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DETERMINATION OF CAPTURE REGIONS FOR
SYSTEMS OF LINEAR DIFFERENTIAL EQUATIONS
WITH PERIODIC COEFFICIENTS
Introduction

Consider a system of equations:

𝑑𝑥𝑖
𝑑𝑡 =

𝑛
∑
𝑗=1

𝜙𝑖𝑗(𝑡 + 𝜏)𝑥𝑗, 𝑖 = 1, 2, … , 𝑛 (1)

where 𝜙𝑖𝑗 are real continuous periodic functions with period 𝜔, and 𝜏 is a pa-
rameter. The solution to this system can be written in the form:

𝑥𝑖(𝑡, 𝜏 , 𝑥1,0, 𝑥2,0, … , 𝑥𝑛,0) =
𝑛

∑
𝑗=1

𝑢𝑖𝑗(𝑡, 𝜏)𝑥𝑗,0 (2)

where the quantities 𝑢𝑖𝑗 are defined as:

𝑢𝑖𝑗(𝑡, 𝜏) = 𝑥𝑖(𝑡, 𝜏 , 0, … , 1, … , 0)
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We define the capture region with respect to the variables 𝑥1, 𝑥2, … , 𝑥𝑛 as the
set of all points in 𝑛-dimensional space such that, for any 𝑡 > 0, the formulas (2)
yield a point in (𝑝 + 1)-dimensional space lying within the (𝑝 + 1)-dimensional
parallelepiped:

|𝑥𝑗| ≤ 𝑎𝑗, 𝑗 = 𝑖, 𝑖 + 1, … , 𝑖 + 𝑝
where 𝑎𝑗 are given positive constants.

In the present work, we calculate quantities that generally provide a lower bound
for the capture regions for the cases 𝑛 = 2 and 𝑛 = 3. Furthermore, a non-trivial
example is presented where the calculated value, under certain known conditions,
yields the exact magnitude of the capture region.

§ 1. INTEGRALS OF MOTION OF A SYSTEM OF TWO
EQUATIONS
Consider a system of equations given by:

𝑑𝑥𝑖
𝑑𝑡 =

2
∑
𝑗=1

𝜙𝑖𝑗(𝑡 + 𝜏)𝑥𝑗, 𝑖 = 1, 2 (1.1)

where 𝜙𝑖𝑗 are continuous, periodic real-valued functions with a period of 𝜔, and
𝜏 is a parameter. It is well known [?] that in cases where the characteristic roots
of (1.1) are distinct, the matrix of linearly independent solutions for this system
can be expressed as follows:

𝑊(𝑡, 𝜏) = exp [∫
𝑡

0
Φ(𝜉 + 𝜏) 𝑑𝜉] (1.2)

The solution can be represented using the following transformation:

Ψ(𝑧) = [𝑓(𝑧)]Φ(𝑧) + [𝑔(𝑧)]Φ∗(𝑧) (1.3)

where the square brackets denote a diagonal matrix; 𝑓, 𝑔 are complex-valued
functions, and the asterisk denotes complex conjugation. Here, Ψ(𝑧) represents
a periodic solution to the nonlinear equation:

ℒΨ = 0 (1.5)

We proceed by separating the equation into its real and imaginary parts:

𝑤21 = 𝑢21 + 𝑖𝑣21 (1.6)

and we shall assume that 𝑘 > 0. In place of the function 𝑢, we introduce another
function 𝑣 according to the relation:

𝑣 = 𝑢
𝜙11 − 𝜙22

(1.7)
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By substituting (1.6) into (1.5) and subsequently separating the real and imag-
inary parts, we find that the function 𝑣 satisfies the equation:

𝑣″ − 𝜙′
12

𝜙12
𝑣′ + (𝜙11 − 𝜙22)𝑣 = 0 (1.8)

and the function 𝑣 is expressed in terms of 𝑢 as follows: 𝑢 = 𝑣(𝜙11 − 𝜙22)
(1.9). Equation (1.8) generally possesses complex periodic solutions. However,
we shall assume that the coefficients 𝜙𝑖𝑗 are such that the function is real-valued.
Let us introduce the notation:

𝜂 = 𝜙11 + 𝜙22

The solution to (1.1) is written using (1.2) as follows:

𝑥(𝑡) = 𝑊 −1(𝑧 + 𝑡)𝑊(𝑧)𝑥0 (1.12)

By applying (1.3) and the subsequent formulas, we find that (1.12) is equivalent
to the equation:

𝑠1 + 𝑖𝑠2 = 𝑆1(𝑥, 𝑡) + 𝑖𝑆2(𝑥, 𝑡) (1.14)

By equating the moduli and phases of the complex quantities on the right and
left sides of (1.14), we obtain:

𝑠2
1(𝑥, 𝑧, 𝑡) + 𝑠2

2(𝑥, 𝑧, 𝑡) = exp (∫
𝑡

0
(𝜙11 + 𝜙22) 𝑑𝜉) (1.15)

𝜕𝑡𝜎(𝑋, 𝑍, 𝑡) = 𝜎(𝑋, 𝑧) (1.16)

where 𝜎(𝑋, 𝑧) = 𝜎(𝑋, 𝑧, 0) (1.18). In the following, we shall refer to (1.15) as
the first integral and to (1.16) as the second integral of the system (1.1).

§ 2. STUDY OF THE FIRST INTEGRAL OF THE SYS-
TEM
We solve equations (1.13) with respect to 𝑡, and let 𝑢±(𝑥, 𝑧, 𝑡) = 𝑣(𝑧 ± 𝑡) ±
𝑠2(𝑥, 𝑧, 𝑡):

𝑢(𝑥, 𝑧, 𝑡) = Φ𝑢′(𝑧 + 𝑡) + Φ𝑢′(𝑥, 𝑧, 𝑡) (2.1)

Let us assign specific values to 𝑧 and 𝑡, and choose the components of the vector
𝑥 such that the expression 𝑠2

1(𝑥, 𝑧) + 𝑠2
2(𝑥, 𝑧) remains constant. Then the values

of (𝑥, 𝑧, 𝑡) will correspond to the coordinates of the points on the circle (1.15)
in the plane. To find the maximum absolute values of these functions on this
circle, it is necessary to solve the relative extremum problem (see [?]). As a
result, for the maximum of |𝑢|, we obtain:

|𝑢(𝑥, 𝑧, 𝑡)| = exp (− ∫
𝑡

0
(𝜙11 + 𝜙22) 𝑑𝜁) √𝑣2(𝑧 + 𝑡) + 𝑠2(𝑥, 𝑧) (2.2)
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We shall now determine two regions of values for the quantity 𝑄 =
√𝑆2

1(𝑥, 𝑧) + 𝑆2
2(𝑥, 𝑧) (2.4) such that the values from the first region, when

substituted into (2.2), and those from the second region, when substituted into
(2.3), yield |𝑥𝑖| < 𝜖 (𝑖 = 1, 2) (2.5) for all 𝑡 in the interval 0 < 𝑡 < ∞ (2.6).

Let us denote by 𝑀1(𝑧) the minimum of the function 𝑣(𝑧+𝑡) exp{− ∫𝑡
0 𝜙1(𝜏)𝑑𝜏}

and by 𝑀2(𝑧) the minimum of the function related to the second component.
The required intervals are then given by (𝑖 = 1, 2) (2.10). The formula for the
area of the region in the (𝑥, 𝑧, 𝑡) plane is:

𝐴𝑖(𝑧, 𝑡) = 𝜋𝑀2
𝑖 (𝑧) exp {∫

𝑡

0
𝜙𝑖(𝜏)𝑑𝜏} (2.11)

By setting 𝑡 = 0 in (2.11), we obtain a value that provides a lower bound for
the area of the capture region:

𝐽𝑖(𝑧, 0) = 𝜋𝑀2
𝑖 (𝑧) (2.12)

The final capture region area is limited by:

𝐾(𝑧) = min[𝑉1(𝑧, 0), 𝑉2(𝑧, 0)] (2.13)

Consider the special case [?]: 𝜙11(𝑧) = 𝜙22(𝑧) = 0, 𝜙12(𝑧) = 1, 𝜙21(𝑧) = −𝑔(𝑧).
The regions in the plane will be the interiors of the ellipses:

𝑥2
1

𝑣2(𝑧) + (𝑣(𝑧)𝑥2 − 𝑣′(𝑧)𝑥1)2

1 ≤ 𝜖2 (2.16)

§ 3. STUDY OF THE SECOND INTEGRAL OF SYSTEM
(1.1)
We write the function 𝑤(𝑥, 𝑧, 𝑡) for the case (2.14):

𝑤(𝑥, 𝑧, 𝑡) = 𝑃𝑖 cos 𝜃(𝑥1, 𝑥2, 𝑧) (3.1)

where
tan 𝜃(𝑥1, 𝑥2, 𝑧) = − 1

𝑣(𝑧)
𝑥2𝑣(𝑧) − 𝑥1𝑣′(𝑧)

𝑥1
(3.3)

Consider the case where 𝑣∗(𝑧) = 𝑐0(1 − 2𝑏 cos 2𝜋𝑧) (3.4). For simplicity, let
𝑧 = 0, 𝑏 = 1/2, and 𝑐0 = −1/2. We obtain:

𝑢(𝑥, 0, 𝑡) = 𝑝(𝑥1, 𝑥2, 0)√2 − cos(2𝜋𝑡) sin(2𝜋𝑡 + 𝜎) (3.11)

The function (3.11) is periodic. It can be deduced that the maximum of
|𝜒(𝑥, 0, 𝑡)| < 1 over a single period. Consequently, there exist points on the
ellipse (3.9) that satisfy the condition |𝑢(𝑥, 0, 𝑡)| < 𝑎 for all 𝑡. If the function
(3.11) were not periodic—which occurs when 𝜔/𝜋 is irrational—the capture region
would coincide exactly with the region bounded by the ellipse (3.9).
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§ 4. INTEGRALS OF MOTION FOR THE SYSTEM OF
FOUR EQUATIONS
Let there be a system of equations given by:

𝜙𝑘 = 𝜙𝑘(𝑧) (𝑘 = 1, 2, 3, 4) (4.1)

where 𝜙𝑘(𝑧) are periodic real-valued functions with period 1. The matrix of
linearly independent solutions is:

𝑊(𝑧) = exp [∫ Φ(𝑧, 𝜉) 𝑑𝜉] ; Φ = (𝜙𝑖𝑘) (4.2)

The elements of the matrix are periodic solutions of the nonlinear system:

Φ̇𝑖𝑘 = Φ𝑖𝑘 (4.4)

We separate the real and imaginary parts: Φ𝑖𝑘 = 𝑢𝑖𝑘 + 𝑖𝑣𝑖𝑘 (4.8). We assume
the determinant Δ ≠ 0 (4.9). We transform to the variables 𝑠1, 𝑠2, 𝑠3, 𝑠4 (4.10).
This leads to the first integrals:

|𝑠|2 + |𝜎|2 = 𝑄2 exp (2 ∫ 𝛾 𝑑𝜉) (4.22)

𝑠𝑓∗ + 𝑠∗𝑓 = 𝑄 exp (2 ∫ 𝛾 𝑑𝜉) (4.23)

and the second integrals:

𝜙(𝑥, 𝑧, 𝑡) = ∫ 𝜔 𝑑𝜉 + Φ(𝑥, 𝑧, 0) (4.24)

𝜙(𝑥, 𝑧, 𝑡) = Φ(𝑥, 𝑧, 0) (4.25)

§ 5. INVESTIGATION OF THE FIRST INTEGRALS OF
SYSTEM (4.1)
We solve equations (4.10) for 𝑠ℓ + 𝑎ℓ:

𝑠ℓ + 𝑎ℓ = 𝑗ℓ + 𝑎ℓ
(𝑧 + 𝑡)𝑠ℓ

(5.1)

We seek the maximum value 𝑚𝑖(𝑥, 𝑧) subject to constraints (4.22) and (4.23):

𝑚𝑖(𝑥, 𝑧) = 𝑄1√𝑎2
1(𝑧 + 𝑡) + 𝑎2

1 + 𝑄2√𝑎2
2(𝑧 + 𝑡) + 𝑎2

2 (5.2)

The region where every point satisfies inequality (2.5) for all 𝑡 is bounded by
the coordinate axes and a curve
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Figure 1: Figure 1
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Figure 2: Figure 2
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Figure 3: Figure 2
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. Let 𝑀(𝑥, 𝑧) denote the minimum of 𝑄 within the interval (2.7). The paramet-
ric equation of the boundary curve is:

𝑄1 = 𝑄1(𝑥, 𝑧), 𝑄2 = 𝑄2(𝑥, 𝑧) (5.7)

The four-dimensional volume corresponding to the values of 𝑄 and 𝑄̄ is:

𝑉 = 𝑄𝑠(𝑧)
Φ ∫ Φ(𝑄, 𝑟)𝑄 𝑑𝑄 (5.16)

By setting 𝜉 = 0 in (5.16), we obtain the volume:

𝑄𝑖(𝑧) = ∫
∞

0
… ∫

∞

0
𝑄 𝑑𝑄 (5.17)

which serves as a lower bound for the measure of the capture region. In conclu-
sion, I express my gratitude to A. D. Myshkis and Yu. S. Bogdanov for valuable
discussions.
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Figure 5: Figure 4

russiarxiv.org/items/ru-196701.38440 Machine Translation

https://russiarxiv.org/items/ru-196701.38440


Figure 6: Figure 5
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Figure 7: Figure 6
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Figure 8: Figure 7
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Figure 10: Figure 9
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Figure 11: Figure 10

russiarxiv.org/items/ru-196701.38440 Machine Translation

https://russiarxiv.org/items/ru-196701.38440


Figure 12: Figure 11

russiarxiv.org/items/ru-196701.38440 Machine Translation

https://russiarxiv.org/items/ru-196701.38440

	On the definition of the capture regions in the case of a system of linear differential equations with periodic coefficients
	Abstract
	Full Text
	Preamble
	DIFFERENTIAL EQUATIONS
	DETERMINATION OF CAPTURE REGIONS FOR SYSTEMS OF LINEAR DIFFERENTIAL EQUATIONS WITH PERIODIC COEFFICIENTS
	Introduction

	§ 1. INTEGRALS OF MOTION OF A SYSTEM OF TWO EQUATIONS
	§ 2. STUDY OF THE FIRST INTEGRAL OF THE SYSTEM
	§ 3. STUDY OF THE SECOND INTEGRAL OF SYSTEM (1.1)
	§ 4. INTEGRALS OF MOTION FOR THE SYSTEM OF FOUR EQUATIONS
	§ 5. INVESTIGATION OF THE FIRST INTEGRALS OF SYSTEM (4.1)
	References
	Figures


