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If the electromagnetic-field equation in four-dimensional form for the 4-tensors
F,.(E,B) and ®,,(D,H) (see (1), § 33) is written for the Fourier amplitudes of
these quantities, f;; and ¢, respectively, then in a Galilean coordinate system
with metric tensor

1 0 0 O
{01 0 0
J9k= 1o 0 1 0
00 0 -1
they have the form
. A .
Qalkkk’ = 717]27 (1)
c
.]Fikkk::O? (2)
Sﬁik = Siksr.fsra (3)

where f* is the pseudo-4-tensor dual to f;;, and related to it by the relation
[k = 1) gtkmnyf - k. is the wave 4-vector; j¢ is the Fourier amplitude of the
4-vector of current density; S is the material pseudo-4-tensor of permeability,
antisymmetric in the upper pair and in the lower pair of indices, first introduced
by I. E. Tamm (?). Here and below, indices denoted by letters of the Latin alpha-
bet take the values 1,2,3,0 and number all coordinates of 4-space; summation
is implied over twice repeated indices; €?**" are the contravariant components of
the unit completely antisymmetric pseudo-4-tensor ((*),§83), whose covariant

components are such that 1950 = 1 and e?**" = —¢,, .
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Equation (2) can be satisfied by putting

fik _ i]\[iksks7 (4)

where N%*s is a pseudo-4-tensor antisymmetric in all three indices. In the def-
inition of N?** there is an ambiguity: to N*** one may, without changing f%,
add T%s"k,_, where the pseudo-4-tensor T%**" is arbitrary and completely anti-
symmetric, and therefore one may always put T = T . £**" where T is a
true 4-scalar. We introduce the 4-vector a,., dual to the pseudo-4-tensor N®**
and being the Fourier amplitude of the 4-vector potential:

Niks — €ikSTCLT. (5)

Since the pseudo-4-tensor N*** is defined ambiguously, one may impose on the
components N  and consequently also on the components a,, one entirely
arbitrary scalar condition, which merely restricts the arbitrariness in the choice
of the 4-scalar T'.

Substituting (5) into (4), forming ¢ with the aid of (3), and using (1), we
obtain the equation for the 4-vector potential

) 41 .
Tin — s 6
a, A (6)
where
Tin — S?.];»,‘Eymnkkkm — Rikmnkkkm (7)
is a true 4-tensor. Here the 4-tensor
Riknbn — S‘i.lgrEs7'mn7 (8)

has been introduced; it is antisymmetric in the first pair and in the second pair
of indices and establishes the relation between ¢** and f,,,

et =1/2R*f (9)

The relation inverse to (8) has the form

Stk = —1/4R%mng (10)

mnsnr:
For stationary media the components of the 4-tensor R*¥*™" are expressed in
terms of the components of the 3-tensors of the electric e*? and magnetic p®?
permeabilities
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Raﬁ'yO _ O, Raﬁ'yo’ —_ eaﬁ)\ﬂxlguwa’ RaOB'y _ 0’ RaOo’O — _gao,
14

(11)

Indices denoted by letters of the Greek alphabet take the values 1, 2, 3 and num-

ber the spatial coordinates. In three-dimensional space the unit completely an-

tisymmetric pseudo-3-tensor £*#7 and ¢, 3+ 1s related to the analogous 4-tensor
in four-dimensional space by the relations

aBy = apy0 =
g =¢£ 5 EQBV_EQB'YO'

Introduce the 4-tensor

G = 1/4e,, k RISk, R%™te (12)

ibsr mtpk

and multiply both sides of equation (6) by it, summing over the index 7. Then
we obtain

) 4
I""a,Gy, = —?J Gip
or
Cya, = _IjiGik’ (13)
c
where

Using (7) and (8), for C},™ we obtain

Gy = AL mupke ™", (15)
where the 4-tensor
APt =1 [dey, Kk RIS, RS ko, (16)

has been introduced; it is antisymmetric in the first pair of lower and in the
second pair of upper indices. By virtue of the identity

rwgn — vwgs n vwsn §9 vsgn Sw swgn Sv
Emtpke m= E':nufpsg g 5k +5mtpss 5k+5mtp55 g 5k +€mtps€ g 61@ (17)

sovietrxiv.org/items/ru-196701.39784 Machine Translation


https://sovietrxiv.org/items/ru-196701.39784

equality (15) takes the form

Ct = Abmic VWIS 4 APTe L eV — 24P e s (18)

€ vwkEmtps kwg~mtps

mtps

The last term in (18) can be transformed using the relation

EmtpsE 0 = — (616,208 + O 070y + 0707 0y — 671, 070, — Oy 070 — 5?,15}5”5;;)
(19)
and the symmetry properties of the 4-tensor A{)’Z}; noted above. As a result we
obtain
DAY, I — AL 4 AT 4 AAT, (20)

Tt is not difficult to verify that the first term in (20) is equal to zero

gun __
_4Ak;wg - Eibsr

klRlSTgkgkaRabwnka%;, =0. (21)
For this, instead of k,R'*"9 kg, one must substitute, in accordance with (8),
k) S'.,€"™ 9k, and expand the product e, by formula (19); then in
each of the 6 terms there will be present the product of a symmetric 4-tensor of
rank 2 with a 4-tensor antisymmetric in the same indices.

It can be shown that the 3rd term in (20)

4AY = ¢

wkg ibsr

k Rk Sk ROk, = —Cp. (22)

To convince oneself of this, note that the last three factors in (22) form, accord-

ing to (7), the 4-tensor T?", and, if the factor Slfuk is transformed by formula
(10), then all the factors standing before 7" form, according to (12), Gy, and
on the basis of (14)

7Gkabn = *C]? .

Let us transform the second term in (20)

4ATYI = ¢

kwg ibsr

klRlsnrkaRabwgkgkaﬁJ;;U' (23)

If in (23) we use the equality R%"W9 = S cvmwg (gee (8)), and then the identity
analogous to (17):

sovietrxiv.org/items/ru-196701.39784 Machine Translation


https://sovietrxiv.org/items/ru-196701.39784

VI = g gvmupsd 4 g

vmwp 9 vmwp 9
+ Eippr T POS + Ejpspe PO,

)
Evmwp(sr ,

Eibsr bsr ibsp

(24)

then it is obvious that, of the four terms formed in (23), three turn into zero
because in each there is present the product of a 4-tensor symmetric in two
indices with a 4-tensor antisymmetric in the same indices: in one, k,k, S  in
another, k;k R!*"" and in the third, klkaziw Then

4ATYI = ¢

kwg ibspk‘aS?gﬁgvmwpkfsf{l‘l‘}klRlsm'krl

If one notes that, according to (8), S evmwP = RP then the resulting
expression does not differ from that which stands in (22) after the first equals
sign. Consequently,

4ATYS = —Cp. (25)

Taking into account (21) and (25), formula (18) takes the form

n— Vol + ky P, (26)

_ 1 pApmt
where the 4-scalar V' = s AT e, o

the latter having the form

9% and the 4-vector P™ are introduced,

1 )
Pn - gGislesnkf' (27)

Substituting (26) into (13), we obtain

4 .
Vira, + k,Pma, = —7” [em (28)

Since one scalar condition may be imposed on a,,, choosing it in the form P"a,, =
0, we obtain from (28) the solution for the 4-vector potential

4T j' Gy

c V (29)

ap =
The equality P"a, = 0 is a generalization of the Lorentz condition in a mate-
rial medium that is anisotropic and dispersive with respect to its electric and
magnetic properties. Using (11), we obtain the components of the 4-vector P™
for stationary media:
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1 1 1 Ny
PO = gGisleéOkf = ik/’oTOOEU foy — §I€Og“ua},p — kgle”);

a 1 ifsa

1]4;(7”‘7”]@” fet 1 2. o0v,—1,a 1 2, —1, v o« 1 Ookauaa
= —§WP + 51“505 HopP™ — §/€0Mm,p e - §T B (30)
where the notations p* = kﬁeﬁa, g* = 5o‘ﬁk5, T = k_e°“k, have been in-
troduced; |u®?| and |¢*?| are determinants composed of the components of the
3-tensors u®? and £*?, respectively.

For an isotropic medium the equality P"a,, = 0 becomes

3

k., k®
Ekz—a—) k%a, —epkyay) =0,
= (o) ¢ oa0)

which is satisfied under the condition

k%a, — epkgag = 0,
or, taking into account that k, = —w/c, ay = —¢,

k'a—w—iﬂgo:(). (31)

Since a is the Fourier amplitude of the 3-vector potential of the electromagnetic
field A, and ¢ is the Fourier amplitude of the scalar potential ®, equality (31)
obviously corresponds to the condition

. ep 0P
divA + —— =0.
A+ c Ot

The solution (29) was first obtained by one of the authors by a more cumbersome
route without formulating the gauge condition for the 4-potential [4]. Of course,
the solution presented here, based on the use of the 4-tensor G,;, and the gauge
condition could have been found only after carrying out the aforementioned
cumbersome solution, since the method of constructing the 4-tensor G, is not
evident in advance.
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