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Abstract
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MATHEMATICAL PHYSICS

Yu. G. RUDOI

ON THE GREEN’S FUNCTION METHOD IN
THE ISING MODEL
(Presented by Academician N. N. Bogolyubov on 21 VI 1966)

The statistical variational principle of N. N. Bogolyubov (see, for example, (1))
establishes the following estimate for the upper bound of the free energy 𝐹 of a
system described by the Hamiltonian ℋ = ℋ0 + ℋ1, 𝛽 = 1/𝑘𝑇 :

𝐹 ⩽ min{𝐹0 + ⟨ℋ1⟩0}, −𝛽𝐹0 = ln Sp 𝑒−𝛽ℋ0 ,
⟨…⟩0 = Sp… 𝑒−𝛽(𝐹0−ℋ0), (1)

where the partitioning of ℋ need only ensure the possibility of an exact calcu-
lation of ⟨…⟩0. Kvasnikov (2), applying (1) to the calculation of the statistical
sum and the spontaneous magnetization 𝜎 of an Ising ferromagnet, obtained
and studied a transcendental equation for the magnetic state of Weiss type, ap-
proximately valid for all temperatures and exhibiting a phase transition at the
temperature [𝑘𝛽∗

𝑐]−1

𝜎 = 1
2 th [1

2𝛽(𝜇𝐻 + 𝐼0𝜎)] , (𝛽∗
𝑐)−1 = 1

4𝐼0 (𝐼0 = 𝐼𝑧). (2)

In the present note it will, in particular, be shown that the variational principle
is equivalent to the summation of a certain class of diagrams of temperature
perturbation theory.*

Let a spin system of a homogeneous isotropic ferromagnet in a constant external
magnetic field 𝐻 be described by the model Heisenberg Hamiltonian, which in
the Pauli operators 𝑏𝑓 , 𝑏+

𝑓 has the form (1)

ℋ = 𝐸𝚥 + ℋ0 + ℋ(𝑡𝑟)
1 + ℋ(𝑙)

1 ,

𝐸𝚥 = −1
2𝜇𝐻𝑁 − 1

8𝑁𝐼0, ℋ0 = 𝜀 ∑
𝑓

𝑛𝑓 , 𝜀 = 𝜇𝐻 + 1
2𝐼0, (3)
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ℋ(𝑡𝑟)
1 = −1

2𝐼 ∑
⟨𝑓1𝑓2⟩

𝑏+
𝑓1

𝑏𝑓2
, ℋ(𝑏)

1 = −1
2𝐼 ∑

⟨𝑓1𝑓2⟩
𝑛𝑓1

𝑛𝑓2
,

(the indices 𝑡𝑟 and 𝑙 refer to the interaction of the transverse and longitudinal
components of the spins, respectively); here {𝑓} is the set of 𝑁 lattice sites,
𝐼 > 0 is the exchange integral, ⟨𝑓1𝑓2⟩ denotes summation over nearest neighbors
(whose number is 𝑧), and 𝜇 is the magnetic moment.

Introduce the full one-particle Green’s function

𝐺(𝑓−𝑓 ′|𝜏−𝜏 ′) = ⟨𝑇 (𝑏𝑓(𝜏)𝑏+
𝑓′(𝜏 ′))⟩ = 𝜃(𝜏−𝜏 ′)⟨𝑏𝑓(𝜏)𝑏+

𝑓′(𝜏 ′)⟩+𝜂𝑓𝑓′𝜃(𝜏 ′−𝜏)⟨𝑏+
𝑓′(𝜏 ′)𝑏𝑓(𝜏)⟩,

where 𝑏𝑓(𝜏) = 𝑒𝜏ℋ𝑏−𝜏ℋ
𝑓𝑒 ; ⟨…⟩ ≡ Sp… 𝑒−𝛽ℋ/Sp 𝑒−𝛽ℋ; 𝜃(𝜏 − 𝜏 ′) is the step

function, discontinuous at 𝜏 = 𝜏 ′; the 𝑇 -ordering operation is defined at 𝜏 = 𝜏 ′

so that 𝐺(𝑓 − 𝑓 ′|0) ≡ 𝐺(𝑓 − 𝑓 ′|0−); the function 𝐺(0|𝜏 − 𝜏 ′) has a unit jump
at 𝜏 = 𝜏 ′; 𝐺+ − 𝐺− = 1; 𝐺± ≡ 𝐺(0|0±). We note that the magnetization (in
units of 𝜇) is given by the expression**:

⟨𝑠𝑧⟩ = 1
2 + 𝐺−. (4)

* Apparently, this fact was first noted by V. V. Tolmachev (3) using the example
of a nonideal Bose–Einstein system.

** By translational invariance, one-time averages do not depend on the lattice-
site index.

Passing to the interaction representation, we apply to the calculation of 𝐺 the
diagram technique for Pauli operators developed in (4) in terms of the bare
Green function 𝐺(0) on the basis of the generalized Wick theorem—K. Bloch—
Dominicis (5). Since ⟨ℋ(𝑡𝑟)

1 ⟩0 = 0, the Heisenberg and Ising models are equiv-
alent in the sense of the variational principle (1), and we need consider only
diagrams arising from ℋ𝑙

1, in which the Pauli operators can be replaced by
Fermi operators * (𝜂𝑓𝑓′ = −1). The function 𝐺 satisfies Dyson’s equation

𝐺−1 = [𝐺(0)]−1 − 𝑀{𝐺}, (5)

where the mass operator 𝑀{𝐺} for the Ising system with two-particle interac-
tion is represented in the form **

𝑀 = 𝐼𝐺 + 𝐼𝐺𝐺Δ𝐺 (6)

Fig. 1

(the corresponding skeleton diagrams are shown in Fig. 1𝑎, 𝑏; the exchange
diagram (Fig. 1𝑐) gives no contribution because of the condition 𝐼(0) = 0);
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Fig. 1

Figure 1: Fig. 1

for the vertex part Δ there is no general equation, and therefore the system of
equations (5) and (6) is not closed. In the usual procedure of iterative solution
of the nonlinear integral equation (5) one is restricted to the approximation
𝑀{𝐺(0)}, which clearly cannot yield a phase transition, since it contains no
restrictions on the region of existence of a nontrivial solution. We shall show
that application of the variational principle (1) is equivalent to solving equation
(5) with the “cut-off”mass operator 𝑀∗{𝐺}, corresponding to the diagram in
Fig. 1𝑎. Introducing the Fourier representation 𝐺(0|𝜏 − 𝜏 ′) (6), we obtain for
the Fourier components 𝐺𝑚 ≡ 𝐺(0|𝜔𝑚) the algebraic analogue of equation (5)

𝐺−1
𝑚 = [𝐺(0)

𝑚 ]−1 − 𝑀𝑚{𝐺}, 𝐺(0)
𝑚 = (𝑖𝜔𝑚 − 𝜀)−1, 𝜔𝑚 = 𝛽−1𝜋(2𝑚 + 1),

𝑚 = 0, ±1, … (7)

Taking into account in (7) only 𝑀∗ leads to the equation

[𝐺(1)
𝑚 ]−1 = [𝐺(0)

𝑚 ]−1 + 𝐼0𝛽−1 ∑
𝑛

𝐺(1)
𝑛 exp(𝑖𝜔𝑛0−). (8)

The Fourier transform 𝑀∗{𝐺} = −𝐼0𝐺− does not depend on 𝜔𝑛, and therefore
the action of the mass operator in (8) reduces merely to a renormalization of
the spin-deviation energy 𝜀 → ∗𝜀 = 𝜀 − 𝑀∗, i.e. (with (4) taken into account)
𝜀∗ = 𝜇𝐻 + 𝐼0⟨𝑠𝑧⟩; summing (8) over all 𝑚, we obtain

1
𝛽 ∑

𝑚
𝐺(1)

𝑚 = 1
𝛽 ∑

𝑚⩾0

2𝜀∗

𝜔2𝑚 + (𝜀∗)2 = 1
2 th 𝛽𝜀∗

2 . (9)

On the other hand, from the general theory of Fourier series it is known that if
the function 𝐺(0|𝜏 − 𝜏 ′) is discontinuous at 𝜏 = 𝜏 ′, then

1
𝛽 ∑

𝑚
𝐺𝑚 = −1

2[𝐺+ + 𝐺−]. (10)

Expressing 𝐺+ in (10) through 𝐺− and combining (4), (9) and (10), we obtain
for ⟨𝑠𝑧⟩ exactly equation (2). Let us note that at the same time there occurs
a summation of the most branched “Mayer graphs”(4) on the lattice—Cayley
trees, having in the 𝑘-th order 𝑘 + 1 vertices and 𝑘 bonds.

*
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• Taking into account ℋ(𝑡𝑟)
1 in the quasiboson approximation (𝜂𝑓𝑓′ = 1)

leads at low temperatures (𝛽 ≫ 𝛽𝑐) to the appearance of spin waves,
substantially distinguishing the Heisenberg model from the Ising one.

** Multiplication denotes convolution over imaginary time and over the indices
of lattice sites.

According to the Luttinger–Ward variational theorem (7), the free energy 𝐹 is
expressed in terms of 𝑀∗ and 𝐺(1) from (8),

1
𝑁 𝐹 = 𝐸 − 1

𝛽 ln 2 + 1
𝛽 ∑

𝑚
exp(𝑖𝜔𝑚0−){ln[𝐺(1)

𝑚 ]−1 − 𝑀∗𝐺(1)
𝑚 } − 1

2𝐼1|𝐺(1)|2,

which, taking (4) into account, finally gives

1
𝑁 𝐹 = −1

2𝜇𝐻 − 1
𝛽 ln 2 − 1

𝛽 ln𝑍(𝜀∗) − 1
2𝐼1⟨𝑠𝑧⟩ + 1

2𝐼0⟨𝑠𝑧⟩2. (11)

It is easy to see that the value ⟨𝑠𝑧⟩ satisfying (2) minimizes 𝐹 from (11); this
fact is a consequence of theorem (7) on the stationarity of the functional 𝐹 with
respect to variations of 𝑀 (or 𝐺).

Finally, of interest is the expression for the specific susceptibility

𝜒 = 𝑁−1𝜇2𝛽 ∑
𝑓1𝑓2

{⟨𝑠𝑧
𝑓1

𝑠𝑧
𝑓2

⟩ − ⟨𝑠𝑧
𝑓1

⟩⟨𝑠𝑧
𝑓2

⟩} = 𝑁−1𝜇2𝛽 ∑
𝑓1𝑓2

{𝔊(𝑓1 − 𝑓2, 0−) − |𝐺|2},

where

𝔊(𝑓1 − 𝑓2|𝜏1 − 𝜏2) = ⟨𝑇 (𝑏𝑓1
(𝜏1)𝑏𝑓2

(𝜏2)𝑏+
𝑓1

(𝜏1)𝑏+
𝑓2

(𝜏2))⟩

is the two-particle Green’s function, expressed through 𝐺 from (5) and Δ;
𝔊 = 𝐺2 + 𝐺𝐺Δ𝐺𝐺. If one restricts oneself to taking into account the simplest
compact vertex part Δ∗

𝑐 = 𝐼 (Fig. 2a), corresponding to a narrowing of 𝑀∗,
then Δ∗ can be represented in the form of a modified interaction (Fig. 2b)

𝐽(𝑓 − 𝑔) = 𝑁−1 ∑
𝑞

𝐽𝑞 × exp 𝑖(𝑓 − 𝑔, 𝑞)

(characteristic of strongly compressed systems), for whose Fourier transforms
an equation analogous to (7) is valid,

𝐽−1
𝑞 = 𝐼−1

𝑞 − 𝑃 ∗, (12)
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Fig. 2

Figure 2: Fig. 2

here 𝑃 ∗ = 𝐺𝐺 is the analogue of the polarization operator (Fig. 2c). In the
present approximation

𝑃 ∗ = 𝛽−1 ∑
𝑚

|𝐺(1)
𝑚 |2 = 𝜕

𝜕𝜀∗ {𝛽−1 ∑
𝑚

𝐺(1)
𝑚 } = 1

4𝛽 (1 − th2 𝛽𝜀∗

2 ) ;

then

𝜒−1 ∼ 1 − 𝐼0𝑃 ∗ = 1 − 4(𝛽/𝛽∗
𝑐)(1/4 − ⟨𝑠𝑧⟩2) (13)

with ⟨𝑠𝑧⟩ from (2). At the phase-transition point (𝛽 = 𝛽∗
𝑐)⟨𝑠𝑧⟩, by definition,

vanishes at 𝐻 = 0, while 𝜒, as is seen from (13), has a simple-pole singularity.*

Fig. 2

Let us examine what results from including in the mass operator the term 𝑀{𝐺},
corresponding to the diagram in Fig. 2c and obtained by replacing Δ by Δ∗ in
(6). The corresponding Dyson equation has the form

[𝐺(2)
𝑚 ]−1 = [𝐺(0)

𝑚 ]−1 + 𝐼𝛽−1 ∑
𝑛

𝐺(2)
𝑛 exp(𝑖𝜔𝑛0−) − 𝐽(0)𝐺(2)

𝑚 , (14)

where 𝐽(0) = 𝑁−1 ∑𝑞 𝐽𝑞 > 0, 𝐽𝑞 satisfies an equation of type (12), in which,
however, the polarization operator is constructed on the functions 𝐺(2). Solving
the equation (14), quadratic with respect to 𝐺(2)

𝑚 , we obtain for the analytic
continuation of the Fourier transform 𝐺(2) in the complex domain the expression

𝐺(2)(𝜁) = 2[𝜁 − 𝜀∗ + √(𝜁 − 𝜀∗)2 − 4𝐽(0)]−1;

𝐺(2)(𝜁) has a cut along the segment of the real axis joining the branch points
𝜁 = ̃𝜀+ and 𝜁 = ̃𝜀−, ̃𝜀± = 𝜀∗ ± 2√𝐽(0), and coincides with 𝐺(1)(𝜁) in the formal
limiting transition 𝐽(0) → 0. In view of the complexity of comput—

* Of course, the same result for 𝜒 can be obtained by differentiating ⟨𝑠𝑧⟩ in (2) as an implicit function of 𝐻.

⋯values in the exact function 𝐺(2), it seems reasonable to resort to an iteration
scheme, approximating 𝑀̂𝑚{𝐺(2)} in (14) by the value 𝑀̂𝑚{𝐺(1)}, which is
equivalent to restricting oneself to the pole approximation for 𝐺(2)(𝜁):
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𝐺(2)
pole(𝜁) = 1

2 [(𝜁 − 𝜀−)−1 + (𝜁 − 𝜀+)−1] , (15)

where

𝜀± = 𝜀∗ ± √𝐽(0), 𝐽(0) = 𝑁−1 ∑
𝑞

𝐼𝑞 [1 − 𝛽𝐼𝑞 ⋅ 1
4 (1 − th2 𝛽𝜀∗

2 )]
−1

> 0.

Putting 𝜁 = 𝑖𝜔𝑚 in (15) and summing over all 𝑚, we obtain the following
equation for the magnetization (𝜀∗ = 𝜇𝐻 + 𝐼0⟨𝑠𝑧⟩)

⟨𝑠𝑧⟩ = 1
4

sh𝛽𝜀∗

ch(𝛽𝜀−/2) ch(𝛽𝜀+/2) = 1
2

sh𝛽𝜀∗

ch𝛽𝜀∗ + ch𝛽√𝐽(0)
. (16)

The equation for the Curie point 𝛽𝑐 is found from the condition 𝜒−1 =
(𝜕⟨𝑠𝑧⟩/𝜕𝐻)−1 = 0 at 𝐻 = 0 and 𝛽 = 𝛽𝑐 (⟨𝑠𝑧⟩ = 0 and 𝜀∗ = 0):

1 = 𝛽𝑐
𝛽∗𝑐

⎧{
⎨{⎩

1 − th2 𝛽𝑐
2 [ 1

𝑁 ∑
𝑞

𝐼𝑞 (1 − 𝛽𝑐𝐼𝑞
4 )

−1
]

−1/2⎫}
⎬}⎭

. (17)

The transcendental equation (17) indicates a lowering of the true Curie point
in comparison with the Weiss value, 𝛽𝑐 > 𝛽∗

𝑐, which corresponds to the physical
meaning of the theory. Introducing the function 𝐹(𝑥) = 𝑁−1 ∑𝑞(𝑥 − 𝛾𝑞)−1,
𝛾𝑞 = 𝐼𝑞/𝐼0, we represent (17) in the form

𝛽𝑐 = 𝛽∗
𝑐 {1 − th2 [𝛼2𝐹(𝛼) − 𝛼]1/2}

−1
, 𝛼 = 𝛽∗

𝑐/𝛽𝑐 ≤ 1. (18)

Putting 𝛼 = 1 in (18), we find as a result of the first iteration that

𝛽𝑐 = 𝛽∗
𝑐{1 − th2[𝐹 (1) − 1]1/2}−1;

expanding further the right-hand side in powers of 𝐹(1) − 1, we obtain (in the
linear approximation) the result of the spherical Ising model* (8):

𝛽𝑐/𝛽∗
𝑐 = 𝐹(1),

reproduced by Brout (10) in the formalism of “high-density”expansions** to
first order in 1/𝑧.
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We note that exactly the same result for the Curie point is obtained in the
Heisenberg model by the method of retarded Green’s functions in the random-
phase approximation (1).

In conclusion, the author expresses his deep gratitude to S. V. Tyablikov and
V. A. Moskalenko for valuable discussions.

Mathematical Institute named after V. A. Steklov
Academy of Sciences of the USSR

Received
12 V 1966
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Note: Figure translations are in progress. See original paper for figures.
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