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Abstract
A system of differential equations containing angular coordinates is considered.
The phase space of such a system is cylindrical. Based on the behavior of tra-
jectories on covering spaces, a classification of the trajectories of the system
under consideration is introduced. Conditions for the absence of Poisson-stable
motions and conditions for the boundedness of solutions are provided. Bibliog-
raphy: 7 items.

Full Text
Introduction
This section examines the stability and qualitative behavior of systems of differ-
ential equations, building upon the foundational work of E. A. Barbashin and
N. N. Krasovskii [?]. We consider a system of the form:

𝑑𝜙𝑖
𝑑𝑡 = Φ𝑖(𝜙1, … , 𝜙𝑚, 𝑥1, … , 𝑥𝑛)

𝑑𝑥𝑗
𝑑𝑡 = 𝑋𝑗(𝜙1, … , 𝜙𝑚, 𝑥1, … , 𝑥𝑛)

where 𝑖 = 1, … , 𝑚 and 𝑗 = 1, … , 𝑛. The functions Φ𝑖 and 𝑋𝑗 are assumed to
be periodic with respect to the variables 𝜙𝑖 with a period of 2𝜋. Such systems
frequently arise in the study of phase synchronization and multidimensional
dynamical systems.

Stability Analysis and Lyapunov Functions

Following the methodology established in [?] and [?], we investigate the existence
of a limit set 𝑅(𝜙1, … , 𝜙𝑠) and the behavior of the system trajectories relative to
this set. A critical component of this analysis is the construction of a Lyapunov
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function 𝑣(𝜙, 𝑥). As demonstrated by Barbashin [?], the existence of a negative
definite derivative ̇𝑣 along the trajectories of the system is a sufficient condition
for the asymptotic stability of the equilibrium set.

In the context of the qualitative theory of differential equations [?], we define
a region 𝑈 such that for any initial condition within this region, the trajectory
𝑝(𝑡) remains bounded and approaches the invariant set 𝑅 as 𝑡 → ∞. Specifically,
if the derivative of the Lyapunov function satisfies ̇𝑣 ≤ 0, the trajectories will
converge to the largest invariant subset where ̇𝑣 = 0.

Convergence and Invariant Sets

The analysis of the limit set 𝑞 for a trajectory 𝑝(𝑡𝑛) as 𝑡𝑛 → ∞ is central to
understanding the long-term dynamics. According to the theorems presented in
[?] (p. 358), if a trajectory is bounded, its limit set is non-empty, compact, and
invariant. For the system under consideration, we denote the potential limit
values as 𝑣0. If 𝑣(𝜙) = 𝑣0 and ̇𝑣 = 0, the system reaches a steady state or a
limit cycle within the set 𝑅.

Applying the criteria from Barbashin [?] and the global stability theorems in [?],
we can establish conditions under which the set 𝑣 = 0 is globally attracting. This
is particularly relevant for systems where the matrix of coefficients 𝐴 = {𝑎𝑗𝑘}
satisfies specific negativity conditions, ensuring that the energy-like function
𝑤 = − ∑ 𝑥2

𝑖 acts as a robust descriptor of the system’s dissipation.

Conclusion

The mathematical framework provided by the works of Barbashin, Krasovskii,
and Lefschetz [?, ?, ?] allows for a rigorous treatment of non-linear oscillations
and phase space stability. By defining appropriate Lyapunov functions 𝑣(𝑥) and
analyzing the properties of the derivative ̇𝑣, we can conclude that for the given
class of periodic systems, the trajectories converge to the predicted invariant
manifolds, provided the structural constraints on the functions Φ𝑖 and 𝑋𝑗 are
satisfied.
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Figure 1: Figure 1
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Figure 2: Figure 2
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Figure 4: Figure 4
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Figure 5: Figure 5
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