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MATHEMATICS

P. E. SOBOLEVSKII

COMPARISON THEOREMS FOR FRAC-
TIONAL POWERS OF OPERATORS
(Presented by Academician I. N. Vekua, June 21, 1966)

1. In this paper a perturbation theory is developed for fractional powers of
weakly positive operators acting in a Banach space 𝐸 (w.p. 𝐸-operators)
*. The results obtained make it possible to establish how the fractional
powers of elliptic operators change when the coefficients of the equations
and the boundary conditions are changed.

2. Let 𝐴1 and 𝐴2 be w.p. 𝐸-operators. Let

Φ(𝑣, 𝑤) ≡ (𝐴1𝑣1, 𝑤) − (𝑣, 𝐴∗
2𝑤) =

𝑚
∑
𝑖=1

Φ𝑖(𝑣, 𝑤) (𝑣 ∈ 𝐷(𝐴1), 𝑤 ∈ 𝐷(𝐴∗
2)).

(1)

Here (𝜑, 𝜓) is the value of the functional 𝜓 from the conjugate 𝐸-space 𝐸∗; 𝐴∗
2

is the operator acting in 𝐸∗ conjugate to 𝐴2; Φ𝑖(𝑣, 𝑤) are bilinear forms defined
on 𝐷(𝐴1) × 𝐷(𝐴∗

2), satisfying, for certain 𝛿𝑖 and 𝜌𝑖 in [0, 1], the inequalities

|Φ𝑖(𝑣, 𝑤)| ≤ 𝑅𝑖‖𝐴1𝑣‖𝛿𝑖‖𝑣‖1−𝛿𝑖‖𝐴∗
2𝑤‖𝜌𝑖‖𝑤‖1−𝜌𝑖 . (2)

Let −min 𝛿𝑖 < 𝑠 < 1 − max 𝛿𝑖, if all 𝛿𝑖 ∈ (0, 1). If, however, min 𝛿𝑖 = 0 or
max 𝛿𝑖 = 1, then in the corresponding place the sign < must be replaced by the
sign ≤. Let 𝜏 satisfy the same conditions with respect to the system of numbers
𝜌𝑖.

Theorem 1. Let −1 < 𝛼 < 1 − 𝜏 −max 𝜌𝑖. Let the numbers Δ𝑖 = 𝜌𝑖 + 𝛿𝑖 + 𝜏 +
𝑠 + 𝛼 be renumbered so that Δ𝑖 > 1 for 𝑖 = 1, … , 𝑙, Δ𝑖 = 1 for 𝑖 = 𝑙 + 1, … , 𝑘,
and Δ𝑖 < 1 for 𝑖 = 𝑘 + 1, … , 𝑚. Then for any 0 < 𝜀𝑖 < 1 − 𝛿𝑖 − 𝑠, 𝑖 = 𝑙 + 1, … , 𝑘,
and 𝑣 ∈ 𝐷(𝐴𝛾), 𝛾 = max(1, 𝛼 + 𝑠), the inequality

‖𝐴𝜏
2(𝐴𝛼

1 − 𝐴𝛼
2 )𝐴𝑠

1𝑣‖ ≤ 𝑐 [
𝑙

∑
𝑖=1

𝑅𝑖(Δ𝑖 − 1)−1(1 − 𝜌𝑖 − 𝜏 − 𝛼)−1‖𝐴1𝑣‖Δ𝑖−1×
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×‖𝑣‖2−Δ𝑖 +
𝑘

∑
𝑖=𝑙+1

𝑅𝑖𝜀−1
𝑖 ‖𝐴𝜀𝑖

𝑖 𝑣‖ +
𝑚

∑
𝑖=𝑘+1

𝑅𝑖(1 − Δ𝑖)−1‖𝑣‖] . (3)

Moreover, if 𝜏 < 0 and 𝛼 > 0, then it is understood that

𝐴𝜏
2(𝐴𝛼

1 − 𝐴𝛼
2 )𝐴𝑠

1 = 𝐴𝜏
2𝐴𝛼+𝑠

1 − 𝐴𝜏+𝛼
2 𝐴𝑠

1.

Let max 𝜌𝑖 < 1 and 𝜃 = max(𝜌𝑖 + 𝛿𝑖). Then it follows from (3) that, for any
max(0, 1 − 𝜃) < 𝛼 < 1 − max 𝜌𝑖, 𝜀 > 0, the inequality

‖(𝐴𝛼
1 − 𝐴𝛼

2 )𝑣‖ ≤ 𝑐𝑅𝜀−1‖𝐴𝜃+𝛼+𝜀−1
1 𝑣‖ (𝑅 = max𝑅𝑖) (4)

holds.

* For the basic results on w.p. 𝐸-operators see (1−6); some of their proofs see
in (7). Perturbation theories in Hilbert space are devoted to (8−10).
Let 𝜃 ⩾ 1; then it follows from this that 𝐷(𝐴𝜃+𝛼+𝜀−1

1 ) ⊂ 𝐷(𝐴𝛼
2 ) for every 𝜀 > 0.

Let 𝜃 < 1; then from (4) it follows that 𝐷(𝐴𝛼
1 ) ⊂ 𝐷(𝐴𝛼

2 ) and the operator
𝐴𝛼

1 − 𝐴𝛼
2 is subordinate to the operator 𝐴𝛼−𝛿

1 , where 𝛿 = 1 − 𝜃 − 𝜀 > 0, since
𝜀 > 0 is arbitrary. Finally, if 𝜃 < 1 and 0 ⩽ 𝛼 < 1 − 𝜃, then

‖(𝐴𝛼
1 − 𝐴𝛼

2 )𝑣‖ ⩽ 𝑐𝑅(1 − 𝜃 − 𝛼)−1‖𝑣‖. (5)

i.e., the operator 𝐴𝛼
1 − 𝐴𝛼

2 admits closure to a bounded operator.

Let us consider the general example. Let 𝐴1 and 𝐴2 be s.p. 𝐸-operators,
𝐷(𝐴1) = 𝐷(𝐴2), and suppose that for some 0 < 𝛿 < 1 the inequality

‖(𝐴1 − 𝐴2)𝑣‖ ⩽ 𝑅‖𝐴𝑖𝑣‖𝛿‖𝑣‖1−𝛿 (𝑣 ∈ 𝐷(𝐴𝑖), 𝑖 = 1 or 𝑖 = 2) (6)

holds.

Then 𝐷(𝐴𝛼
1 ) = 𝐷(𝐴𝛼

2 ) for 0 ⩽ 𝛼 ⩽ 1, and the inequalities

‖(𝐴𝛼
1 − 𝐴𝛼

2 )𝑣‖ ⩽ 𝑐𝑅𝜀−1‖𝐴𝛼+𝛿+𝜀−1
𝑖 𝑣‖ (1 − 𝛿 ⩽ 𝛼 ⩽ 1, 𝜀 > 0),

‖(𝐴𝛼
1 − 𝐴𝛼

2 )𝑣‖ ⩽ 𝑐𝑅(1 − 𝛿 − 𝛼)−1‖𝑣‖ (0 ⩽ 𝛼 < 1 − 𝛿). (7)

are valid.

3. The results of item 2 can be refined in the case when 𝐴1 and 𝐴2 are positive
definite self-adjoint operators.
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Suppose that (1) is fulfilled (𝐴∗
2 = 𝐴2) and that Φ𝑖(𝑣, 𝑤) satisfy the stronger

condition than (2),

|Φ𝑖(𝑣, 𝑤)| ⩽ 𝑅𝑖‖𝐴𝛿𝑖
1 𝑣‖ ⋅ ‖𝐴𝜌𝑖

2 𝑤‖. (8)

Theorem 2. Suppose

−min 𝛿𝑖 ⩽ 𝑠 ⩽ 1 − max 𝛿𝑖, −min 𝜌𝑖 < 𝜏 < 1 − max 𝜌𝑖,

−min 𝜌𝑖 − 𝜏 < 𝛼 < 1 − 𝜏 − max 𝜌𝑖.
Then, for any 𝑣 ∈ 𝐷(𝐴𝛾), 𝛾 = max(1, 𝛼 + 𝑠), the inequality

‖𝐴𝜏
2(𝐴𝛼

1 − 𝐴𝛼
2 )𝐴𝑠𝑣‖ ⩽ 𝑐| sin𝛼|

𝑚
∑
𝑖=1

[(1 − max 𝜌𝑖 − 𝜏)(𝜏 + min 𝜌𝑖)

×(1 − 𝜏 − max 𝜌𝑖 − 𝛼)(𝛼 + 𝜏 + min 𝜌𝑖)]
1/2 ‖𝐴Δ𝑖−1

1 𝑣‖. (9)

Here, if 𝜏 < 0 and 𝛼 > 0, then it is assumed that

𝐴𝜏
2(𝐴𝛼

1 − 𝐴𝛼
2 )𝐴𝑠

1 ≡ 𝐴𝜏
2𝐴𝛼+𝑠

1 − 𝐴𝜏+𝛼
2 𝐴𝑠

1.

In particular, it follows from this that for 0 < min 𝜌𝑖, max 𝜌𝑖 < 1, 0 ⩽ 𝛼 <
1 − max 𝜌𝑖, and 𝜃 = max(𝜌𝑖 + 𝛿𝑖), the inequality

‖(𝐴𝛼
1 − 𝐴𝛼

2 )𝑣‖ ⩽ 𝑐𝑅‖𝐴𝛼+𝜃−1
1 𝑣‖ (𝑅 = max𝑅𝑖). (10)

is valid.

It follows that 𝐷(𝐴𝛼
1 ) ⊂ 𝐷(𝐴𝛼

2 ) for 𝜃 ⩽ 1 and 0 ⩽ 𝛼 < 1−max 𝜌𝑖. If 𝜃 < 1, then
the operator 𝐴𝛼

1 − 𝐴𝛼
2 is subordinate to the operator 𝐴𝛼−𝛿

1 , where 𝛿 = 1 − 𝜃 > 0.
Therefore, for all 0 ⩽ 𝛼 ⩽ 1 − 𝜃, the operator 𝐴𝛼

1 − 𝐴𝛼
2 admits closure to a

bounded operator.

Let us consider the general example. Let 𝐴1 and 𝐴2 be positive definite self-
adjoint operators, 𝐷(𝐴1) = 𝐷(𝐴2), and suppose that for some 0 ⩽ 𝛿 ⩽ 1 the
inequality

‖(𝐴1 − 𝐴2)𝑣‖ ⩽ 𝑅‖𝐴𝛿
𝑖 𝑣‖. (11)

holds.

Then (cf. (8)) from Theorem 1 and (11) it follows that for any 0 ⩽ 𝛼 ⩽ 1

‖(𝐴𝛼
1 − 𝐴𝛼

2 )𝑣‖ ⩽ 𝑐𝑅‖𝐴𝛼+𝛿−1
𝑖 𝑣‖. (12)
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Remark 1. It follows from Theorem 1 that all assertions of this item are
valid for s.p. 𝐻-operators 𝐴𝑖, differing from self-adjoint ones by subordinate
operators.

4. Let 𝐴(𝑡) be an operator-valued function defined on [0, 𝑇 ] with values in
the set of s.p. 𝐸 of operators. Theorems 1 and 2 make it possible to
estimate the smoothness of the operator-valued function 𝐴𝛼(𝑡) in terms
of the smoothness of the operator-valued function 𝐴(𝑡). We give only a
theorem on the differentiability of 𝐴𝛼(𝑡).

Theorem 3. Let the operator-valued function [𝐴(𝑡) + 𝜆𝐼]−1 be strongly differ-
entiable with respect to 𝑡 on [0, 𝑇 ], and let the form Φ(𝑣, 𝑤) = −(𝐴[𝑡1]𝑣, 𝑤) −
(𝑣, 𝐴∗[𝑡2]𝑤) and the numbers 𝑠 and 𝜏 satisfy the conditions of item 2 for 𝑚 = 1
and 𝑅1 = 𝑐|𝑡1 − 𝑡2|. Then, for every −1 < 𝛼 < 1 − 𝜌1, the operator-valued
function 𝐴𝛼(𝑡)𝐴−1(0) is strongly differentiable with respect to 𝑡 on [0, 𝑇 ], and
the inequalities

‖𝐴𝜏(0)[𝐴𝛼(𝑡)]′𝐴𝑠(0)𝑣‖ ≤
⎧{
⎨{⎩

𝑐(Δ1 − 1)−1(1 − 𝜌1 − 𝜏 − 𝛼)−1‖𝐴(0)𝑣‖Δ1−1‖𝑣‖2−Δ1 (1 < Δ1 < 2),
𝑐𝜀−1‖𝐴𝜀(0)𝑣‖ (Δ1 = 1, 𝜀 > 0),
𝑐(1 − Δ1)−1‖𝑣‖ (Δ1 < 1).

(13)
hold.

If, however, 𝐴(𝑡) for each 𝑡 ∈ [0, 𝑇 ] is a positive definite self-adjoint operator,
and the form Φ(𝑣, 𝑤) and the numbers 𝑠 and 𝜏 satisfy the conditions of item 3
for 𝑚 = 1 and 𝑅1 = 𝐶|𝑡1 − 𝑡2|, then the inequality

‖𝐴𝜏(0)[𝐴𝛼(𝑡)]′𝐴𝑠(0)𝑣‖ ≤ 𝑐| sin𝜋𝛼|× (14)

×[(1 − 𝜌1 − 𝜏)(𝜏 + 𝜌1)(1 − 𝜏 − 𝜌1 − 𝛼)(𝛼 + 𝜏 + 𝜌1)]1/2 ∥𝐴Δ1−1(0)𝑣∥
is valid.

Remark 2. The last assertion of the theorem is valid for s.p. 𝐻 of operators
𝐴(𝑡) differing from a self-adjoint operator by a subordinate operator.

Remark 3. If the form Φ(𝑣, 𝑤) satisfies the conditions of item 2 for 𝑚 = 1,
𝜌1 + 𝛿1 ≤ 1, and 𝑅1 → 0 as 𝑡1 − 𝑡2 → 0, then for all 𝑡 ∈ [0, 𝑇 ] the inequality

∥[𝐴(𝑡) + 𝜆𝐼]−1∥ ≤ 𝐶(1 + 𝜆)−1

is valid.

5. Let Ω be a domain of 𝑛-dimensional space with boundary 𝑆. Consider an
operator 𝐴 acting in 𝐿𝑝(Ω) (1 < 𝑝 < ∞), defined by the elliptic differential
expression

−
𝑛

∑
𝑖,𝑘=1

[𝑎𝑘
𝑖 (𝑥)𝑣′

𝑥𝑘
]′
𝑥𝑖

+
𝑛

∑
𝑖=1

𝑎𝑖(𝑥)𝑣′
𝑥𝑖

+ 𝑎(𝑥)𝑣 (𝑥 ∈ Ω) (15)
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on functions from 𝑊 (2)
𝑝,𝐴(Ω) satisfying the boundary condition

−
𝑛

∑
𝑖,𝑘=1

𝑎𝑖𝑘(𝑥)𝑣′
𝑥𝑘

cos(𝑁, 𝑥𝑖) + 𝜎(𝑥)𝑣 = 0 (𝑥 ∈ 𝑆). (16)

By 𝐵 we shall denote the operator generated by the boundary condition 𝑣 = 0
(𝑥 ∈ 𝑆). If 𝑎(𝑥) ≥ 𝑎0 and 𝑎0 is sufficiently large, then 𝐴 and 𝐵 are s.p. 𝐿𝑝(Ω)-
operators (see, for example, (12)). If the coefficients of (15) and (16) depend,
respectively, on 𝑡 and 𝑧, then we obtain operators 𝐴(𝑡, 𝑧) and 𝐵(𝑡).
Theorem 4. If 0 ≤ 𝛼 < 1 − 1/2𝑞 (1/𝑞 + 1/𝑝 = 1), then

𝐴𝛼(𝑡, 𝑧1) − 𝐴𝛼(𝑡, 𝑧2)

is subordinate to the operator

𝐴𝛼−1/2+𝜀(𝑡, 𝑧3)

(𝜀 > 0). If 𝑝 = 2, then 𝜀 = 0 and 𝐷[𝐴𝛼(𝑡1, 𝑧)] = 𝐷[𝐵𝛼(𝑡2)] for 0 ≤ 𝛼 < 1/4.
The proof uses the results from (13, 14). The equality

𝐷[𝐴𝛼(𝑡𝑖, 𝑧)] = 𝐷[𝐵𝛼(𝑡2)]

also follows from (15).

Theorem 3 makes it possible to prove the differentiability of 𝐴𝛼(𝑡, 𝑧)𝐴−1(𝑡0, 𝑧0)
and 𝐵𝛼(𝑡)𝐵−1(𝑡0), if the coefficients of (15) and (16) are differentiable with
respect to 𝑡 and 𝑧.

6. Consider semibounded elliptic operators 𝐴1 and 𝐴2 of order 2𝑚 with
normal boundary conditions. If 𝐵 is a differential operator of order 𝑘 <
2𝑚, then the operator (𝐴𝑖 + 𝐵)𝛼 − 𝐴𝛼

𝑖 is subordinate in 𝐿𝑝(Ω) to the
operator 𝐴𝛼+𝑘/2𝑚−1+𝜀

𝑖 (𝜀 > 0), where 𝜀 = 0 in the case of the self-adjoint
operator 𝐴𝑖 in 𝐿2(Ω). If 𝐴𝑖 are generated by the same

by a differential expression and boundary conditions with identical principal
parts, then there exist such 𝜇, 𝜈 in (0, 1) that, for 0 ≤ 𝛼 < 𝜇, the operator
𝐴𝛼

1 − 𝐴𝛼
2 is subordinate to the operator 𝐴𝛼−𝜈+𝜀

𝑖 (𝜀 > 0).
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