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PHYSICS

Yu. A. TARASOV, T. N. ZUBAREV

ON THE EQUATIONS OF RADIATION DY-
NAMICS IN OPTICAL QUANTUM GENERA-
TORS
(Presented by Academician A. P. Aleksandrov on 12 VIII 1966)

For most solid-state optical quantum generators, the emergence in the resonator
of many types of oscillations in the form of standing waves is characteristic;
moreover, owing to the nonlinear interaction with the active medium, these
oscillations turn out to be coupled. One of the interesting features of such
generators is the appearance, under certain conditions, of undamped oscillations
of the intensity of the induced radiation (1,2). In the present work, on the basis
of the quantum-mechanical Hamiltonian for two-level systems interacting with
the radiation field, a system of equations for the field amplitudes and level
populations is obtained as applied to a solid-state quantum generator, with
allowance for many types of oscillations. Using as an example the interaction
of two types of oscillations close in intensity, it is shown that the system of
equations may contain solutions corresponding to undamped oscillations of the
radiation intensity. In considering equations of radiation dynamics in which the
radiation field is described by traveling waves (3), solutions of this kind were
not found.

Let us consider a system of 𝑁0 two-level atoms interacting with the radiation
field inside a resonator with perfectly reflecting walls. For simplicity we shall
assume that the resonator is entirely filled with an active medium. The Hamil-
tonian of such a system will be written in the form (4,5)

𝐻 =
𝑁0

∑
𝑗=1

ℏ𝜔0
2 𝜎𝑗

𝑧 + ∑
𝜆

ℏ𝜔𝜆𝑎+
𝜆 𝑎𝜆 + ∑

𝜆𝑗
𝐵𝜆𝑗ℏ (𝑎+

𝜆 𝜎𝑗
− + 𝑎𝜆𝜎𝑗

+) .

Here the terms represent, respectively, the operators of the proper energy of the
atoms, of the free radiation field, and of the interaction of the atoms with the
radiation field. The operators 𝑎𝜆 and 𝜎𝑗 satisfy the commutation relations:

[𝑎𝜆, 𝑎+
𝜆′ ] = 𝛿𝜆𝜆′ , [𝑎𝜆, 𝑎𝜆′ ] = 0, [𝜎𝑗

𝑧, 𝜎𝑗′
± ] = ±2𝜎𝑗

±𝛿𝑗𝑗′ , [𝜎𝑗
±, 𝜎𝑗′

∓ ] = 𝜎𝑗
𝑧𝛿𝑗𝑗′ .
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In what follows we shall pass to continuous coordinates, singling out a volume
element Δ𝑉 (x) around the point x𝑗, in which there are sufficiently many active
particles (it is assumed that the wavelength of light considerably exceeds the
distance between active particles). Then the third term in 𝐻 takes the form:

∑
𝜆

∫ 𝑑𝑥 𝐵𝜆(x)ℏ [𝑎+
𝜆 𝜎−(x) + 𝑎𝜆𝜎+(x)] ,

where

𝐵𝜆(x) = √ 2𝜋
ℏ𝜔𝜆

[M(x)e𝜆]𝜑𝜆(x) ≡ 𝑝𝜆(x)𝜑𝜆(x);

M(x) is the mean dipole moment of the volume element, and 𝜑𝜆(x) are the
proper functions of the resonator.

Using the rules of differentiation of operators, it is not difficult to obtain a
system of equations for the quantities 𝑎𝜆, 𝜎(x). Then we pass to equations for
the quantum-mechanical mean quantities ⟨𝑎𝜆⟩, ⟨𝜎(x)⟩, etc.,

where, to simplify the problem, we shall assume that their factorization is ad-
missible (4): ⟨𝑎𝜆𝜎−(x)⟩ = ⟨𝑎𝜆⟩⟨𝜎−(x)⟩, etc.

This corresponds to the assumption that the coupling between atoms by means
of the radiation field is sufficiently weak. In order to pass to real resonators,
relaxation parameters 𝛾1, 𝑊0, and 𝛾2 should be introduced into such equations;
these describe, respectively, the leakage of radiation from the resonator, the
pumping of the crystal by an external source, and the linewidth of the radiation
of the substance. As a result, the system of equations takes the form:

𝑖 ( ̇𝐴𝜆 + 𝛾1
2 𝐴𝜆) − 𝜔𝜆𝐴𝜆 = ∫ 𝑑𝑥 𝐵𝜆(x) 𝑟(x),

𝑖 [ ̇𝑟(x) + 𝛾2
2 𝑟(x) − 𝜔0𝑟(x)] = − ∑

𝜆′
𝐵𝜆′(x)𝐴𝜆′𝑁−(x), (1)

𝑖 { ̇𝑁−(x) − 𝑊0 [𝑁0𝑉 −1 − 𝑁−(x)] + 𝑁0𝑉 −1 + 𝑁−(x)
𝜏 } = 2 ∑

𝜆′
[𝐵𝜆′(x)𝐴𝜆′𝑟∗(x) − 𝐵∗

𝜆′(x)𝐴∗
𝜆′𝑟(x)] .

Here the following notation has been introduced: ⟨𝑎𝜆⟩ = 𝐴𝜆; ⟨𝑎+
𝜆 ⟩ = 𝐴∗

𝜆;
⟨𝜎−(x)⟩ = 𝑟(x); ⟨𝜎𝑧(x)⟩ = 𝑁−(x) = 𝑁2(x)−𝑁1(x), the population difference of
the levels; 1/𝜏 ≡ 𝑊 , the probability of spontaneous emission of an atom. The
mean value of the quantity 𝑝𝜆(x)𝑝∗

𝜆(x), averaged over all directions of the vector
M(x), will have the form 1/4𝜏2

0 , where 1/𝜏2
0 = 2𝜋𝑐3𝑊/𝜔2

0𝑉 . Next, we expand
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the quantities 𝑟(x) in the eigenfunctions of the resonator: 𝑟(x) = ∑𝜆 𝜑𝜆(x)𝑦𝜆(𝑡).
After multiplying the second equation (1) by 𝜑𝜆, and the third by 𝜑𝜆𝜑𝜆′ , and
integrating over the volume, we obtain the system

𝑖 ( ̇𝐴𝜆 + 𝛾1
2 𝐴𝜆) − 𝜔𝜆𝐴𝜆 = ̄𝑝𝜆𝑦𝜆,

𝑖 ( ̇𝑦𝜆 + 𝛾2
2 𝑦𝜆) − 𝜔0𝑦𝜆 = − ∑

𝜆′
̄𝑝𝜆′𝑁𝜆𝜆′𝐴𝜆′ ,

̇𝑁𝜆𝜆′−𝑊0(𝑁0𝛿𝜆𝜆′−𝑁𝜆𝜆′)+𝑁0𝛿𝜆𝜆′ + 𝑁𝜆𝜆′

𝜏 = −2𝑖 ∑
𝜆″𝜆‴

𝜇𝜆𝜆′𝜆″𝜆‴ ̄𝑝𝜆″ [𝑦𝜆″𝐴𝜆‴ − 𝑦𝜆‴𝐴∗
𝜆″] ,

(2)

where

𝑁𝜆𝜆′ = ∫ 𝜑𝜆𝑁−(x)𝜑𝜆′ 𝑑𝑥, 𝜇𝜆𝜆′𝜆″𝜆‴ = ∫ 𝜑𝜆𝜑𝜆′𝜑𝜆″𝜑𝜆‴ 𝑑𝑥.

From (2) one can obtain equations for slow motions by setting ̇𝑦𝜆 = 0. These
equations, if one passes from the variables 𝐴𝜆 to amplitudes and phases 𝐴𝜆 =
𝑎𝜆𝑒𝑖𝜑𝜆 , will have the form

̇𝑎𝜆 + 𝛾1
2 𝑎𝜆 = 𝛼𝜆

2 ∑
𝜆′

𝑁𝜆𝜆′𝑎𝜆′ (cos Φ𝜆′𝜆 + 𝑠𝜆 sin Φ𝜆′𝜆) ,

𝑎𝜆(Φ̇𝜆𝜆′ + Δ𝜆𝜆′) = 𝛼𝜆
2 ∑

𝜆″
𝑁𝜆𝜆″𝑎𝜆″ (sin Φ𝜆″𝜆 − 𝑠𝜆 cos Φ𝜆″𝜆) , (3)

̇𝑁𝜆𝜆′ + 𝑊0𝑁𝜆𝜆′ + 𝑁𝜆𝜆′

𝜏 =

= −2 [𝜇𝜆𝜆′ ∑
𝜆″

𝑁𝜆′𝜆″𝑎𝜆𝑎𝜆″ (𝑎𝜆′ cos Φ𝜆𝜆″ − 2𝑎𝜆′𝑆𝜆′ sin Φ𝜆𝜆″) +

+𝜇𝜆𝜆′ ∑
𝜆″

𝑁𝜆𝜆″𝑎𝜆′𝑎𝜆″ (𝑎𝜆 cos Φ𝜆′𝜆″ − 𝑎𝜆𝑆𝜆 sin Φ𝜆′𝜆″)] for 𝜆 ≠ 𝜆′,

̇𝑁𝜆𝜆 − 𝑊0(𝑁0 − 𝑁𝜆𝜆) + 𝑁0 + 𝑁𝜆𝜆
𝜏 =

= −2 ∑
𝜆′𝜆″

𝜇𝜆𝜆′𝑁𝜆𝜆″𝑎𝜆′𝑎𝜆″ (𝑎𝜆′ cos Φ𝜆𝜆″ − 𝑎𝜆′𝑠𝜆′ sin Φ𝜆𝜆″) ,
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where 𝛼𝜆 = 𝛾−1
2 𝜏−2

0 (1 + 𝑠2
𝜆)−1, 𝑠𝜆 = −2𝛾−1

2 (𝜔𝜆 − 𝜔0), Φ𝜆𝜆″ = 𝜑𝜆′ − 𝜑𝜆″ , 𝜇𝜆𝜆′ ≡
𝜇𝜆𝜆′𝜆𝜆′ , Δ𝜆𝜆′ = 𝜔𝜆 − 𝜔𝜆′ .

The principal parameters in equations (3), when ruby is used as the active
medium, are, in order of magnitude: 𝛾2 ∼ 1011 sec−1, 𝛾1 ∼ 109 sec−1, 𝑊0 ∼
103 − 104 sec−1, 𝑊 ≃ 3 ⋅ 102 sec−1.

Let us investigate the simplest case of interaction of two types of oscillations
close in intensity. In this case the equations have the form

̇𝐼 + 𝛾1𝐼 = 𝛽𝐼[𝑁11 + 𝑁12(cos Φ − 𝑠 sin Φ)],
Φ̇ + Δ = −𝛽[𝑠𝑁11 + 𝑁12(sin Φ + 𝑠 cos Φ)],

̇𝑁11 − 𝛽0 + 𝛾0𝑁11 = −2𝛽𝜈𝐼[𝑁11 + 𝑁12(cos Φ − 𝑠 sin Φ)],
̇𝑁12 + 𝛾0𝑁12 = −4𝛽𝜇12𝐼[𝑁12 + 𝑁11(cos Φ + 𝑠 sin Φ)].

(4)

Here 𝛽 = 𝑎𝑁0, 𝐼 = 𝑎2
1 ≃ 𝑎2

2, 𝜈 = 𝜇11 + 𝜇12, 𝛾0 = 𝑊0 + 1/𝜏 , 𝛽0 = 𝑊0 − 1/𝜏 . As
𝑁12 → 0, equations (4) pass into the kinetic equations (7).

Let us investigate the stability of the stationary states of system (4). One of
the stationary states has the form

(𝑁12)0 = −𝛾𝛿, (𝑁11)0 = 𝛾 + 𝛿2𝛾2[𝛾−1 + 𝛾0𝜈/2𝜇(𝛽0 − 𝛾𝛾0)], (5)

𝐼0 = [𝛽0 − 𝛾0(𝑁11)0]/2𝛽𝜈𝛾, Φ0 = 𝜋/2 − 𝛿𝛾[𝛾−1 + 𝛾0𝜈/2𝜇(𝛽0 − 𝛾𝛾0)].

Here 𝛿 = Δ(𝛽𝛾)−1 ≪ 1, 𝛾 = 𝛾1𝛽−1, 𝜇 = 𝜇12. For ruby 𝛽 ∼ 109 sec−1. This
stationary state corresponds to the minimum interaction energy of the oscillation
types. If the stability of this state is investigated, then the solutions of the
corresponding linearized system of equations have the form ∼ exp 𝜆𝑖𝑡, where

𝜆1,2 = −1
2(𝛾0 + 2𝛽𝜈𝐼0) − 𝛿2𝛾0𝛾

4𝐼0
(𝜈 − 2𝜇) ± 𝑖𝜔kin,

𝜆3,4 = −1
2(𝛾0 + 4𝛽𝜇𝐼0) + 𝛿2𝛾0𝛾

4𝐼0
(𝜈 − 2𝜇) + 𝑖√2𝜇/𝜈 𝜔kin. (6)

Here 𝜔kin = (𝛽0 − 𝛾0𝛾)𝛾1𝛾−1 is the kinetic frequency. Since 𝜈 > 2𝜇 (for a
parallelepiped 𝜈 = 35/8, 𝜇 = 1), there is a growing solution 𝜆3,4 oscillating
with a frequency close to the kinetic one. The growth increment increases as
the pumping is decreased, which is in qualitative agreement with experiment
(2). An instability of this type was found earlier in work (6), in which a system
of equations for the electric-field intensity and the polarization of the active
medium was used.
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The other stationary state has a phase difference Φ0 = 𝛿(2𝜇+𝜈)𝛾0𝛾/2𝜇(𝛽0−𝛾𝛾0)
and corresponds to the maximum interaction energy of the oscillation types. The
solutions of the linearized system of equations have the form ∼ exp 𝜆𝑖𝑡, where

𝜆1,2 = 𝛾0(𝜈 − 𝜇)/2𝜇 − 𝛽𝐼0(𝜈 + 2𝜇) ± 𝑖√2𝜇/𝜈 𝜔kin,

𝜆3 = 4𝜇𝛽𝛾1𝐼0𝛾−1
0 , 𝜆4 = −𝛾0(𝜈 + 2𝜇)/2𝜇. (7)

Since 𝜆3 > 0, this stationary state is always unstable, and the system will pass
into a stationary state of the first type.

If several types of oscillations are excited in the resonator, then a similar insta-
bility may arise in the interaction of oscillation types with identical longitudinal
but different transverse indices.
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