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Abstract

We consider the difference equation
z(m+1) = A(m)z(m) + u(m), (1)

where x(m), u(m) are functions of the argument m (m =0, 1,2, ...), the values
of which belong to some Banach space F; A(m) is a linear operator-function
mapping (for each m) the space E into itself. In this article, conditions are
derived under which the estimate

ly(m)lp < N exp[—a(m —mq)llly(mo)| &

holds for any solution of equation y(m + 1) = A(m)y(m), where my is a fixed
natural number; N > 0 and e > 0 are constants independent of m,. It is proved
that this inequality and a certain additional condition (for u(m)) guarantee the
boundedness of any solution to equation (1). The case where A(m) does not
depend on m is also investigated. Bibliography: 5 items.

Full Text

Preamble

This section investigates the stability and asymptotic behavior of linear discrete-
time systems. We consider the non-homogeneous difference equation:

z(m+1) = A(m)x(m) +u(m), m=0,1,2,.. (1)

where z(m) is the state vector in a Banach space FE, A(m) is a linear bounded op-
erator acting on E, and u(m) is an external input sequence. The corresponding
homogeneous equation is given by:

y(m+1) = A(m)y(m) ()
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The solution to the homogeneous equation can be expressed using the evolution
operator W(m, s), defined for m > s as W(m,s) = A(m — 1)A(m — 2) ... A(s),
with W(s,s) = I. Tt follows that W(m + 1,s) = A(m)W(m,s). The norm of
the evolution operator satisfies the inequality:

m—1

IW(m, )l < TT IA®K)] 3)

k=s

We define the sequence spaces [, (1 < p < co) and m (the space of bounded
sequences). A sequence z = {z(k)}2, belongs to [, if ||x||lp = (X |z (k)PP <
00, and belongs to m if |z||,, = sup |z(k)| < co.

1. Stability Estimates for Homogeneous Systems

We establish conditions under which the solutions of the homogeneous system
(2) exhibit exponential decay. Suppose that for any input sequence u € Ly,
the solution x(m) of the non-homogeneous system (1) with initial condition
x(mg) = 0 remains bounded. Then, there exist constants N(mg) > 0 and « > 0
such that the solution y(m) of (2) satisfies:

ly(m)[| < N(my) exp[—a(m —mg)]ly(mg)l, m > mg (8)

To prove this, we construct a specific sequence z(m) related to y(m). Let
y(m) be a solution of (2). For m > my + 1, we define the input u(m) =
y(m + 1)Jy(m + 1) p(m), where ¢(m) is a scalar weighting function. By
analyzing the relationship between the norms of z(m) and y(m), we derive the
growth constraints on the evolution operator.

Specifically, if u € I, we utilize the property that |z|| < K, Hu||lp Through a

p,
series of estimates involving the summation of the norms of y(s), we obtain:

ly(mg + 74+ 1)|P(mg +7) < Krl/p (12)

where @ is an auxiliary sum of the inverse norms of the trajectory. By applying
logarithmic transformations and exponential bounds, we arrive at the final sta-
bility estimate (8). This result demonstrates that the “admissibility” of the pair
(l,,m)—meaning that every input in [, produces a bounded output—implies a
specific rate of decay for the homogeneous system.

2. Generalizations and Input Classes

The results can be extended to cases where the input u belongs to the space of
bounded sequences m. If for every u € m, the solution z(m) is bounded, then
the homogeneous system (2) is exponentially stable in the usual sense:

ly(m)|| < Ny (myg) exp[—ay (m —mq)]|ly(mq)| (21)
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where a; = In(1 + K~ '). This confirms that the stability of the non-
homogeneous system under bounded perturbations is equivalent to the
exponential stability of the zero solution of the homogeneous system.

For a general linear system (1), the solution for m > m, can be written using
the variation of constants formula:

x(m) = W(m,mg)x(mg) + i W(m, s)u(s—1) (25)

s=mg+1

If the operator A(m) is uniformly bounded, |A(m)| < A, and the system satisfies
the stability conditions derived above, then for any u € [, the solution x(m)
satisfies:

lz(m)]| < Ny exp[—ag(m —mq)l|z(me)[ + Q(m) (34)

where Q(m) represents the convolution of the evolution operator with the input
sequence. We show that Q(m) remains bounded for all m > m, ensuring the
overall stability of the system.

3. Systems with Constant Coefficients

In the special case where A(m) = A is a constant operator, the evolution opera-
tor simplifies to W (m, s) = A™*. The stability of the system is then determined
by the spectral radius of A. If the spectral radius p(A4) < 1, then |A¥| < MA*
for some A < 1. The non-homogeneous system (1) with constant A is stable for
any u € [, if and only if the eigenvalues of A lie within the unit circle of the
complex plane.

The estimates provided in this paper generalize classical results by Massera and
Schéffer to the discrete-time case and provide explicit bounds for the decay rates
N(my) and « based on the properties of the input-output mapping.
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Note: Figure translations are in progress. See original paper for figures.
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