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(Presented by Academician L. S. Pontryagin on 25 VIII 1966)
1. Let, at the nodes (mh,n7) of the rectangle

D={mh,nt: m=0,1,....M, n=0,1,...,N},

the relation between the g-dimensional vector = z(m, n) and the r-dimensional
control vector u = u(m,n) be given by the equation

Ry (2(m,m)) = f(@, Ry R,y m,m) (1)
and by the initial conditions

z(0,n) =~", n=0,1,..,N; x(m,0) =", m=0,1,..,M, (2)
where

Ry (x(m,n))=[z(m+1,n+1)—z(m+1,n)—z(mn+1)+
+ z(m,n)]/hr,
Ry = Ry (w(m,n)) = [x(m + 1) — 2(m, )}/
R, = R, (z(m,n)) = [x(m,n + 1) — o(m, n)]/7.

f(z, Ry, R.,u, m,n) is uniquely defined on
El1x B1x F1x E" x E' x EY,

is continuous, and has there continuous second derivatives with respect to
x,Rh,RT.

Define the class of admissible controls (1) by requiring that u(m,n) € U,
where U is a given subset of E”. On the trajectories (1)—(2) define the functional

S(u) = (c-x(M,N)).

Problem. Find v°(m,n) € U (m =0,1,...., M —1; n = 0,1,..., N — 1) such
that
S(u®) = min S(u). (3)

uelU
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A solution u° of problem (3) will be called an optimal control.

2. To the control u(m,n) € U there corresponds a solution x(m,n); to the
control
u(m,n) + Au(m,n) € U

there corresponds a solution x(m,n) + Az(m,n), and

R, (Ax(m,n)) = f(r+ Az, R, + AR, R, + AR_,u+ Au,m,n) )
- f(‘rv th R7—7 U, M, TL),

Ax(m,0) = Az(0,n) =0,

where

AR = R(z(m,n) + Az(m,n)) — R(x(m,n)) = R(Az(m,n)).

For an arbitrary sequence of g-dimensional vectors p(m,n),
m=-1,0,... M—1; n=-1,0,...,N —1,

the following equality holds:

M-1N— M—1N-1
Z Z ) Ry, (Ax(m,n) Z R, (p(m,n)) - Az(m,n))ht
m=0 n=0 m=0 n=0
M-—1
(Ry,(p(m, N —1)) - Az(m, N))h
m=0
N-1
(R.(p(M —1,n)) - Ax(M,n))T
n=0
+ (p(M —1,N —1)- Az(M, N)),

()

where

Ry, (p(m,n)) = [p(m,n) —p(m —1,n) —p(m,n —1) +p(m —1,n — 1)]/h7,

Rh(p(ma n)) = [p(m, n) _p(m - 17”)]/]7‘7 RT(p(m,n)) = [p(m7n)—
—p(m,n—1)]/7.

Put

H(z,p, Ry, R, ,u,m,n) = (p(m,n) - f(z, Ry, R, u,m,n))

and choose p(m,n) from the equations
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R, (p(m,n)) = 0H(z,p, R, R, ,u,m,n)/0x—
_Eh(aH<xap7 R}u Rq—a U, m, n)/aRh) _Er(aH(xapa Rh7 RT7 u, m, n)/aRT) (6)

with boundary conditions

p(M— 17N - 1) = —C, (7)
Eh(p<m7N - 1)) = 78H($7P7RlzaR7-7uamvN - 1)/8R7—7
R, (p,(M —1,n)) = —0H (z,p, Ry, R;,u, M — 1,n)/0R,,.

From (4), (6), (7) and identity (5) we obtain

M—1N-1
—(c-Ax(M,N)) hr[H(z,p, Ry, R.,u+ Au,m,n)—
0 n=0
M—1N-1
H(z,p, Ry, R.,u,m,n)| + Z hr[H(z + Az,p,R;, + AR, R, + AR _,
m=0 n=0

u—+ Au,m,n) — H(z,p, Ry, R, u+ Au,m,n)—
OH(z,p,R;,, R, u,m,n)

MZNZ K P -Ax<m7n>)+

m=0 n=0

OH(z,p, Ry, R,,u,m,n) OH(z,p, Ry, R, u,m,n)
( th ~ARj,(m,n) | + (’;LRT -AR_(m,n) || .
Hence
AS = S(u+ Au) — S(u) = (¢c- Axz(M,N)) =
M—1N-1
hT[H(z7p7U + Au,m,n) - H(Z7p7uam7n)] -1, n + 771 + 7727
m=0 n=0

0z 0z

M—-1N-1

m=0 n=0

,_.

M—-1N—

thZZ (Az(m,n)x

m=0 n=0

N —
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O?H (2 + 0Az, p,u + Au,m,n)
X
022

Az(m,n)) , 0<f(m,n) <1.

Here z = {z, R;,, R,} is a 3¢-dimensional vector.

For the variation

u* —u(k,l), m=k n=1,

Atu(m,n) = {O, m*£k, n#l,

we have

A*S = S(“ + A*U) - S(u) = *hT{[H(Z,p,U*, kvl) - H(vaa u, kvl” - 77*};

1 M-1 N-1 QH A
T]*Zi Z Z (Az(m7n)a (Z"‘H Z’p’u’m’n>Az(m,n)>, nT:O

2
m=k+1 n=[+1 9z

It is not difficult to show that

1
| < G20 (2ot e 1) = f (20, K, D

M-1 N-1 2
O*H(m,n)|| _
S Sl D A e Ll ) )
m=k+1 n=Il+1

3. Let f(z,u,m,n) be differentiable with respect to u. Introduce the set
ala, k,1):
ala, z,p, k, Lu(k, D), .. ;u(M —1,N —1),h,7) = {u*: [n*| < a}

and the quantity 6,

H(z,p,u+ Au,m,n) — H(z,p,u,m,n) = 6,H(z,p,u,m,n) + o|oul]).
Definition. The control u at the node (k, 1) satisfies the quasimaximum condi-
tion with number p(k, 1) and set w(k, 1), if:

1) H(z,p,u,k, 1) > H(z,p,u* k,1) — p(k,) for all u* € w(k,l);
2) 6,H <0if U is convex,
3) §,H =0 at interior points of U.

sovietrxiv.org/items/ru-196701.36109 Machine Translation


https://sovietrxiv.org/items/ru-196701.36109

Theorem 1. The optimal control u® = u®(m,n) for problem (3) satisfies the
conditions:

1) quasimaximum with p(k,l) = o, w(k,l) = a(a, k,)NU, k=0,1,..., M —
2;01=0,1,...,N —2;

2)

H(Z7p7uo)k’l)2H<Z7p7u’k7l)7 UEU (9)

fork=M-1;,1=0,..., N—1and k=0,....M —1; =N —1.

Remark. For convenience of computation, the set a(a, k,!) may be replaced
by the set a'(«, k,1):

a’(a, k1) = {u": ] < o},

where 7] is some upper estimate for 7*, for example (8).

From the definition of the set a(«, k,1) it follows that the local-maximum prin-
ciple is valid at the node (k,1) if the set a(0, k,1) contains points distinct from
u®(k, 1).

Thus, the quasimaximum condition singles out some set U* C U of points u(k, ()
suspected of optimality. The narrowing of the set U* is carried out by varying
o and by the local conditions 6, H <0, §,H = 0.

Let h — 0, 7 — 0; then the number o* from a’(a*, k,1) D U tends to zero, and
the quasimaximum condition passes into the condition of the absolute maximum,
with respect to u, of the function H.

4. For the linear variant

Ry, (x(m,n)) = A(m, n)e(m,n) + B(m,n)Ry (x(m,n))+
+C(m,n) R, (x(m,n)) + @(m, n, u(m,n)) (10)

of equation (1), we have n = 0.

Theorem 2. In order that the controlu® € U for (10) be optimal, it is necessary
and sufficient that condition (9) be fulfilled at the nodes (m,n), m =0,1,..., M —
1, n=0,1,...,N —1.

5. For the case

Ry (x(m,n)) = A(m,n,u(m,n))xz(m,n) + B(m,n,u(m,n)) Ry, (x(m,n))+

+C(m,n,u(m,n))R_(z(m,n)) + p(m,n,u(m,n))
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it is not difficult to see that n* = 0.

Theorem 3. If u® = u°(m,n) is an optimal control, then at each node (k,1),
k=0,1,...,M—1; 1=0,1,..,N —1, (9) is fulfilled.

6. Let U be convex and let equation (1) have the form
Rh‘r(x(m7 n)) = Zuz(m7 n) : fi(‘r7 Rh7 RT’ m, n) + g(l’, Rh7 R77 m, n)
=1

Theorem 4. For the optimal control u°, condition (9) is fulfilled at all nodes
of the rectangle D.
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