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MATHEMATICS

P. G. AIZENGENDLER, M. M. VAINBERG

ON THE BRANCHING OF PERIODIC SOLU-
TIONS OF AUTONOMOUS SYSTEMS AND
DIFFERENTIAL EQUATIONS IN BANACH
SPACES
(Presented by Academician G. I. Petrov, 4 XI 1966)

1. In paper (1) we proposed a method for finding the number of all solu-
tions and the form of each solution of Poincaré’s problem on periodic
solutions of nonautonomous systems with analytic right-hand sides. It
turns out that analogous considerations are applicable to the solution of
the problem on the branching of periodic solutions of autonomous systems
with analytic right-hand sides and nonautonomous differential equations
in Banach spaces.

2. Consider the system

𝑑𝑥/𝑑𝑡 = 𝑓(𝑥) + 𝜆𝑔(𝑥, 𝜆), (1)

where 𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑛) is a vector in the real space 𝐸𝑛; 𝜆 is a small real
parameter; 𝑓(𝑥) and 𝑔(𝑥, 𝜆) are analytic functions of 𝑥 and 𝜆 with values in 𝐸𝑛.

Let 𝜑(𝑡) = (𝜑1(𝑡), … , 𝜑𝑛(𝑡)) be an 𝜔-periodic solution of the generating system

𝑑𝑦/𝑑𝑡 = 𝑓(𝑦). (2)

The problem is to find all 𝑇 (𝜆)-periodic solutions 𝜓(𝑡, 𝜆) of system (1), satisfying
the conditions 𝜓(𝑡0, 0) = 𝜑(𝑡) and 𝑇 (0) = 𝜔. Here the continuity of 𝜓(𝑡, 𝜆) and
𝑇 (𝜆) is assumed. Denote by 𝑥(𝑡, 𝛼, 𝜆) the solution of the initial-value problem
𝑥(0, 𝛼, 𝜆) = 𝜑(0)+𝛼 for system (1). Without loss of generality (see, for example,
(3)) one may assume that 𝜑1(0) = 0 and 𝛼1 = 0. In order that the solution
𝑥(𝑡, 𝛼, 𝜆) be periodic with period 𝑇 = 𝜔 + 𝜏(𝜆), it is necessary and sufficient
that

𝑥1(𝜔 + 𝜏, 𝛼, 𝜆) = 0, 𝑥𝑖(𝜔 + 𝜏, 𝛼, 𝜆) − 𝜑𝑖(0) − 𝛼𝑖 = 0 (𝑖 = 2, 3, … , 𝑛), (3)
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where the left-hand sides are analytic functions at the origin of coordinates.
We reduce the left-hand sides of each equation of system (3) by the highest
admissible power of 𝜆. We then obtain

Ψ𝑖(𝜏, 𝛼2, … , 𝛼𝑛, 𝜆) = 0 (𝑖 = 1, 2, … , 𝑛). (4)

We shall assume that Ψ𝑖(0, 0, … , 0) = 0 for all 𝑖, since otherwise the problem
posed has no solutions. Denote by 𝐽 the Jacobi matrix at zero of Ψ1, … , Ψ𝑛
with respect to 𝜏, 𝛼2, … , 𝛼𝑛, and let 𝑟 be the defect of this matrix. Eliminating
(𝑛 − 𝑟) unknowns from system (4), we obtain

Φ𝑖(𝜉1, … , 𝜉𝑟, 𝜆) = 0 (𝑖 = 1, 2, … , 𝑟), (5)

where 𝜉1, … , 𝜉𝑟 are the remaining unknowns from the collection 𝜏, 𝛼2, … , 𝛼𝑛.
The functions Φ𝑖 are analytic at the origin of coordinates, and moreover
ord Φ𝑖(𝜉1, … , 𝜉𝑟, 0) ≥ 2, ord Φ𝑖(0, … , 0, 𝜆) ≥ 1, so that system (5) is the branch-
ing equation of the problem under consideration.

Thus, the solution of the problem on the branching of periodic solutions of
system (1) is reduced to finding all small real solutions of the branching equation
(5).

Using the method developed by us in paper (2), we arrive at various propositions
on the number and form of all solutions of the problem posed. We give one such
proposition. Let 𝑑𝑖(𝜉(𝑖)

𝑖 , … , 𝜉(𝑖)
𝑟 , 𝜆) be the distinguished polynomials with respect

to 𝜉(𝑖)
𝑖 (or polynomials of degree zero), obtained for system (5) by the procedure

indicated in (2).
Theorem 1. Let 𝑟 ⩾ 1. Then, if 𝑑𝑘 ∼ 1 (𝑘 = 1, 2, … , 𝑟 − 1) and 𝑑𝑟 is not
associated with unity, then the problem under consideration has a finite number
of solutions, and each of them is representable, for small |𝜆|, in the form of a
convergent series in powers of 𝜆1/𝑝, where 𝑝 is some natural number. All these
solutions are periodic with period

𝑇 = 𝜔 +
∞

∑
𝑘=1

𝑎𝑘𝜆𝑘/𝑝,

and this series also converges for small |𝜆|.
Let us note that for even 𝑝 the corresponding real solution is defined only for
𝜆 ⩾ 0. To find, in this case, the solution for 𝜆 ⩽ 0, one must replace 𝜆 by −𝜆
in system (1) and repeat all calculations. This remark also applies to Sec. 3.

It is advisable to combine the method proposed here with the method of un-
determined coefficients. Namely, under the hypotheses of Theorem 1, we first
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obtain information on the form of the series for 𝛼𝑖 (𝑖 = 2, … , 𝑛) and 𝜏 , and then,
by means of the substitution

𝑡 = 𝜃 (1 + 1
𝜔𝜏(𝜆))

in system (1) (see, for example, (4,5)), we obtain

𝑑𝑥
𝑑𝜃 = 𝑓(𝑥) + 𝜏(𝜆)

𝜔 𝑓(𝑥) + 𝜆 (1 + 𝜏(𝜆)
𝜔 ) 𝑔(𝑥, 𝜆). (1’)

We seek the solution of system (1′) in the form of a series in powers of 𝜆1/𝑝 with
undetermined 𝜔-periodic coefficients.

3. Consider the equation, important in applications,

𝑑2𝑥/𝑑𝑡2 + 𝑘2𝑥 = 𝜆𝑓(𝑥, ̇𝑥, 𝜆), (6)

where 𝑓(𝑥, ̇𝑥, 𝜆) is an analytic function in some domain of variation of the ar-
guments. The solution of the initial-value problem 𝑦(0) = 𝐴0, ̇𝑦(0) = 0 for the
generating equation ̈𝑦 + 𝑘2𝑦 = 0 will be

𝑦 = 𝐴0 cos 𝑘𝑡.

Without loss of generality (4), in the case of small |𝜆| one may take the following
initial conditions for equation (6):

𝑥(0) = 𝐴0 + 𝛼, ̇𝑥(0) = 0. (7)

Let 𝑥(𝑡, 𝛼, 𝜆) be the solution of problem (6)—(7). Then, in order that this
solution be periodic with period 𝑇 = 2𝜋/𝑘 + 𝜏(𝜆), it is necessary and sufficient
that

𝑥(2𝜋/𝑘 + 𝜏, 𝛼, 𝜆) − 𝐴0 − 𝛼 = 0, ̇𝑥(2𝜋/𝑘 + 𝜏, 𝛼, 𝜆) = 0, (8)

where the left-hand sides are analytic functions of 𝜏, 𝛼, 𝜆 at the point 𝜏 = 𝛼 =
𝜆 = 0. Reducing the left-hand sides of equalities (8) by the highest admissible
powers of 𝜆, we obtain the system

Ψ𝑖(𝜏, 𝛼, 𝜆) = 0 (𝑖 = 1, 2). (9)

As before, it is assumed that Ψ𝑖(0, 0, 0) = 0. Let 𝐽 be the Jacobi matrix at zero
of Ψ1, Ψ2 with respect to 𝜏 and 𝛼.
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In the case when 𝐽 is a nonsingular matrix, as is known [4], the problem has a
unique solution. The case when rang 𝐽 = 1 was studied in [5]. We investigate
the case when rang 𝐽 = 0. Such a situation is possible for 𝐴0 = 0. In this case
system (9) is the branching equation of the problem under consideration. At
the same time we exclude the trivial case when Ψ𝑖 ≡ 0 for 𝑖 = 1, 2.

By means of a nonsingular linear change of variables

(𝜏, 𝛼) = 𝑃(𝜉1, 𝜉2)

and the preparatory Weierstrass theorem, system (9) is reduced to an equivalent
system (with respect to small solutions)

𝐺𝑖(𝜉1, 𝜉2, 𝜆) = 0 (𝑖 = 1, 2), (10)

where 𝐺𝑖 are distinguished polynomials with respect to 𝜉1.

Form the resultant, with respect to 𝜉1, of the polynomials 𝐺1 and 𝐺2, set it
equal to zero, and reduce this equality by the highest admissible power of 𝜆.
We obtain

𝑅(𝜉2, 𝜆) = 0. (11)

If 𝑅(𝜉2, 𝜆) ≢ 0 and 𝑅(0, 0) = 0, then by the Newton diagram method we find
all small real solutions of equation (11). These solutions are represented in the
form of convergent series in powers of 𝜆1/𝑞, where 𝑞 is some natural number.
Setting 𝜆1/𝑞 = 𝜇 and substituting each small real solution of equation (11) into
(10), we arrive at the equation

𝑑(𝜉1, 𝜇) = 0, (12)

where 𝑑 is the greatest common divisor of the distinguished polynomials

𝐺𝑖 (𝜉1,
∞

∑
𝑘=1

𝑎𝑘𝜇𝑘, 𝜇𝑞) .

From (12), by the Newton diagram method, we find the real solutions 𝜉1 as
functions of 𝜇. Hence it follows

Theorem 2. If 𝑅(𝜉2, 𝜆) ≢ 0 and 𝑅(0, 0) = 0, then the stated problem has a
finite number of solutions, and each of them, as well as 𝜏(𝜆), is representable
for small |𝜆| in the form of convergent series in powers of 𝜆1/𝑝, where 𝑝 is some
natural number. If 𝑅(0, 0) ≠ 0, then the problem under consideration certainly
has no solutions.
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We note that, in contrast to the complex case, under the conditions of Theorems
1 and 2 the problem may also have no real solutions. We also note that some
general considerations on autonomous systems are contained in [8].

4. The problem of branching of periodic solutions also arises in the study of
differential equations in Banach spaces. Let 𝐸 be a Banach space (complex
or real), 𝑈 the real axis, and Λ the complex plane (or the real axis).
Further, let 𝑓(𝑡, 𝑥) and 𝑔(𝑡, 𝑥, 𝜆) be functions with values in 𝐸, defined
in some domain 𝐷 of variation of the arguments 𝑡 ∈ 𝑈 , 𝑥 ∈ 𝐸, 𝜆 ∈ Λ.
We shall assume that the functions 𝑓(𝑡, 𝑥) and 𝑔(𝑡, 𝑥, 𝜆) are continuous
in the totality of their arguments in their domain of definition, bounded,
𝜔-periodic in 𝑡, and analytic in the totality of 𝑥 and 𝜆. Consider the
equation

𝑑𝑥/𝑑𝑡 = 𝑓(𝑡, 𝑥) + 𝜆𝑔(𝑡, 𝑥, 𝜆). (13)

It follows from the listed conditions that, for every fixed 𝜆, the Cauchy problem
for equation (13) has a unique solution, continuous in 𝑡.
Let the generating equation

𝑑𝑦/𝑑𝑡 = 𝑓(𝑡, 𝑦) (14)

have an 𝜔-periodic solution 𝜑(𝑡). The problem is posed of finding all 𝜔-periodic
solutions of equation (13), continuous in 𝑡 and 𝜆 and tending to 𝜑(𝑡) as 𝜆 = 0.

Following Poincaré’s idea, let us consider, for equation (13), the initial-value
problem

𝑥(0, 𝛼, 𝜆) = 𝜑(0) + 𝛼, (15)

where 𝑥(𝑡, 𝛼, 𝜆) is the solution of this initial-value problem. It turns out that
the solution 𝑥(𝑡, 𝛼, 𝜆) can be written in the form

𝑥(𝑡, 𝛼, 𝜆) = 𝜑(𝑡) + 𝜒(𝑡, 𝛼, 𝜆), (16)

where 𝜒(𝑡, 𝛼, 𝜆) is an (𝐹)-power series (6)

𝜒(𝑡, 𝛼, 𝜆) = ∑
𝑚+𝑛≥1

𝑎𝑚𝑛(𝑡)𝛼𝑚𝜆𝑛, (17)

convergent for ‖𝛼‖ ≤ 𝜀 and |𝜆| ≤ 𝜆0; moreover the 𝑚-linear operators 𝑎𝑚𝑛(𝑡)
are determined uniquely by substituting (17) into (13) and solving the result-
ing recurrent system of linear differential equations for them with the initial
conditions (15), which take the form
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𝑎𝑚𝑛(0) = {𝐼 for 𝑚 = 1, 𝑛 = 0,
𝜃 for all other values of 𝑚 and 𝑛.

Here 𝐼 is the identity operator from 𝐸 into 𝐸, and 𝜃 is the zero element of the
corresponding space.

In order that the solution (16) be 𝜔-periodic, it is necessary and sufficient that

𝐹(𝛼, 𝜆) ≡ 𝜒(𝜔, 𝛼, 𝜆) − 𝛼 = 0. (18)

Putting 𝐵 = 𝐼 − 𝑎10(𝜔) and 𝐹𝑚𝑛 = 𝑎𝑚𝑛(𝜔), we obtain

𝐵𝛼 = 𝐹01𝜆 + ∑
𝑚+𝑛≥2

𝐹𝑚𝑛𝛼𝑚𝜆𝑛. (19)

The solution of the problem posed is therefore reduced to finding all small
solutions of equation (19).

Let 𝐵 be a normally solvable operator of index zero, and let 𝑟 be the dimension
of the null subspace of this operator. These conditions are satisfied if 𝑎10(𝜔) is
a completely continuous operator for which 1 is an 𝑟-fold eigenvalue. To find
the small solutions of equation (19), we derive a branching equation, which in
the present case takes the form

Φ𝑖(𝜉1, 𝜉2, … , 𝜉𝑟, 𝜆) = 0 (𝑖 = 1, 2, … , 𝑟), (20)

with the same properties as system (5). Using the results of work 2, we arrive
at various propositions on the number and form of the solutions of the problem
posed concerning the branching of solutions of equation (13).

Let us note that various classes of integro-differential equations, as well as count-
able systems of ordinary differential and integro-differential equations, can be
reduced to equation (13). Let us also note that, in the absence of branching,
the Poincaré problem for countable systems of ordinary differential equations
was studied in work 7.
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