 𝑠; 𝑥0, 𝑠0)
of problems (1), (2) are known. Introducing, instead of 𝑣, 𝐻, 𝐻̄, the expressions
𝑈 = Φ0𝑣, 𝑉 = Φ0𝐻, ̄𝑉 = Φ0𝐻̄, Φ0 = 𝑥−𝑐

0 𝑠−𝑎
0 , we obtain:

1. Let 𝑎 = 2𝛽, 𝑐 = 2𝜇, 𝜋𝛿 = sin 𝜋𝛽, 4𝑠𝑠0𝜔 = 𝑅2, 4𝑥𝑥0𝜆 = −𝑅2, 4𝜌 =
𝑏2𝑅2, 𝑅2 = (𝑥 − 𝑥0)2 − (𝑠 − 𝑠0)2. Then for 0 < 𝛽 < 1

𝑈 = 𝛿(𝑥𝑥0)−𝜇(𝑠𝑠0)−𝛽 ∫
1

0
𝜉−𝛽(1 − 𝜉)𝛽−1(1 − 𝜉𝜔)−𝛽𝑄0(𝜉) 𝑑𝜉; (3a)

𝑄0(𝜉) = Ξ2[𝜇, 1 − 𝜇, 𝛽; 𝜆(1 − 𝜉), 𝜌(1 − 𝜉)], (3b)

where Ξ2(𝛼, 𝛽, 𝛾; 𝑥, 𝑦) is Humbert’s function. Further, for all 𝛽 < 1

𝑉 = 𝛿(𝑥𝑥0)−𝜇𝜔𝑎−1 ( 2
𝑅 )

𝑎
∫

1

0
[𝜉(1 − 𝜉)]−𝛽 (1 − 𝜉

𝜔)
𝛽−1

𝑄1(𝜉) 𝑑𝜉; (4a)
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𝑄1(𝜉) = Ξ2[𝜇, 1 − 𝜇, 𝛽; 𝜆(1 − 𝜉/𝜔), 𝜌(1 − 𝜉/𝜔)], (4b)

and, with the same notation and for 𝛽 > 0,

̄𝑉 = 𝛿(𝑥𝑥0)−𝜇 ( 2
𝑅 )

𝑎
∫

1

0
[𝜉(1 − 𝜉)]𝛽−1 (1 − 𝜉

𝜔)
−𝛽

𝑄̄1(𝜉) 𝑑𝜉; (5a)

𝑄̄1(𝜉) = Ξ2[𝜇, 1 − 𝜇, 1 − 𝛽; 𝜆(1 − 𝜉/𝜔), 𝜌(1 − 𝜉/𝜔)]. (5b)

From (3), (4), (5) it further follows that

𝑈 = (𝑥𝑥0)−𝜇(𝑠𝑠0)−𝛽
∞

∑
𝑛=0

𝐴𝑛𝜌𝑛𝐹3(𝛽, 𝜇, 1 − 𝛽, 1 − 𝜇, 1 + 𝑛; 𝜔, 𝜆), (6a)

𝑉 = 𝜘(𝑥𝑥0)−𝜇𝜔𝑎−1 ( 2
𝑅 )

𝑎
×

×
∞

∑
𝑛=0

𝐵𝑛𝜌𝑛𝐻2(1 − 𝛽 − 𝑛, 1 − 𝛽, 𝜇, 1 − 𝜇, 2 − 𝑎; 𝜔−1, −𝜆), (6b)

̄𝑉 = ̄𝜘(𝑥𝑥0)−𝜇 ( 2
𝑅 )

𝑎 ∞
∑
𝑛=0

𝐵̄𝑛𝜌𝑛𝐻2(𝛽 − 𝑛, 𝛽, 𝜇, 1 − 𝜇, 𝑎; 𝜔−1, −𝜆). (6c)

Here (𝑛!)2𝐴𝑛 = 1, 𝑛!(𝛽)𝑛𝐵𝑛 = 1, 𝑛!(1 − 𝛽)𝑛𝐵̄𝑛 = 1, and 𝜘, ̄𝜘 are indicated in
(2).
2. With the aid of (6b), (6c), for 𝜑(𝑥) = 𝜓(𝑥) ≡ 0 we obtain

𝑧 = 𝜘(1 − 𝑎)(2𝑠)1−𝑎 ∫
𝑥−𝑠

0
𝜏(𝑥0)𝑟𝑎−2 (𝑥0

𝑥 )
𝜇

Ξ2(𝜇, 1 − 𝜇, 𝛽; 𝜆1, 𝜌1) 𝑑𝑥0, (7a)

̄𝑧 = 1
2𝜘[2(1 − 𝑎)]𝑎 ∫

𝑥−𝑠

0
𝜈(𝑥0)𝑟−𝑎 (𝑥0

𝑥 )
𝜇

Ξ2(𝜇, 1 − 𝜇, 1 − 𝛽; 𝜆1, 𝜌1) 𝑑𝑥0, (7b)

where 4𝑥𝑥0𝜆1 = −𝑟2, 4𝜌1 = 𝑏2𝑟2, 𝑟 = √(𝑥 − 𝑥0)2 − 𝑠2. If, however, 𝜏(𝑥) = 𝑥𝛼

(𝛼 > 0), then

𝑧(𝛼) = 𝐷𝑥−(𝑐+𝛼+1)𝑠1−𝑎𝑟𝑎+𝑐+2𝛼Ξ2 (𝛼
2 + 1, 𝛼 + 1

2 + 𝜇, 𝛾; 𝑟2

𝑥2 , 1
4𝑏2𝑟2) , (8)
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𝑟2 = 𝑥2 − 𝑠2, 𝛾 = 𝛼 + 𝛽 + 𝜇 + 1, −𝑐 − 2𝛼 < 𝑎 < 1,

Γ(𝛾)Γ(−𝜈)𝐷 = Γ (𝛼
2 + 1) Γ (𝛼 + 1

2 + 𝜇) .

Since 𝑧(𝑥, 𝑠) and ̄𝑧(𝑥, 𝑠) are connected by the equality

̄𝑧[𝑥, 𝑠; 𝑎, 𝑏, 𝑐; 𝜈(𝑥)] ≡ 𝜂𝑧[𝑥, 𝑠; 2 − 𝑎, 𝑏, 𝑐; 𝜈(𝑥)], (9)

(8) and (9) give a convergent solution ̄𝑧(𝛼)(𝑥, 𝑠) of problem (2b) for 𝜈(𝑥) = 𝑥𝛼.
In the more general case when 𝜏(𝑥) and 𝜈(𝑥) are given by power series

𝜏(𝑥) =
∞

∑
𝑚=0

𝐴𝑚+𝛼
𝑚𝑥 , 𝜈(𝑥) =

∞
∑
𝑚=0

̄𝐴𝑚+𝛼
𝑚𝑥 (𝛼 = const > 0), (10)

we arrive at expansions in the functions 𝑧(𝛼) and ̄𝑧(𝛼):

𝑧(𝑥, 𝑠) =
∞

∑
𝑚=0

𝐴(𝑚+𝛼)
𝑚𝑧 (𝑥, 𝑠), ̄𝑧(𝑥, 𝑠) =

∞
∑
𝑚=0

̄𝐴𝑚 ̄𝑧(𝑚+𝛼)(𝑥, 𝑠). (11)

Finally, denoting by 𝑧0(𝑥, 𝑠) and ̄𝑧0(𝑥, 𝑠) the solutions of the Cauchy problems
for (1):

𝑧0(𝑥, 0) = 𝜏(𝑥), 𝑧0𝑛(𝑥, 0) = 0, ̄𝑧0(𝑥, 0) = 0, ̄𝑧0𝑛(𝑥, 0) = 𝜈(𝑥), (12)

we obtain, for 𝛽 > 0, 4(1 + 𝜉𝑡)𝜔0 = 𝑡2(𝜉2 − 1), 𝑡 = 𝑠/𝑥, 4𝜎 = 𝑏2𝑠2(𝜉2 − 1),

𝑧0(𝑥, 𝑠) = 𝛾 ∫
1

−1
𝜏(𝑥 + 𝜉𝑠)(1 − 𝜉2)𝛽−1(1 + 𝜉𝑡)𝜇𝑄(𝑥, 𝑠; 𝜉) 𝑑𝜉, (13a)

√𝜋Γ(𝛽)𝛾 = Γ(𝜈 + 1), 𝜈 = 𝛽 − 1
2, 𝑄 = Ξ2(𝜇, 1 − 𝜇, 𝛽; 𝜔0, 𝜎),

and when 𝛽 < 1,

√𝜋Γ(1 − 𝛽) ̄𝛾 = Γ(1 − 𝜈), 𝑄̄ = Ξ2(𝜇, 1 − 𝜇, 1 − 𝛽; 𝜔0, 𝜎) ∶

̄𝑧0(𝑥, 𝑠) = ̄𝛾𝜂 ∫
1

−1
𝜈(𝑥 + 𝜉𝑠)(1 − 𝜉2)−𝛽(1 + 𝜉𝑡)𝜇𝑄̄(𝑥, 𝑠; 𝜉) 𝑑𝜉. (13b)
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This time the holomorphic data (10) correspond to formulas (11), in which

𝑧(𝛼)
0 (𝑥, 𝑠) = 𝑥𝛼Ξ2 (−𝛼

2 , 1 − 𝛼
2 − 𝜇, 1 + 𝜈; 𝑠2

𝑥2 , −1
4𝑏2𝑠2) ; (14a)

̄𝑧(𝛼)
0 (𝑥, 𝑠) = 𝑥𝛼𝜂Ξ2 (−𝛼

2 , 1 − 𝛼
2 − 𝜇, 1 − 𝜈; 𝑠2

𝑥2 , −1
4𝑏2𝑠2) . (14b)

3. In analogous operators one solves problems (2), (12) for the equation

𝑧𝑥𝑥 + 𝑐
𝑥𝑧𝑥 = 𝑧𝑠𝑠 + 𝑎

𝑠 𝑧𝑠 + 𝑏(1 + ̄𝑟2)−2𝑧 (𝑎, 𝑏, 𝑐 = const), (15)

where ̄𝑟2 = 𝑥2 − 𝑠2. Namely, here (3)—(6) likewise determine 𝑈, 𝑉 , ̄𝑉 , but now

𝑄0 = 𝐹3[𝜇, 𝛾, 1 − 𝜇, 1 − 𝛾, 𝛽; 𝜆(1 − 𝜉), 𝜌(1 − 𝜉)], (𝑛!)2𝐴𝑛 = Γ𝑛; (16a)

𝑄1 = 𝐹3[𝜇, 𝛾, 1 − 𝜇, 1 − 𝛾, 𝛽; 𝜆(1 − 𝜉/𝜔), 𝜌(1 − 𝜉/𝜔)], 𝑛!(𝛽)𝑛𝐵𝑛 = Γ𝑛. (16b)

and 𝑄1, 𝐵𝑛 arise from 𝑄1, 𝐵𝑛 after replacing 𝛽 by 1 − 𝛽, where in (16)

(1+𝑟 2)(1+𝑟 2
0 )𝜌 = 𝑅2, 𝑟 2

0 = 𝑥2
0−𝑠2

0, 4𝛾(1−𝛾) = 𝑏, Γ𝑛 = (𝛾)𝑛(1−𝛾)𝑛.

The solutions 𝑧 and 𝑧 of the Tricomi problems (2), (15) for 𝜑 = 𝜓 = 0 have the
form

𝑧 = 𝜒(1 − 𝑎)(2𝑠)1−𝑎 ∫
𝑥−𝑠

0
𝜏(𝑥0)𝑟𝑎−2 (𝑥0

𝑥 )
𝜇

𝐹3(𝜇, 𝛾, 1 − 𝜇, 1 − 𝛾, 𝛽; 𝜆1, 𝜌1) 𝑑𝑥0;
(17a)

𝑧 = 1
2 𝜒[2(1 − 𝑎)]𝑎 ∫

𝑥−𝑠

0
𝜈(𝑥0)𝑟−𝑎 (𝑥0

𝑥 )
𝜇

𝐹3(𝜇, 𝛾, 1 − 𝜇, 1 − 𝛾, 1 − 𝛽; 𝜆1, 𝜌1) 𝑑𝑥0,
(17b)

where (1 + 𝑟 2)(1 + 𝑥2
0)𝜌1 = 𝑟2, and 𝑟, 𝜆1, 𝜒 and 𝜒 are the same as in (7). With

the aid of (3a), (16a) we further find for the Cauchy problems (12), (15) (𝑟1 =
|𝑠2 − (𝑥 − 𝑥0)2|)
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𝑧0 = 𝛾0𝑠1−𝑎 ∫
𝑥+𝑠

𝑥−𝑠
𝜏(𝑥0)𝑟𝑎−2

1 (𝑥0
𝑥 )

𝜇
𝐹3(𝜇, 𝛾, 1 − 𝜇, 1 − 𝛾, 𝛽; 𝜆2, 𝜌1) 𝑑𝑥0; (18a)

𝑧0 = 𝛾0 ∫
𝑥+𝑠

𝑥−𝑠
𝜈(𝑥0)𝑟−𝑎

1 (𝑥0
𝑥 )

𝜇
𝐹3(𝜇, 𝛾, 1 − 𝜇, 1 − 𝛾, 1 − 𝛽; 𝜆2, 𝜌1) 𝑑𝑥0; (18b)

4𝑥𝑥0𝜆2 = −𝑟2
1, √𝜋 Γ(𝛽)𝛾0 = Γ(1 + 𝜈),

√𝜋 Γ(1 − 𝛽)(1 − 𝑎)1−𝑎𝛾0 = −Γ(1 − 𝜈).

Other integral representations are obtained for 𝑈, 𝑉 , 𝑉 by substituting in (13)
and (18) the initial data 𝜏(𝑥), 𝜈(𝑥) of these functions on the line 𝑠 = 0.

4. In terms of the series 𝐸2, the Cauchy problem (12a) is solved for the more
general, than (1), nonhomogeneous equation with a singular perturbing func-
tion:

𝑢𝑥𝑥 + 𝑐
𝑥𝑢𝑥 = 𝑢𝑠𝑠 + 𝑎

𝑠 𝑢𝑠 + (𝑏2 + 𝑘
𝑠2 ) 𝑢 − 𝑘

𝑠2 𝜏(𝑥) (𝑘 = const). (19)

Here, under the condition 𝛽 > 𝜇 > 0, we find

𝑢0(𝑥, 𝑠) = 𝛿1 ∫
1

−1
𝜏(𝑥 + 𝜉𝑠)(1 − 𝜉2)𝛽−1(1 + 𝜉𝑡)𝜇𝑇 (𝑥, 𝑠; 𝜉) 𝑑𝜉; (20a)

𝑇 = 𝛿2 ∫
1

0
𝜂𝜇−1(1 − 𝜂)𝛽−𝜇−1(1 − 𝜂𝜔0)𝜇−1𝑄(𝜂) 𝑑𝜂, (20b)

𝑄(𝜂) = 𝐸2[𝑝, 𝑞, 𝛽 − 𝜇; (1 − 𝜉2)(1 − 𝜂), 𝜎(1 − 𝜂)], (20c)

where 𝑝 and 𝑞 are the roots of the equation 𝜌2 − 𝜈𝜌 + 𝑘/4 = 0; 𝜔0, 𝜎, 𝑡, 𝛽, 𝜇, 𝜈
are the same as in (13a);

√𝜋 Γ(𝛽)𝛿1 = Γ(𝑝 + 1)Γ(𝑞 + 1), Γ(𝜇)Γ(𝛽 − 𝜇)𝛿2 = Γ(𝛽).

From (20b) it follows that

𝑇 =
∞

∑
𝑛=0

(𝑝)𝑛(𝑞)𝑛[(𝛽)𝑛𝑛!]−1(1 − 𝜉2)𝑛𝐸2(𝜇, 1 − 𝜇, 𝛽 + 𝑛; 𝜔0, 𝜎). (21)
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When 𝛽 = 0 (𝛽 = 1), 𝜇 = 0 (𝜇 = 1), 𝑏 = 0, (6) and (21) give Appell, Humbert,
and Horn series with two arguments; while in the general case (6), (21) determine
confluent hypergeometric functions of three variables, so that, for example, (6)
may be written in the form

𝑉 = 𝜒(𝑥𝑥0)−𝜇(2/𝑅)𝑎𝐻(3)
2 (𝛽, 𝛽, 𝜇, 1 − 𝜇, 𝑎; 𝜔−1, −𝜆, 𝜌). (22)

For the purposes of regular continuation of the series (6b), (6c), the following
autotransformation is used:

𝐻2(𝑎, 𝛽, 𝛾, 𝛿, 𝜀; 𝑥, 𝑦) = (1 − 𝑥)−𝑎𝐻2 [𝑎, 𝜀 − 𝛽, 𝛾, 𝛿, 𝜀; 𝑥
𝑥 − 1, 𝑦(1 − 𝑥)] , (23a)

as well as the quadratic transformation

𝐻2(𝛼, 𝛽, 𝛾, 𝛿; 2𝛽; 𝑥, 𝑦) =

= (1 − 𝑥
2 )

−𝛼
𝐻7 [𝛼, 𝛾, 𝛿, 𝛽 + 1

2; 𝑥2

4(2 − 𝑥)2 , 𝑦 (1 − 𝑥
2 )] ,

(23b)

by which 𝐻2 can be transformed in each term of the series (6b), (6c).

The results obtained generate various basis representations for 𝑧, ̄𝑧, 𝑧0, ̄𝑧0, 𝑢0.
Thus, starting from (11a), (14a) and the addition theorem for Ξ2(𝛼, 𝛽, 𝛾; 𝑥, 𝑦)
with respect to 𝛾 and 𝑦, we find, for 𝛽0 = 𝛽2 − 𝛽1 > −𝑛, 𝑏0 = √𝑏2

1 − 𝑏2
2, 𝜈𝑘 =

𝛽𝑘 − 1
2 ,

𝑧(𝑥, 𝑠; 𝑎2, 𝑏2, 𝑐) =
𝑛−1
∑
𝑚=0

(−1)𝑚𝑔𝑚(𝛽2)(𝑏0𝑠)2𝑚𝑧(𝑥, 𝑠; 𝑎2 + 2𝑚, 𝑏1, 𝑐) + 𝑅𝑛; (24a)

𝑅𝑛 = 𝛿 ∫
1

0
𝜉𝑎1(1 − 𝜉2)𝛽0+𝑛−1𝑈𝑛(𝑠, 𝜉) 𝑧(𝑥, 𝜉𝑠; 𝑎1, 𝑏1, 𝑐) 𝑑𝜉. (24b)

Here 𝑈𝑛 is the normalized Lommel function:

(𝛽0)𝑛𝑛!𝑈𝑛 = (𝑏0𝑠/2)2𝑛
1𝐹2 [1, 𝛽0 + 𝑛, 𝑛 + 1; 1

4𝑏2
0𝑠2(1 − 𝜉2)] , (25)

𝑚!(𝜈 + 1)𝑚22𝑚𝑔𝑚(𝛽) = (−1)𝑚, 𝛿Γ(𝛽0)Γ(𝜈1 + 1) = 2Γ(𝜈2 + 1).

Comparing (12), (19) with the homogeneous problem (1), (12), we arrive at the
equality
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𝑢(𝑥, 𝑠; 𝑎2, 𝑏, 𝑐, 𝑘) =
𝑛−1
∑
𝑚=0

𝐷𝑚𝑧(𝑥, 𝑠; 𝑎2 + 2𝑚, 𝑏, 𝑐) + 𝑅𝑛; (26a)

𝑅𝑛 = ∫
1

0
𝜉𝑎1(1 − 𝜉2)𝛽0+𝑛−1𝑄𝑛(𝜉) 𝑧(𝑥, 𝜉𝑠; 𝑎1, 𝑏, 𝑐) 𝑑𝜉, (26b)

𝑄𝑛(𝜉) = 𝜘𝑛 3𝐹2(1, 𝑝2 + 𝑛, 𝑞2 + 𝑛; 𝑛 + 1, 𝛽0 + 𝑛; 1 − 𝜉2), (26c)

𝜘𝑛Γ(𝛽0 + 𝑛)Γ(𝜈1 + 1)𝑛! = 2Γ(𝜈2 + 𝑛 + 1)𝑛!𝐷𝑛 = 2Γ(𝑝2 + 1)Γ(𝑞2 + 1)(𝑝2)𝑛(𝑞2)𝑛,

where 𝛽0 = 𝛽2 − 𝛽1 > −𝑛, 𝑎1 > 0. Other basis representations arise when
substituting into (13a), (18a), (20a) the expansions (2𝛼 = 𝑎 + 1 − 𝑛)

𝜏(𝑥 + 𝜉𝑠) =
∞

∑
𝑛=0

1
(𝜈)𝑛

(𝑠
2)

𝑛
𝐶𝜈

𝑛(𝜉)𝐷𝑛
𝑥𝑧0(𝑥, 𝑠; 𝑎 + 2𝑛, 0, 0); (27a)

𝜏(𝑥 + 𝜉𝑠) =
∞

∑
𝑛=0

1
(𝑎)𝑛

(𝑠
2)

𝑛
𝐶𝑎

𝑛(𝜉)𝐷𝑛
𝑥𝑧0(𝑥, 𝑠; 𝑎 + 𝑛, 0, 0), (27b)

as well as, for the confluent case, the series (27a)

𝜏(𝑥 + 𝜉𝑠) =
∞

∑
𝑛=0

𝑠𝑛

𝑛! 𝐻𝑛 (𝜉
2) 𝐷𝑛

𝑥𝑤(𝑥, 𝑠2),

where 𝑤(𝑥, 𝑠) is the solution of the Cauchy problem 𝑤𝑥𝑥 = 𝑤𝑠, 𝑤(𝑥, 0) = 𝜏(𝑥).
Finally, note that the functions 𝑉 , ̄𝑉 , which possess logarithmic singularities on
the characteristics 𝑅 = 0, may be used as fundamental solutions in boundary-
value problems for the corresponding equations (1) and (15) of elliptic type. In
particular, they make it possible to generalize the mean-value theorems investi-
gated earlier in 3.

Moscow Evening
Metallurgical Institute

Received
2 IX 1966

sovietrxiv.org/items/ru-196701.41418 Machine Translation

https://sovietrxiv.org/items/ru-196701.41418


REFERENCES
1. S. Gellerstedt, Ark. math., astr. och fys., 25A, No. 29, 1 (1937).

2. M. B. Kapilevich, DAN, 170, No. 6, 1251 (1966).

3. M. B. Kapilevich, DAN, 125, No. 2, 251 (1959).

Note: Figure translations are in progress. See original paper for figures.
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