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Introduction
Consider a system of equations:

dz;
dt

n
= ¢ylt+7)a;, i=1,2...n (1)
j=1

where ¢,; are real continuous periodic functions with period w, and 7 is a pa-
rameter. The solution to this system can be written in the form:

n
(6T, 21 00 T s s ) = DUy (E,T)T; (2)
J=1

where the quantities u;; are defined as:

u;(t,7) = 2;(t,7,0,...,1,...,0)
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We define the capture region with respect to the variables x{, z,, ..., z,, as the
set of all points in n-dimensional space such that, for any ¢ > 0, the formulas (2)
yield a point in (p + 1)-dimensional space lying within the (p + 1)-dimensional
parallelepiped:

lz;| <aj, j=d,i+1,...,i+p

where a; are given positive constants.

In the present work, we calculate quantities that generally provide a lower bound
for the capture regions for the cases n = 2 and n = 3. Furthermore, a non-trivial
example is presented where the calculated value, under certain known conditions,
yields the exact magnitude of the capture region.

§ 1. INTEGRALS OF MOTION OF A SYSTEM OF TWO
EQUATIONS

Consider a system of equations given by:

dx; 2 )
E?:E:@ﬁﬁ%ﬂ%,z:lﬂ (1.1)

J=1

where ¢,; are continuous, periodic real-valued functions with a period of w, and
T is a parameter. It is well known [?] that in cases where the characteristic roots
of (1.1) are distinct, the matrix of linearly independent solutions for this system
can be expressed as follows:

W(t,7) = exp U) D+ T) df] (1.2)

The solution can be represented using the following transformation:

U(z) = [f(2)]2(2) + [9(2)]®"(2) (1.3)

where the square brackets denote a diagonal matrix; f,g are complex-valued
functions, and the asterisk denotes complex conjugation. Here, W(z) represents
a periodic solution to the nonlinear equation:

LU =0 (1.5)

We proceed by separating the equation into its real and imaginary parts:

Woy = Ugy + 10y (1.6)
and we shall assume that & > 0. In place of the function u, we introduce another
function v according to the relation:

v 1.7
Y ¢11 - ¢22 ( )
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By substituting (1.6) into (1.5) and subsequently separating the real and imag-
inary parts, we find that the function v satisfies the equation:

/
v — @U/ +(¢11 — Pa2)v =0 (1.8)
b1z
and the function v is expressed in terms of u as follows: u = v(Py; — Pgo)
(1.9). Equation (1.8) generally possesses complex periodic solutions. However,
we shall assume that the coefficients ¢,; are such that the function is real-valued.
Let us introduce the notation:

n=¢11 + Pao

The solution to (1.1) is written using (1.2) as follows:
x(t) = Wz + )W (2)x, (1.12)

By applying (1.3) and the subsequent formulas, we find that (1.12) is equivalent
to the equation:
s +isy = Sy (x,t) +1S5(x, 1) (1.14)

By equating the moduli and phases of the complex quantities on the right and
left sides of (1.14), we obtain:

8%(1‘,2,75) + s%(ﬂc,z,t) = €Xp (/ <¢11 + ¢22> df) (1'15)
0

0o(X,Z,t) =0(X,z) (1.16)

where 0(X, z) = 0(X,2,0) (1.18). In the following, we shall refer to (1.15) as
the first integral and to (1.16) as the second integral of the system (1.1).

§ 2. STUDY OF THE FIRST INTEGRAL OF THE SYS-
TEM

We solve equations (1.13) with respect to ¢, and let u (z,2,t) = v(z £ t) £
Sq(x, 2,1):

u(z, z,t) = du'(z + t) + du'(z, 2, t) (2.1)
Let us assign specific values to z and ¢, and choose the components of the vector
x such that the expression s?(x, z) + s3(z, 2) remains constant. Then the values
of (z,z,t) will correspond to the coordinates of the points on the circle (1.15)
in the plane. To find the maximum absolute values of these functions on this
circle, it is necessary to solve the relative extremum problem (see [?]). As a
result, for the maximum of |u|, we obtain:

|u(z, 2, 1)| = exp (—/O (11 + P32) dC) VoA (z 4 t) + s2(x, 2) (2.2)
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We shall now determine two regions of values for the quantity @ =
\/S3(z,2) + S2(z,2) (2.4) such that the values from the first region, when
substituted into (2.2), and those from the second region, when substituted into
(2.3), yield |z;| < € (i = 1,2) (2.5) for all ¢ in the interval 0 < t < co (2.6).

Let us denote by M, (z) the minimum of the function v(z+1t) exp{— fot o1 (T)dT}

and by M,(z) the minimum of the function related to the second component.
The required intervals are then given by (i = 1,2) (2.10). The formula for the
area of the region in the (z, z,t) plane is:

A,(z,t) = TM?(z) exp {/0 (i)i(’r)d’l’} (2.11)

By setting ¢t = 0 in (2.11), we obtain a value that provides a lower bound for
the area of the capture region:

J;(2,0) = nM?(2) (2.12)
The final capture region area is limited by:

K(z) = min[V;(z,0), V5(z,0)] (2.13)

Consider the special case [?]: ¢11(2) = ¢og(2) = 0,015(2) = 1, d91(2) = —g(2).
The regions in the plane will be the interiors of the ellipses:

#i o Rz — (),

v2(2) 1 -

(2.16)

§ 3. STUDY OF THE SECOND INTEGRAL OF SYSTEM
(1.1)

We write the function w(z, z,t) for the case (2.14):

w(x, z,t) = P;cosO(xy, xq, 2) (3.1)
where ) ) ')
o xou(2) — 20 (2

tan0(zy, Ty, 2) = P (3.3)

Consider the case where v*(z) = ¢y(1 — 2bcos2mz) (3.4). For simplicity, let
z2=0,b=1/2, and ¢, = —1/2. We obtain:

u(xz,0,t) = p(aq,24,0)4/2 — cos(2nt) sin(27t + o) (3.11)

The function (3.11) is periodic. It can be deduced that the maximum of
|x(z,0,t)] < 1 over a single period. Consequently, there exist points on the
ellipse (3.9) that satisfy the condition |u(z,0,¢)| < a for all t. If the function
(3.11) were not periodic—which occurs when w/7 is irrational—the capture region
would coincide exactly with the region bounded by the ellipse (3.9).
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§ 4. INTEGRALS OF MOTION FOR THE SYSTEM OF
FOUR EQUATIONS

Let there be a system of equations given by:

b = ¢k<z) (k = 1727374) (4'1)

where ¢, (z) are periodic real-valued functions with period 1. The matrix of
linearly independent solutions is:

W —exp | [@0de]i @ =6 (42)
The elements of the matrix are periodic solutions of the nonlinear system:

‘bik = (4-4)

We separate the real and imaginary parts: ®;;, = u,;, + iv;;, (4.8). We assume
the determinant A # 0 (4.9). We transform to the variables s;, s5, 55, s, (4.10).
This leads to the first integrals:

sl +1of? = Qexp (2 [ ) (4.22)
sf*+ s f=Qexp (2/7d§> (4.23)
and the second integrals:
d(z,z,t) = /wdf + ®(x, 2,0) (4.24)
o(z, 2,t) = (x, 2,0) (4.25)

§ 5. INVESTIGATION OF THE FIRST INTEGRALS OF
SYSTEM (4.1)

We solve equations (4.10) for s, + a,:

Je T ag

(z+t)s, (5-1)

SE“FG,[:

We seek the maximum value m;(x, z) subject to constraints (4.22) and (4.23):

mi(e,2) = QuyJa(z + 1) + af + Qayfad(z + 1) + a3 (5.2)

The region where every point satisfies inequality (2.5) for all ¢ is bounded by
the coordinate axes and a curve
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1. Researching pendulum systems (simple pendulum, double
pendulum, etc.), as well as the dynamics of electromechanical sys-
tems, integrated circuits, synchronization of phase circuits, adjusting
frequency, leads to the necessity of considering systems of differen-
tial equations of the form

UDC 517.917

CLASSIFICATION OF TRAJECTORIES
OF A DYNAMICAL SYSTEM
WITH CYLINDRICAL PHASE SPACE

E. A. BARBASHIN
where the variables ¢ ¢m are_angular variables (phase

coordinates and functions &, X ; are periodic functions (with perio
1) of these coordinates, variables x, ..., x, are Euclidean coor-

dinates. e o
Without loss of generality, it can be assumed that is pointe of
the form
d :
= @Oy Bm o %) (=1, m),
(m
B e Xy ees O X e %) (=)
dt W e Wins ALy o0y Ap ERRE) »

Without loss of generality, it can be assumed that the period of all
angular coordinates is the same and equals 2x. This means that the
physical state of the system under consideration described by
Bomls of the form (¢, + 2km, ..., @m + 2kym, Xy, ..., X,), Where
Ky, ..., kpn are integers, is L(ien_tlcal_ly. Identifying all points of the
indicated form, we obtain a cylindrical phase R(gtpl, .evs @m). This
space as the “topological product of an m-dimensional torus and
an n-aidian space of variables x, ..., x,. :
The Euclidean space R of variables ¢,, ,3 y X1y oo X will
be the covering space for the cylindrical space R(@y, ..., ¢.,) (see,
for example, {E] and (3]). .
... Cylindrical space R(g,, ....rttp,..) can be obtained from space R
if the latter is cut along tf'le surfaces ;= —m, @; =z (i=1,...,m)
andcgll_ngg_ls erformed. ;
... Cylindrical space R(¢,. ..., ¢,) can be obtained from space R
if theé latter is cut along the surfaces ?,- ==, Q=T ... @¢="
(i=1,.., m) and gluing 1s performed of the resulting “strip” alon,
the cut surfaces. Clearly, that such folding can be performed no
for all coordinates ¢, ..., ®,, but only for a certain part of these
coordinates, for example, for coordinates @y, ..., ¢;; the ﬁylmdrl-—-
cal space thus obtained will be denoted by the symbol R(g,, ...,
®m). Obviously, space R(g,, ..., ¢,) is also the covering for the
space R(gy, ..., Pg). e . ]
Assuming the ’Pulﬁl!menl of some conditions ensuring the exis-
tence and connnqabﬂlt{ of the solutions of the system of equa-
tions (1), we obtain on the phase space R(qy, ..., ¢,,) a dynamical
system. This dynamical system induces In any covering space

Figure 1: Figure 1
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reduced with the help of continuous deformation into another. The
number of different independent classes of closed paths is called the
connectivity order of the manifold. The connectivity order of the space
R(iy,...,m) is equal to m+1, thus, the maximum number of homotopi-
icaﬁ independent limit cycles in the space R(yy, ..., ¢m) is equal to m+1.

uch a maximal system can be represented, for example, by a system
consisting of a O-cycle and p;-cycles, wherei=1,...,m.

Thus, the classification of limit cycles proposed by us provides a finer
partition into classes in comparison with the classification based on the
conceyi)t of homotopy, since all cycles of class, different from class S?
and classes (p;), i=1,...,m, will be homotopically dependent on the
above-mentioned cycles. Nevertheless, our classification, distinguished
by its simplicity, allows us to accurateiy characterize the location of the
limit cycle on the considered cylindrical phase space.

or example, on a two-dimensional torus R(p;,2) we have
three homotopically independent classes of limit cycles: 0-cycles,
pj-cycles, encompassing the torus along the meridian, go-cycles
encompassing the torus along the parallel. bviousgv. 1, a)-cycles will
encompass the torus both along the meridian and along the parallel
i.e., despite the fact that they are derivatives of the above-mention
cycies, they can be of independent interest in research.

3. As property A, any other property of the trajectories of the dynamic
system can be taken. One of such properties can be, for example, the
property of positive stability of trajectories according to Poisson ([5],

. _Recall that a point p is called positively stable according to Poisson,
if for any neighborhood U of this point one can specify a positive am-

er T such that, during its movement along the trajectory over a time
interval ¢ > T, the point p falls again into the neighborhood U at learst
once. Note that if at least one point of the trajectory is positively
stable according to Poisson, then all other points of this trajectory
will have the same property. Thus, we obtain the concept of a positively
stable trajectory according to Poisson (P-stable trajectory).

Following definition 2, we say that a trajectory from the space
R(g1,..., om) is a P-stable trajectory of class (i, ..., ¥,), if the property
of P-stability is preserved when unrolled along all owch coordinates g;,
where i is distinct from r, ..., s, and disappears upon further unrolling
along as now umoeears thon a further unrolling along any of the
coordinates @y, ..., s

Tf we take the two-dimensional torus as the space R(lpl,cip;), then the
only P-stable trajectories on it, distinct from rest points and limit cycles,
will be P-stable trajectories of class (i, ¢2). In Indeed, the unfolding of
the torus along any of the coordinates ). 2 is a cylinder, and along
both coordinates gy, p; - a place. But neither on the plane, nor on the
two-dimensional cylinder can there be P—stable trajectories distinct
from rest points and limit cycles (in both rerrate according cycles.rIS]l. p.
364). Thus, on the torus tgere exist only P-stable trajectories of class
Sgal,gpg), distinct from singular points and limit cycles. The property of

-stability of these trajectories is lost upon unrolling along any of the
coordinates ¢, 2.

If, however, as the sirace R(¢1, ;) we take the topological product
of the torus by the real line, i.e., we introduce into consideration a new
coordinate z, which is not angular, then the unfolding of such a space

Figure 2: Figure 2
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reduced with the help of continuous deformation into another. The
number of different independent classes of closed paths is called the
connectivity order of the manifold. The connectivity order of the space
R(iy,...,m) is equal to m+1, thus, the maximum number of homotopi-
icaﬁ independent limit cycles in the space R(yy, ..., ¢m) is equal to m+1.

uch a maximal system can be represented, for example, by a system
consisting of a O-cycle and p;-cycles, wherei=1,...,m.

Thus, the classification of limit cycles proposed by us provides a finer
partition into classes in comparison with the classification based on the
conceyi)t of homotopy, since all cycles of class, different from class S?
and classes (p;), i=1,...,m, will be homotopically dependent on the
above-mentioned cycles. Nevertheless, our classification, distinguished
by its simplicity, allows us to accurateiy characterize the location of the
limit cycle on the considered cylindrical phase space.

or example, on a two-dimensional torus R(p;,2) we have
three homotopically independent classes of limit cycles: 0-cycles,
pj-cycles, encompassing the torus along the meridian, go-cycles
encompassing the torus along the parallel. bviousgv. 1, a)-cycles will
encompass the torus both along the meridian and along the parallel
i.e., despite the fact that they are derivatives of the above-mention
cycies, they can be of independent interest in research.

3. As property A, any other property of the trajectories of the dynamic
system can be taken. One of such properties can be, for example, the
property of positive stability of trajectories according to Poisson ([5],

. _Recall that a point p is called positively stable according to Poisson,
if for any neighborhood U of this point one can specify a positive am-

er T such that, during its movement along the trajectory over a time
interval ¢ > T, the point p falls again into the neighborhood U at learst
once. Note that if at least one point of the trajectory is positively
stable according to Poisson, then all other points of this trajectory
will have the same property. Thus, we obtain the concept of a positively
stable trajectory according to Poisson (P-stable trajectory).

Following definition 2, we say that a trajectory from the space
R(g1,..., om) is a P-stable trajectory of class (i, ..., ¥,), if the property
of P-stability is preserved when unrolled along all owch coordinates g;,
where i is distinct from r, ..., s, and disappears upon further unrolling
along as now umoeears thon a further unrolling along any of the
coordinates @y, ..., s

Tf we take the two-dimensional torus as the space R(lpl,cip;), then the
only P-stable trajectories on it, distinct from rest points and limit cycles,
will be P-stable trajectories of class (i, ¢2). In Indeed, the unfolding of
the torus along any of the coordinates ). 2 is a cylinder, and along
both coordinates gy, p; - a place. But neither on the plane, nor on the
two-dimensional cylinder can there be P—stable trajectories distinct
from rest points and limit cycles (in both rerrate according cycles.rIS]l. p.
364). Thus, on the torus tgere exist only P-stable trajectories of class
Sgal,gpg), distinct from singular points and limit cycles. The property of

-stability of these trajectories is lost upon unrolling along any of the
coordinates ¢, 2.

If, however, as the sirace R(¢1, ;) we take the topological product
of the torus by the real line, i.e., we introduce into consideration a new
coordinate z, which is not angular, then the unfolding of such a space

Figure 3: Figure 2
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. Let M (z, z) denote the minimum of @) within the interval (2.7). The paramet-
ric equation of the boundary curve is:

Q1 =Qi(7,2), Qo= Qs(x,2) (5.7)

The four-dimensional volume corresponding to the values of Q and Q is:

Q,(2)
)

V= /@(Q,r)cg dQ (5.16)

By setting £ = 0 in (5.16), we obtain the volume:

Q,(z) = /OOO .../OOOQdQ (5.17)

which serves as a lower bound for the measure of the capture region. In conclu-
sion, I express my gratitude to A. D. Myshkis and Yu. S. Bogdanov for valuable
discussions.
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sEaces will be three-dimensional cylinders, and the full unfolding —
three-dimensional Euclidean space. Obviously, in this case it is not
difficult to construct examples of P-stable traH'ectories, distinct from
singular points and limit cycles, of any of the four possible classes.

4. Let us now formulate a criterion for the absence of P-stable
trajectories.
heorem 1. Let there exist in the space R a single-valued conti-
nuously differentiable scalar function v(g,, ..., 9m, X1, ..., X,), the
derivative of which, taken by virtue of system (1), is sign-constant. Let
the function v(p,, ..., ®m, X1, ..., X,) be periodic (with period 2n) with
respect to the coordinates @,, ..., ¢,. Then all P-stable trajectories of
class (gy, ..., ¢;) (as well as class (0) and class (¢, ..., @,), where ¢p,
@ps - - -, Pg—coordinates from the set ¢, ..., @,) lie on the set v=0.

Thus, if the set v=0 does not contain whole trajectories, then —
P-stable trajectories of the classes indicated in the theorem are absent.

For the proof of the theorem, let us consider the space R(9,, ..., ¢s),
which is obtained from the space R by folding along the coordinates
@, ..., @y It is easy to see that the function v(py, ..., ®m, X1, ..., Xp) IS
single-valued and continuous, the space R(g,, ..., 9;), since the values of
this function at corresponding points upon folding will be identical.

Let us assume now for definiteness that the function v(gy,..., @m,
Xy, ..., X5) is non-positive in the space R, i.e., satisfies everywhere
the inequality v <0.

Let us assume further that there exists a P-stable trajectory of
class (tgz,, ..., @;). By definition, this trajectory is P-stable ... in the
space R(p,, ..., tp,}’ and loses this property upon unfolding along
any angular coordinate g, ..., 9,.

Let us assume that on our trajectory there is at least one point g
at which v is distinct from zero, i.e., is negative. By definition o
P-stability, for any positive number T it is possible to indicate a
number r>T such that after a time interval ¢ the point g will arrive
in a pre-assigned neighborhood of its initial position. This means that
the function v with the growth of time must accept values arbinarily
close to v(g). But the latter leads to a contradiction, since a
non-increasing function along the considered trajectory, given the
choice of point g, the values of this function with the growth of time
will be knowingly less than the value accepted by the function v at

point g.
5. Let us try to obtain now a more general result. We will again
consider the cylindrical space R(¢), ..., ¢,). Let us consider a positive

semitrajectory of some point p and a sequence of positions pr(r,) of
this point during movement along the trajectory of systemu (1),
correspondingly  to a sequence of moments = of time

0<n<n<..., t,—oo. By definition, any point g, which is limit for
the set G! ), is_called an w-limit point of the trajectory of p. As
is known ({31, p- 358), the set of w-limit points of a given point p is

closed and invariant, i.e., consists of whole trajectories.

We will say now that point g is an w-limit point of class (? yeees @)
for point p, if point p, If point g is an w-limit forlp in the space
R(¢,, ..., ©;) and loses this property upon unfolding along any of the
coordinates.

Figure 4: Figure 3
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Theorem 2. Let there exist in the space R a continuously differentiable
single-valued scalar function v(gy,...,¢m, 21,...,%,), whose derivative,
taken by virtue of system (1), 1s of constant sign. If the function v is
periodic in the coordinates ¢y, ...,ps (with period 2m), then all w-limit
points of the class (p1,...,@s) lie on the set 7 = 0.

In fact, just as before, we are convinced that in the space Ry, ..., ¢s),
the function v will be a single-valued function. Since the derivative of the
function v is of constant sign, with the increase of time ¢, v changes
monotonically along the trajectory and has as t — oo a finite or infinite
limit vy, But it is easy to see that in the case of the existence of an
infinite limit, w-limit points for the considered trajectory will be absent.
We will therefore focus our attention on the case where vy is a finite
value. If the point g is any w-limit point of this trajectory, then from
the continuity and monotonic character of the change in the function v
along the tra%ectory, it follows that v(g) = vg. Thus, the most entire
w-limit set of the trajectory lies on one and the same level surface
v = vg. Since the w-limit set consists of entire trajectories, then
thecorfnes, then along these trajectories we have © = 0, which proves the
theorem.

Since the points of a trajectory positively stable in the sense of Poisson
are w-limit points for this trajectory, it is not difficult to obtain Theorem
1 as a consequence of Theorem 2. heorem 2 resembles in its formulation
Lemma 5.1 and Theorem 5.2 from the work [6], and also the more general
LaSalle's theorem (7).

A trajectory is called positively stable in the sense of Lagrange (L-
stable), if the closure of any positive semi-trajectory is compact. Analo-

ously to the Srevious, one can give a definition of L-stability of the class
f 1y-++1@s). Obviously, the set of w-limit points of the class (g1, ..., ;)
or an L-stable trajectory of the class (gy,...,¢,) is non-empty. From
the proof of Theorem 2 it follows that unéer the fulfillment mate of the
conditions of this theorem, any L-stable trajectory of the class (py, ..., @s)
indefinitely approaches as £ — co in the space R(yp,...,ys) some invan-
iant set, lying on the set ¥ =, lying on the class ¥ = 0. If, under that
condition, the set ¥ =0 in space R(YI’W"%) . R(gy,...,ps) consides of
only the point O, then any L-stable point of this spactry asymptoti-
catily approaches as t — oo this point O.

6. Let us consider now in the space R the system
i
dt
dz; = F i
a —;ﬂ-jkrk +Flpneoem) (=1,...,n),

=®i(p1,. ., PmyT1, .- 2a) (i=1,...,m),
)

where aj;, are constants,
Let us assume that the functions &, F; are continuous periodic functi:=
of period 2 with respect to the angular coordinates ¢y, ..., @m.
Theorem 3. If all eigenvalues of the matriz A = ta. ik ffaﬂe negative
real parts, then any solution of system (2) will be L-stable of the class

)
fn fa;ct:“{et us consider the auxiliary system

dz; = 3
T;:Zajkm,, G=1,...,n). (3)
k=1

Figure 5: Figure 4
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By virtue of the well-known Lyapunov theorem ([6], p. 35), there exists a
certain positive definite quadratic form v(xy, ..., x,), the derivative of which,
taken by virtue of system (3), is equal to the function w = —x§ — ... —x2.

Taking the derivative of the function v, by virtue of system (2) we obtain

dv o dv
E—W-l—j_;laf}.

Let us consider now in the space R the cylinder x] + ... + x2 = r%. Since
as functions of dv/dx; they are linear with rescect to the variables xy, ..., xn,
and the functions F; are organized functions of the arguments @y, .. ., ¢, then,
then, having chosen r sufficiently large, we oolyain on the surephice of the
cylind, and outside it the urpanencity i < —e® < 0. Hot this means, that acll
trajectories of systerm (2) fallst with the growth of time inside the cylindry
and thrre forever. Since the intyrier part of the cylindry repenoitions opon
rolling R over aell yogular coopdinates into a organuenone mnowectre, we
onlyain, thus, in the eprostpancte R(gy, ..., ®,) L-stability.

Corolllary. Lyct for system (2) there exist a continuously differentiable
singl&value? withhwed function In a prosggance R u(@y,evvy Pmy X1y 000y Xn)-
Let us assume, that the function v is pepiodice (with period 2x) with res?ect
to acel yogular coordinates @y, ..., Pm, and the prorisative of v, wrised by
vidtye of system (2), is non-positive. If acll ehhanvanues of the matruqu
A= f(ajb} hwent eegative stanise reetsh ecual varts, the so alofiing trajector-
ty of systems (2) becapananently appllicawacces npn ¢ — oo a invarianisn-
nomy mnowectee, lewing on the mnowectse & =0.

In particular, ecll the mnowectte 0 = 0 in the prostpance R(p,, ..., Pn) cO-
derent as an invariantend mnowectrs only onne tovky, the upon fufolnment
of the ﬁ(clobion, ykasaned or sincn above, molyve an neorpanoventive npd-
aproach of trajectories to sthy towkt.

However, this particular clyae is ecnpotwered very perky in applicatioss.
More common is the case, where there exists a certain obLectts of anttraction
of a ycaniner ystobilissoro positiomum pannosecus, this oblach is organinend
by separatingum nosgepxnocrrmis, proxodinnusm hepes neyctolivinuse no-
noxenus pahnosecun.
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Therefore we limit ourselves to consideration of (3.11) in the range 0<r<4. If
8(xy, x5, 0) #0, £+ %, +mx + 3T1|:' then the maximum of the first per-

riodic factor in (3.11) and the modulus of the maximum of the second periodic
factor will be realized for different r. From this it is easy to deduce that
the maximum |u(x, 0, 1)] < a, over one period. But thus we arrive at
arrive at the existence of points (x;, x;) outside the ellipse ?.9), which
ensure (3.10) for alla 0 < t+ < 4, and consequently, for alll r > 0.
If the function (3.11) were not periodiortic, which would be the case
when w/n is an irrational number, then we would not find points outside the
ellipse (3.9), satisffing the requirement (3.10). In this case the capture region with
respect to x, would coincide exactly with the region olranded by the ellipse (3.9).

§ 4. INTEGRALS OF MOTION OF A SYSTEM OF FOUR EQUATIONS
Lyt the system of equations be given

4
duk
=Y ezt om (k=1,2,3,4), (4.1)
=1
where ¢,,(r)—are periodicatiiic realtual functions with period 1; z is a para-
mﬁter. N;atrix of linearly independent solutions can be written in the form (1.2),
where

W(z)=[exp(— [ou@d); exp(- [ @a0ac):
0 ]
exp (= [ @@t s e [ 0w dc)] ey (42)
0 0

4
Dp(2) = 3 Wi )Pk (2); 4.3)

the elements w;,(z) of the matrixy w(z) are periodiccaible solutions of the n-
onlinear system

dw, '
d—z‘* =wyby— Py, wy=1 (L k=1,23,4) (4.4)
The system (4.4) decouples into feture independent systems of three ypau-
nations in each (i is the number of the system). If the solution of the system with
number i is known, then it is easy to obtain the corrterstcuging solution of the
system with number m:
Win
Wmn = ——. 4.5
= (@35)
Therefore it is sufficient to find 4 different periodic solutions for any one
system sustemy (jn [1] the existence of these periodic solutions is proved),
in order then using (4.5) to find all functions necessary for constructing
the matrixﬁ w(z2). On this basis we shall everywhere below proceed from the
system with number { = 2.
Let us donate the first solution of this system by wyy, w23, Wy, wyy, the second
solution by vz, V3, Va3, Vaa. Then due to the realness of the coefficients
@y (t) another pair of solutions will be complex-conjugate to the one indicated.
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Let us denote further R
T2 =3 vinna 6)
=

Then the matrix W(z) can be written as (W(z) is defined up to a constant
left multiplier, which is easy to see from (1.2)):

W)= [exp (—nfﬁ:dz) - (—j%dé) jesp (—uf'wz);

wy 1wy wy
fae 17 Wp 1wy W
exp|— | ®nd ) . 4.7
p(ofnf]vﬂlvnvu 41
va 1 v v
Let us separate the real and imaginary parts in the functions wy and vy:
we = Wi+t vk = Uik + Ui (48)
We will assume that the following determinant is non-zero:
Wy 1 W Wy
Wy 0 Wy Wy

d(z) = #0. (4.9

U 1 U U
Uy 0 Uy Un
Let us move from the variables ) = u (¢, 2, ), uz = ua(2, 2,t), u3 = ti3(%, 2,t),
ug = wy(z, 2, 1) to the variables
u =822 1) =0yz+)u+u+
+ Wag (2 + t)ug + Was (2 + t) wy,
52 = 52(2, 2, ) = W (2+ )y + W (2 + t)us + Waa (2 + )y, (4.10)
s3=83(2, 2, 1) = Uy (z+ )y +up +
+ g (2 +8) ug + g (2 + D)1y,
8= 84(2, 2, 1) = Uy (2 + t)wy + Vas (2 + t)ug + Vg (2 + t)uy.
Denoting for brevity
sl znt)=b, 2@2t)=6, s@Ea)=4
s1(z, 2, t) =&, (411)
we reduce equation (1.12) to the form

[exp (- ?‘@;,dg) ; exp (7 ij“%dg) ; exp (- ?’6,, df) :

P 51— sy G-i&
Bpd sitis | _|&a+i&

exp(;f - E)jl s3+isy &+i6 |’ “12)
83— sy, &-i&

Figure 8: Figure 7
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which is equivalent to the following two equations:

uy = 2(uy(0tp + p2 + us + Dy@p (+ Ov)), (4.13)
uy = 2(uy(ag + 3 + us + Dy (+ O1)). (4.14)
Let
Uy = 2(uy(uy) + (Ut + aguz) + (AGE) + uy. 4.15)
We shall assume that
u, = mp; (4.16), and ¢, = (4.17). 4.16)
Let us introduce the notations:
u = o, (4.18), u,=10; (4.19), us=0¢,(420), wu,=cf, (4.21). 4.21)
Then equations (4.13), (4.14) can be written in the form
(= uy(2raif) + up (4.2)),  uy(=— (u(di6) + & (4.)), (4.22)
(== P+ Aa] — ), s=— WP + (] — ). @.25)

We shall call formulas (4.22), (4.23) the first integrals, and formulas (4.24), (4.25) — the second
integrals of system (4.1)

§ 5. INVESTIGATION OF THE FIRST INTEGRALS OF SYSTEM (4.1)
Let us solve equations (4.10) for u;, u,, us, uy, which is possible by virtue of (4.9):
Uy = Uy, Uy, Us, Up(UhV3, Uy, Us(Ums, Uy), (=1,2, 3, 4), (5.1)

Figure 9: Figure 8
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where aj;. (z + 1) is easily expressed in terms of the coefficients of system (4.10).

Let us give z and ¢ certain values, and we will take the comf)onems of the
vector x such that @ and Q have a constant value. Then the values sy, s will
be the coordinates of points of the circle (4.18), and s3, s4 — the coordinates
of points of the circle (4.19). It is required to find the maximum of |u;], assi-
ing that sy, 3, 53, 54 are subject to two constraint equations (4.22) (4.23) and
(4.23). To do this, one needs to solve a problem of relative extremum. [2].
Denoting by m; (x, z, ) the maximum of the quantity |u;|, we obtain

Py,
my(x,z,1) = Q(x,2) Va} (z+1)+ah(z+1) exp(f ndE_',) +
z+1

+@(x.z)\/a,23(z+r)+a,2,(z+r)exp(f 'r']di). (5.2)

z

a 7]

0,
Q.QO

.Y,

.

S,

40

a M g 4 q g+dq q
Fig. 1 Fig. 2
Let us find on the plane of variables Q, O a region such that the coordinates
of the points (Q, Q) from this region, substituted into (5.2), give the inequality
(2.5; for all + from the interval (2.6) or, which is the same, from the interval
(2.7) (here it is assumed that z = const).
First, we will indicate such a region, any point (Q, @) of which leads to the

inequality (2.5) only for some value of ¢ from the interval (2.7). This region
will be bounded by the straight line

z+1
OVl (z+0) +ah(z+n)exp [ ndt+
_ 241
+0Vah(z+1)+ak(z+1)exp f ndt =g (5.3)

and the coordinate axes (Fig. 1). On the coordinate axes, this straight line int-

tercepts segments - i

ajexp(~ [ ndt) arexp (-~ [ #dP)
I ON - z

v/l 5 a2 * vV + a2
aj +ap a3 + ajg

oM = (5.4)

Figure 10: Figure 9
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For different , the straight line NM will be positioned differently, therefore,
for each ¢ there will be its its own region OMN. If we now take the region,
which is the intersection of regions for different r from the interval (2.7), then
we will receive a region, each point of which, substituted into (5.2), will
lead to the inequality (2.5) for all r from the interval (2.7). This region will be
located in the first quadrant, bounded by the coordinate axes and a certain
curve (Fig. 2), the parametric equation of which can be obtained in the
following way. _

Let the point (Qo, @) be the intersection point of the straight line

2=xQ (5.5
where 0 < k < co, with the straight line (5.3). It is obvious
aj
Qo = z+e T+ ’
Val +a}exp [ ndi+xVa} +aljexp [ Tdg e
z z .
Q, - a; Kk

4+ z+1 k
Ve +agexp [ ndi+xVah+alexp [ ndg
z z

Let us denote by M; (x, z) the minimum of Oy in the interval (2.7). Then the
parametric equation of the boundary curve wi1 have the form (x — parameter)

Q=M 2), @=xM/kz2). (57
Excluding from (5.7) the parameter k, we get
0=£(Q2) (5.8)

Let us find now the 4-dimensional volume, the coordinates of points (s, 55,
53, $4) of which, substituted into (4.22) and (4.23), will give the values Q, Q,
carresponding to the coordinates of points in the shaded region in Fig. 2.

Let us fix some Q. Then the values of Q will be enclosed within the

limits .
0<0<fi(Q,2). (5.9)

To these values of Q and 0 correspond the points (s, s), lying on the circle (4.22),
and the points (s3, $4) —in the interior of the circle (4.23), the area of which is equal

to 2+t _
nf2(Q, 2)exp2 | ndt. (5.10)

To the values @, O, corresponding to the shaded striﬁ in Fig. 2, correspond
coordinates s, 5; of points of the ring, the area of which is equal to

21[Qexp2aff'r,|d§dQ. (5.11)

The 4-dimensional volume, corresponding to the values 0, O from the shaded
strip in Fig. 2, will be equal to the product (5.10) and (5.11):

!
2n?exp (2 [ o+ ﬁ)dC)J? (0, 2) QdQ. (5.12)

Figure 11: Figure 10
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If we now integrate (5.12) in the limits from zero to the value @, (z),
equal to the root of the equation
fi(Q,2) =0, (5.13)
then we will obtain the phase obieme ¥, (z, {), the coordinates of the towks
(51, 2, 53, 54) of whtich, substtutted into (4.22) and (4.23), will give the
values 0, O, coorterstrrying to the shaded area on fig. 2:

z41 Qi)
Vo@mn=2exp (2 [ m+mdS) | £ 200  (5.14)
z o

It is now not difficult to find the 4-dimensional obeem in the u), u3, us, uy,
the coordinates of towks cosopoin, substtulled first b (4.10), and then b (4.22)
and (4.23), will give the points (Q, Q), lewing in the shaded ahead on fig. 2.
For this it is necosary to pizile (5.14) ha d (z + 1) (see (4.9)). The formyla

[1] holds
z+t 4
dz+n=d@exp [ (2n+2— Y ¢, ®) . (5.15)
3 i=1
Diiding (5.14) ha (5.15), we holyn
om? I+t 4 Qilx)
Vi = Jrs e (j g;cp,-; © dc) a[ £ 2040. (5.16)
Setming ¢ = 0 in (5.16), we holyn obeem
2 i(z)
Vil 0) = d%‘;) j £2(0, 2)0d0, (5.17)

o

which will opanu it snow the meaps of zerm caxture along the coordinate x;.

In the clyvae, kerda is necessozy find the hiwrie granuny mesps oblacth
saxvata no neckolskun nepemennes x;, X;4, ..., wes dorwnis bydem na nlo-
ckoctu @, Q naittu chavala granuny nepececenun oblacted, organivenous
krubums f; (@, z), fi41 (@, 2), ..., teren find the granzom granuny and sudsta-
blate it to (5.13) in (5.17) smecto f; (Q, 2).

In conclusion, I express my gratittide to A. D. Myshkis and Yu. S. Bogdanov
za venble discussion the work.
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