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Abstract
The problem of electromagnetic field diffraction by a spheroid is solved. The
source of the primary field is a magnetic dipole located on the polar axis of
the spheroid. The dipole moment is directed at a right angle to the axis; the
spheroid is perfectly conducting. The solution to the problem is reduced to find-
ing two auxiliary scalar functions (Hertz potentials) that satisfy the Helmholtz
wave equation in spheroidal coordinates, the Sommerfeld radiation condition at
infinity, and certain boundary conditions on the surface of the spheroid (the po-
tentials are not separated in the boundary conditions). The required potentials
are sought in the form of series in terms of spheroidal wave functions, for the
coefficients of which an infinite system of linear equations is obtained from the
boundary conditions, suitable for the numerical solution of the problem using a
computer. 1 illustration. 11 references.

Full Text
Preamble
1967, Vol. III, K 517.946 : 9; 538.56 E. A. I. § 1. The problem of diffraction by a
disk has been considered in [1], and for a sphere in [2, 3] and [4]. In this paper, we
consider the case of a spheroid. In previous works [3, 5], solutions were obtained
for various conditions (scalar, acoustic, and electromagnetic [6]), including the
case of a perfectly conducting spheroid [6] and [7]. In [6], the solution (for the
case of a dipole) was obtained (expressed in terms of spheroidal functions, for
the case 𝑎 = 0). However, it is found that in the center, the solution is not
unique. From the condition at the boundary 𝜉 = 𝜉0, we obtain 𝜉 = const. In [8],
the problem is reduced to a system of equations for the coefficients Φ(𝜉, 𝜂) as in
[4], where 𝜂 = 1 (at 𝜉 = 𝜉0), and the solution is sought in the form of a series [6]
of functions 𝑌 (𝜉, 𝜂). We introduce a coordinate system related to the spheroid.
Let 𝑥 = 𝑓[(𝜉2 − 1)(1 − 𝜂2)]1/2 cos 𝜙, 𝑦 = 𝑓[(𝜉2 − 1)(1 − 𝜂2)]1/2 sin 𝜙, 𝑧 = 𝑓𝜉𝜂,
where 1 < 𝜉 < ∞, −1 < 𝜂 < 1, 0 < 𝜙 < 2𝜋. The surface of the spheroid
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is defined by 𝜉 = 𝜉0. Let the incident field be a plane wave Π∗ = {1, 0, 0},
where the potential is 𝑅 = (𝑥2 + 𝑦2 + 𝑧2)1/2. As 𝑟 → ∞, the field behaves as
Π = Π∗ + Π𝑠, where Π𝑠 is the scattered field. We represent the potentials as
Φ = Φ0(𝜉, 𝜂)+Φ1(𝜉, 𝜂) cos 𝜙. The boundary conditions at 𝜉 = 𝜉0 are Π𝑥 = 0 and
Π𝑦 = 0. The electromagnetic field components are given by 𝐸 = 𝑖𝑘𝜇 rot Π and
𝐻 = rot rot Π = grad div Π + 𝑘2Π. Here Φ0(𝜉, 𝜂) corresponds to the primary
field. The time dependence is assumed to be 𝑒−𝑖𝜔𝑡. The potential 𝑢 satisfies the
wave equation Δ𝑢 + 𝑘2𝑢 = 0. In spheroidal coordinates (𝜉, 𝜂, 𝜙), the solution
can be expanded in terms of spheroidal wave functions.

From the boundary conditions (4), we find that at 𝜉 = 𝜉0:

(𝐴𝑛, Π𝑛) = …
Φ cos 𝜙 + Ψ cos 𝜙 = …

The coefficients are determined by the orthogonality of the functions 𝑆𝑚𝑛(𝑐, 𝜂).
Following the method of E. A. Ivanov [9], we obtain a system of algebraic
equations for the unknown coefficients.

§ 3. Solution of the Problem

In this section, we expand the primary potential Φ0 as:

Φ0 = 2𝑖𝑘
∞

∑
𝑛=0

𝑆0𝑛(𝑐, 𝜂)
𝑁0𝑛(𝑐) 𝑅(1)

0𝑛 (𝑐, 𝜉)

where 𝑐 = 𝑓𝑘, 𝑆𝑚𝑛(𝑐, 𝜂) are the angular spheroidal functions, and 𝑅(3)
𝑚𝑛(𝑐, 𝜉) are

the radial spheroidal functions of the third kind. The normalization constants
are 𝑁𝑚𝑛(𝑐). The scattered field potential Φ𝑠(𝜉, 𝜂) is represented as:

Φ𝑠(𝜉, 𝜂) = 2𝑖𝑘
∞

∑
𝑛=0

𝑎𝑛𝑅(3)
0𝑛 (𝑐, 𝜉)𝑆0𝑛(𝑐, 𝜂)

For the case 𝑚 = 0, the boundary conditions (5) lead to a system of equations
for the coefficients 𝑎𝑛. Similarly, for the components proportional to cos 𝜙, we
have:

𝑊(𝜉, 𝜂) = 2𝑖𝑘
∞

∑
𝑛=1

𝑏𝑛𝑅(3)
1𝑛 (𝑐, 𝜉)𝑆1𝑛(𝑐, 𝜂)

Substituting these into the boundary conditions (9), we obtain a coupled system
for 𝑎𝑛 and 𝑏𝑛. Using the properties of spheroidal functions:

∫
1

−1
𝑆𝑚𝑛(𝑐, 𝜂)𝑆𝑚𝑁(𝑐, 𝜂)𝑑𝜂 = 𝛿𝑛𝑁𝑁𝑚𝑁(𝑐)

we can reduce the problem to an infinite system of linear algebraic equations.
Let 𝐶𝑁𝑛, 𝐷𝑁𝑛, 𝑉𝑁𝑛, 𝑊𝑁𝑛 be the matrix elements derived from the boundary

russiarxiv.org/items/ru-196701.39367 Machine Translation

https://russiarxiv.org/items/ru-196701.39367


conditions. The system takes the form:

∑
𝑛

(𝐶𝑁𝑛𝑎𝑛 + 𝐷𝑁𝑛𝑏𝑛) = 𝐵𝑁

where 𝐵𝑁 are coefficients related to the incident field.

7. 𝑅𝑚𝑛(𝑐, 𝜉)
Using the results from [6] and the expressions for the coefficients (14), we can
analyze the convergence of the solution. For 𝑁 = 0, 1, …, the terms with 𝑛 = 𝑁
dominate the series. The system (14) can be solved numerically by truncation.
For a perfectly conducting spheroid, the coefficients 𝑎𝑛 and 𝑏𝑛 are determined
by the physical parameters of the problem.

The far-field radiation pattern is obtained by taking the asymptotic limit 𝑟 →
∞. In this limit, the spheroidal coordinates transition to spherical coordinates:
𝜉 → 𝑟/𝑓 and 𝜂 → cos 𝜃. The components of the electric field in the far zone are:

𝐸𝜃 = 𝑖𝑘Φ(𝜃) sin 𝜙
𝐸𝜙 = −𝑖𝑘Ψ(𝜃) cos 𝜙

where Φ(𝜃) and Ψ(𝜃) are the scattering amplitudes. For the case of a small
spheroid (𝑐 ≪ 1), the results coincide with the known solutions for dipole scat-
tering.

The case of a disk is recovered by taking the limit 𝜉0 → 0. In this limit, the
spheroidal functions degenerate into Bessel functions and Legendre polynomi-
als. The results obtained here are consistent with the classical solutions for
diffraction by a circular aperture or disk [10, 11].

For a prolate spheroid, the coordinates are defined as: 𝑥 = 𝑓[(𝜉2 − 1)(1 −
𝜂2)]1/2 cos 𝜙, 𝑦 = 𝑓[(𝜉2−1)(1−𝜂2)]1/2 sin 𝜙, 𝑧 = 𝑓𝜉𝜂. For an oblate spheroid, the
transformation 𝜉 → 𝑖𝜉 and 𝑓 → −𝑖𝑓 is applied. The boundary conditions and
the general form of the solution (9)-(23) remain valid under this transformation.

In conclusion, we have derived a rigorous solution for the diffraction of an elec-
tromagnetic wave by a spheroid using the method of separation of variables in
spheroidal coordinates. The resulting infinite system of equations is suitable for
numerical computation.
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