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1°. Let (X, p) be a compact metric space; J the group of real numbers; (X, J, )
a dynamical system (!) (a group of transformations (2)). The system (X, .J, )
is called distal (%) if, for any two distinct points  and y of X, there is a number
d > 0 such that p(zt,yt) > d for all t € J. Every equicontinuous (?) (uniformly
Lyapunov stable (1)) system is, obviously, distal.

In the work of Auslander, Hahn, and Markus (*) it was shown that on every
nilmanifold (°) X one can define a dynamical system (X, .J, ) under which X
is a distal minimal set, but, generally speaking, is not equicontinuous.

In the present note it is proved that on every torus 7% (finite-dimensional or
infinite-dimensional) one can define a distal dynamical system under which 7
is a minimal set. An example is given of a distal non-equicontinuous system on
the three-dimensional torus 7%, under which T is a minimal set. Further, it
is proved that if p(t) and 9(¢) (¢t € J) are Bohr almost-periodic functions (%),

then the function
t
. ( VRS dr>
0

is distal ("), but, generally speaking, is not Bohr almost-periodic.

2°. In what follows, by T" we shall denote the factor group of the group J by
the subgroup generated by the number 27.

Theorem 1. A dynamical system defined on the n-dimensional torus T™ by

the system of differential equations

dxl/dt = ¥1,

da;/dt = 0;(x1, ..., 2;_1) (E=2,...,n), (1)
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where p; € J, p;(xq,...,x;_1) are functions periodic with period 27 in each
variable and is distal. For the system (1) there exist numbers ~q,...,7, Ssuch
that the system of equations

dxl/dt =15

dxl/dt:gpz(xhvxz—l)_‘_’h (12257’”’) (1’)

defines a dynamical system under which T™ is a minimal set.

Proof. The proof of Theorem 1 is carried out by induction on n. For n =1
the assertion is obvious. Suppose the assertion is true for n = k, and let a =
(z1, .., Tpyq) and b = (yy, ..., Y1) be two distinet points of the torus TH+!. If
there is an index ¢ such that 1 < ¢ < k and x; # y; (mod 27), then the points
a and b are distal by virtue of the induction hypothesis. If, however, z;, = y;
(mod 27) for all 4, 1 <4 <k, then 2, # vy, (mod 27), and in this case the
distance between the points at and bt does not depend on t € J.

By virtue of the induction assumption we may suppose that the system of equa-
tions (1) defines on the k-dimensional torus 7% = {(x,...,2;)} a dynamical
system for which 7% is a distal minimal set. It is easy to prove that the inter-
section of the closure of the trajectory of the point p = (0,...,0) € T**! with
the circle (0,...,0,2, ) is a subgroup of this group. To complete the proof of
the second assertion of the theorem it suffices to use the following proposition.

Lemma. Let X be a compactum and let p be a homomorphic mapping of
a distal dynamical system (X,J,7) onto a system (Y, J,p), in which YV is a
minimal set. If there exists a point € X such that the closure of the trajectory
of the point z contains the set p~!(p(x)), then X is a minimal set for (X, J, ).

Theorem 1 can obviously be generalized also to infinite-dimensional tori.

We now show that on any torus 7" (n > 3) one can define a dynamical system
for which 7™ is a distal, not uniformly continuous, minimal set. By virtue of
Theorem 1 it suffices to construct an example of such a system on 7°3.

Example. In (1), on p. 424, it is shown that there exist an irrational number p
and a function ®(x,,x,), continuous on 72, such that for any m > 0 and € > 0
one can specify a € T and t € J for which

> m, la] <& (mod 27). (2)

¢ ¢
/@(T,,uT)dT—/ O(7,a+ put)dr
0 0

By virtue of Theorem 1 there exists a number - such that the system of equations
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d$2/dt:ﬂa (3)
dag/dt = (2, 25) +

defines on T2 a distal dynamical system for which 72 is a minimal set. From
condition (2) it follows that the system (3) is not uniformly continuous.

From the results of the paper (°) the following assertion follows.

Theorem 2. If the torus 72 is a distal minimal set for the system (T2, .J, ),
then this system is uniformly continuous.

However, the torus 72 may be a distal, not uniformly continuous, minimal set
for a discrete system.

3°. A continuous real function ¢(t) (¢ € J) is called distal (7,®) if the closure of
the trajectory of the point ¢(t) in the Bebutov system (1) is a compact distal
minimal set. It is known (7) that the set of all distal functions forms an algebra.
It is easy to prove that the limit of a uniformly convergent sequence of distal
functions is a distal function. From (!!) it follows that, for any distal function
(1), the limit

exists uniformly in a € J.
Denote by B the set of all Bohr almost-periodic functions.
Theorem 3. If ¢ € B, then the set

Bd,{sa(/otwmw) soeB}

forms an algebra of distal functions.

Proof. It is known () that for every function ¢y € B there exist a function
F(zq,...,z,),...), continuous on 7°°, and numbers A, ..., A,, ... such that

G(t) = F(At, o, At oo).

The system
dz,;/dt = X, (i=1,..,n,..),
dy/dt = F(2q,...,2,,...)

s

is distal. Therefore, for any function ¢(y) periodic with period 27, the function

® </0t F(/\lr,...,)\nf,...)dr) = (/Ot¢(7) dr)
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is distal. To complete the proof it suffices to use the remarks made at the
beginning of this section.

The example constructed above shows that functions of the form

go(/otwmdr),

(¢,v € B), generally speaking, are not almost periodic in the sense of Bohr.
Moreover, they are not, generally speaking, almost periodic in the sense of
Levitan (®), as the following assertion shows.

Theorem 4. If a function almost periodic in the sense of Levitan is distal, then
it s almost periodic in the sense of Bohr.

In conclusion we note that, using Theorem 1, one can also indicate other classes
of distal functions.
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