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Abstract
Full Text
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MATHEMATICS

B. G. BAIBARIN

ON THE QUESTION OF CONFORMAL MAP-
PING OF CIRCULAR DOMAINS
(Presented by Academician M. A. Lavrent’ev on 28 III 1966)

1. Let 𝐿 be a simple nonclosed curve composed of a finite number of arcs of
circles and line segments, beginning at a point 𝜁0 > 0 of the real axis, not
passing through the origin, and not intersecting the ray 𝑙 ∶ 𝜁0 < 𝑧 < ∞.

Notation.

1)
𝑧 = Φ(𝑤, 𝑡), Φ(𝛽(𝑡), 𝑡) = 0, Φ(∞, 𝑡) = ∞, (1)

is a function conformally mapping the half-plane Im 𝑤 > 0 onto the do-
main 𝐵(𝑡), obtained from the plane (𝑧) by making a slit along the curve
ℒ(𝑡) + 𝑙, where ℒ(𝑡) ∶ 𝑧 = 𝜉(𝜏), 𝑡0 ≤ 𝜏 ≤ 𝑡, 𝑡 < 𝑇 , is a part of the curve
𝐿.

2) 𝑎𝑝(𝑡), 𝑝 = 0, 1, 2, … , 𝑛, are the preimages of the corner points 𝑧𝑖, 𝑖 =
0, 1, … , … , 𝑚; 𝑛 = 2𝑚; 𝑧0 = 𝜁0 of the curve ℒ(𝑡) + 𝑙, including also the
end of the slit, whose preimage we consider to be 𝑎0(𝑡) (to each non-end
corner point 𝑧𝑖 there correspond two points among the 𝑎𝑝(𝑡)) under the
mapping (1).

3) 𝛼𝑝𝜋, 𝑝 = 0, 1, 2, … , 𝑛, is the angle between the tangents on the left and
on the right to the curve ℒ(𝑡) + 𝑙 at the points 𝑧𝑖.

4) 𝑀𝑝(𝑡), 𝑝 = 0, 1, 2, … , 𝑛, are the accessory constants of the Schwarz deriva-
tive 𝑆(𝑤, 𝑡) for the function Φ(𝑤, 𝑡) (3).

5) 𝑡𝑖, 𝑖 = 0, 1, 2, … , 𝑚, are the values of the parameter 𝑡 corresponding to
the corner points 𝑧𝑖, 𝑧𝑖 = 𝜉(𝑡𝑖).

Theorem. Let 𝜒(𝑤) be a function conformally mapping the half-plane Im 𝑤 > 0
onto the plane with a slit along the ray 𝑙. Then the functions

Ψ(𝑤, 𝑡) = log Φ′
𝑤(𝑤, 𝑡), 𝑆(𝑤, 𝑡) = Ψ″(𝑤, 𝑡) − 1

2Ψ′2(𝑤, 𝑡)
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are integrals of the equations

𝜕Ψ(𝑤, 𝑡)
𝜕𝑡 + 1

𝑤 − 𝑎0(𝑡)
𝜕Ψ(𝑤, 𝑡)

𝜕𝑤 = 1
(𝑤 − 𝑎0(𝑡))2 , (2)

𝜕𝑆(𝑤, 𝑡)
𝜕𝑡 + 1

𝑤 − 𝑎0(𝑡)
𝜕𝑆(𝑤, 𝑡)

𝜕𝑤 − 2𝑆(𝑤, 𝑡)
(𝑤 − 𝑎0(𝑡))2 − 6

(𝑤 − 𝑎0(𝑡))4 = 0, (3)

satisfying the initial conditions

Ψ(𝑤, 𝑡0) = log 𝜒′(𝑤), 𝑆(𝑤, 𝑡0) = Ψ″(𝑤, 𝑡0) − 1
2Ψ′2(𝑤, 𝑡0).

2. Denote by 𝜔(𝑡, 𝑡𝑚) the integral of the equation

𝑑𝜔(𝑡, 𝑡𝑚)
𝑑𝑡 = 1

𝜔(𝑡, 𝑡𝑚) − 𝑎0(𝑡) , (4)

which for 𝑡 = 𝑡𝑚 takes the value 𝑎0(𝑡𝑚). Then equation (4) has:

a) a unique integral 𝜔1(𝑡, 𝑡𝑚), 𝜔1(𝑡𝑚, 𝑡𝑚) = 𝑎0(𝑡𝑚), for which

lim
𝑡→𝑡𝑚+0

𝜔1(𝑡, 𝑡𝑚) − 𝑎0(𝑡)√𝑡 − 𝑡𝑚
= √2𝛼1

𝛼𝑛
;

b) a unique integral 𝜔2(𝑡, 𝑡𝑚), 𝜔2(𝑡𝑚, 𝑡𝑚) = 𝑎0(𝑡𝑚), for which

lim
𝑡→𝑡𝑚+0

𝜔2(𝑡, 𝑡𝑚) − 𝑎0(𝑡)√𝑡 − 𝑡𝑚
= −√2𝛼𝑛

𝛼1
.

Moreover, the relation

lim
𝑡→𝑡𝑚+0

𝜔1(𝑡, 𝑡𝑚) − 𝑎0(𝑡)
𝜔2(𝑡, 𝑡𝑚) − 𝑎0(𝑡) = − 𝛼1

𝛼𝑛

is valid.

3. The curvature 𝜘(𝑡) of the curve ℒ(𝑡) + 𝑙 at the point 𝑧 = 𝜁(𝑡) is determined
by the formula

𝑠′(𝑡)𝜘(𝑡) = Im {𝑖 𝑎0(𝑡) − 𝛼(𝑡)
𝛾(𝑡) + (𝑑 ̄𝛽(𝑡)

𝑑𝑡 )
2

− 𝑑 ̄𝛽(𝑡)
𝑑𝑡

𝑑𝑎0(𝑡)
𝑑𝑡 + 1

𝜋 ∫
𝑡

𝑡0

𝜕𝐻∗(𝑎0(𝑡), 𝑡, 𝜏)
𝜕𝑡 𝑑𝜃(𝜏)} ,

(5)

where 𝑠(𝑡) is the length of the curve ℒ(𝑡), measured from the point 𝜁0; 𝜃(𝑡) is
the angle formed by the tangent to the curve ℒ(𝑡) at the point 𝑧 = 𝜁(𝑡) with
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the real axis; 𝑎(𝑡) = Re 𝛽(𝑡), 𝛾(𝑡) = Im 𝛽(𝑡); 𝛽(𝑡) is the integral of equation (4),
assuming at 𝑡 = 𝑡0 the value 𝛽(𝑡0) = 𝛽0, Im 𝛽0 > 0, and

𝐻∗(𝑎0(𝑡), 𝑡, 𝜏) = log 𝑎0(𝑡) − 𝜔2(𝑡, 𝜏)
𝑎0(𝑡) − 𝜔1(𝑡, 𝜏)

𝜔1(𝑡, 𝜏) − 𝛽(𝑡)
𝜔2(𝑡, 𝜏) − 𝛽(𝑡) .

4. What has been said above, as well as what was set forth in (1), makes it
possible to propose a method for determining the parameters of the Schwarz
derivative 𝑆(𝑤) for the function 𝑧 = Φ(𝑤), which conformally maps the half-
plane Im 𝑤 > 0 onto a simply connected bounded domain 𝐵, whose boundary
Γ consists of a finite number of arcs of circles and line segments. It may be
assumed, without loss of generality, that the domain 𝐵 contains the origin and
that one of the corner points of the boundary Γ (denote it by 𝑧0 = 𝜁0) lies on
the positive part of the real axis. We now consider a one-parameter family of
domains 𝐵(𝑡), obtained from the (𝑧)-plane by making the cut ℒ(𝑡) + 𝑙, first
along the real axis from +∞ to the point 𝑧0, and then along the curve Γ to the
point 𝑧 = 𝜁(𝑡). As 𝑡 → 𝑇 , the family 𝐵(𝑡) converges to the domain 𝐵 as to a
kernel. Let the corner points 𝑧𝑖, beginning with 𝑧0, be numbered so that a point
with a larger index follows a point with a smaller index under positive traversal
of the domain 𝐵 along the boundary Γ. Suppose, further, that the function
𝑧 = Φ(𝑤, 𝑡𝑘), conformally mapping the half-plane Im 𝑤 > 0 onto the domain
𝐵(𝑡𝑘), is known. Then the preimages 𝑎(𝑘)

𝑝0 , 𝑝 = 0, 1, 2, … , 2𝑘 − 1, of the corner
points of the boundary of the domain 𝐵(𝑡𝑘), and the accessory constants 𝑀 (𝑘)

𝑝0 ,
𝑝 = 0, 1, 2, … , 2𝑘−1, of the Schwarz derivative 𝑆(𝑤, 𝑡𝑘) are also known. We now
extend the cut ℒ(𝑡𝑘+1) + 𝑙 to the next corner point of the curve Γ. Then the
preimages 𝑎(𝑘+1)

𝑝 (𝑡𝑘+1), 𝑝 = 0, 1, 2, … , 2𝑘 + 1, of the corner points of the curve
ℒ(𝑡𝑘+1) + 𝑙 under the mapping 𝑧 = Φ(𝑤, 𝑡𝑘+1), and also the accessory constants
𝑀 (𝑘+1)

𝑝 (𝑡𝑘+1), 𝑝 = 0, 1, 2, … , 2𝑘 + 1, of the Schwarz derivative 𝑆(𝑤, 𝑡𝑘+1) are
determined as integrals of the system (3) from (1), p. 13, satisfying the initial
conditions 𝑎(𝑘+1)

𝑝 (𝑡𝑘) = 𝑎(𝑘)
𝑝0 , 𝑝 = 2, 3, … , 2𝑘; 𝑎(𝑘+1)

𝑗 (𝑡𝑘) = 𝑎(𝑘)
00 , 𝑗 = 0, 1, 2𝑘 + 1;

𝑀 (𝑘+1)
𝑝 (𝑡𝑘) = 𝑀 (𝑘)

𝑝0 , 𝑝 = 2, 3, … , 2𝑘;

lim
𝑡→𝑡𝑘+0

(𝑡 − 𝑡𝑘)𝑀𝑘+1
𝑗 (𝑡), 𝑗 = 0, 1, 2𝑘 + 1.

The system (3) from (1) is integrated by some numerical method (2) from the
value of the parameter 𝑡 = 𝑡𝑘 to the value 𝑡 = 𝑡𝑘+1. The latter, in turn, is
determined from the relation

𝑠(𝑡𝑘+1) = ∫
𝑡𝑘+1

𝑡0

{1
4|𝛾(𝑡)|−3|𝑎(𝑘+1)

0 (𝑡) − 𝛽(𝑡)|3 exp [−2 ∫ (𝑑𝛾
𝑑𝑡 )

2
𝑑𝑡] ×
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× exp 1
𝜋 ∫

𝑡

𝑡0

Re 𝐻∗(𝑎(𝑘+1)
0 (𝑡), 𝑡, 𝜏) 𝑑𝜃(𝜏)} 2 (𝑑𝛾

𝑑𝑡 )
2

𝑑𝑡.

For the start of the computation one may use the series

𝑎(𝑘+1)
𝑝 (𝑡) = 𝑎(𝑘)

𝑝0 + 𝑎𝑝1√𝑡 − 𝑡𝑘 + 𝑎𝑝2 (√𝑡 − 𝑡𝑘)2 + … , 𝑝 = 0, 1, 2, … , 2𝑘 + 1;

𝑀 (𝑘+1)
𝑝 (𝑡) = 𝑀 (𝑘)

𝑝0 + 𝑚𝑝1√𝑡 − 𝑡𝑘 + 𝑚𝑝2 (√𝑡 − 𝑡𝑘)2 + … ,

𝑝 = 2, 3, … , 2𝑘;

𝑀 (𝑘+1)
𝑗 (𝑡) = 𝑚𝑗,−1√𝑡 − 𝑡𝑘

+ 𝑚𝑗0 + 𝑚𝑗1√𝑡 − 𝑡𝑘 + … ; 𝑗 = 0, 1, 2𝑘 + 1,

in which the functions 𝑎(𝑘+1)
𝑝 (𝑡), 𝑀 (𝑘+1)

𝑝 (𝑡) are expanded. Thus, the constants
𝑎(𝑘+1)

𝑝 (𝑡𝑘+1) and 𝑀 (𝑘+1)
𝑝 (𝑡𝑘+1) will be determined with the accuracy allowed by

the numerical method. Noting further that the function 𝑧 = Φ(𝑤, 𝑡0), mapping
the half-plane Im 𝑤 > 0 onto the plane with a slit along the ray 𝑙 ∶ 𝑧0 ≤ 𝑧 < ∞, is
known, and that the family of functions Φ(𝑤, 𝑡), as 𝑡 → 𝑇 , converges uniformly
inside the domain Im 𝑤 > 0 to Φ(𝑤), we conclude that, by the method described
above, all the parameters entering Schwarz’s equation (3) for the function
𝑧 = Φ(𝑤) can be determined.
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