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(Presented by Academician Yu. V. Linnik on 28 II 1967)

Consider a continuous with probability 1 stationary Gaussian process £, with
correlation function r,. Let &, be differentiable in mean square (m.s.), and let
N(s,t) denote the number of crossings from below to above of the level u by
the process &, on [s,t]. From (1) it follows that EN(s,t) < cc.

Lemma 1. Ifr, — 0 ast — oo, then

DN(0,T) —— 0

T—o0

for all u.

Proof. Let DN(0,T') < oo, otherwise the assertion of the lemma is trivial. Put

Xy (1) = N(kr, (k+1)7) = EN(k7, (k+ 1)7),  k=0,1,... (1)

For any 7, {X(7)} is a stationary sequence, and, by Theorem 2 on p. 119 in
(%), EX, X, — 0 as k — oo. Choose T so that

EN(0,7) = 1/2. 2)

Let lim DN (0,n7) < oo. Then, by Theorem 18.2.2 in (*), there is a represen-
tation:

Xk = Yk+1 - Yk>

where Y, = U*Y,, Y, € H(X), and H(X) is the closure, in the m.s. sense, of
the linear span of the set {X,, X;,...}, while U is a unitary operator in H(X)
defining X,: X, = U*X,. From (2) it follows that
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P{[Yay — Yol < 1/2} = 0. 3)
Let I = (a,a+ 1/2) be an interval such that P{Y, € I} = p # 0. The variables

Y,,, obviously, are measurable with respect to &, 0 <t < oo; therefore, by the
mentioned Theorem 2 in (?),

P{Y,,Y, €I} — p?,
n—oo

which contradicts (3). Thus, lim DN (0,n7) = oco. Let T" — oo, and put
n = [T/7]. We have

DN(0,T) > DN(0,n7) — 2\/DN(0,nT) E(N(0,7))* = .

Lemma 2. If &, is twice differentiable in the m.s. sense and

o0
[t + e < .
0
then, as T — oo,

DN(0,T) = 0T (1 + o(1))

and o # 0.
Proof. From (°) it follows that DN (0,T) < co. Let 7 be fixed.

DN(0,n7) =nEXZ(1) +2 z_:(n —k)EXy(1)X (1), (4)
k=1

where X, (7) is defined from (1). In the same way as in (4) when finding the
factorial moments of N(0,T), one can show that

T (k+1)T
EX, ()X, (1) = /0 (l (F,_,—F..) dt) ds, k>0, (5)

where

oo oo
F,_ o= / / V1Yo s s (U U, Y1, ) dyy dys, F = lim F,,
o Jo

t—o0
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and ¢, (1,29, Y,,Ys) is the density of the vector {,,&,,&,,&,}. (We note that,
by the conditions of the lemma, r,, 7}, 7] — 0 as t — oo, so the definition of F__
makes sense.) Let R, , and R_, be the correlation matrices corresponding to
¢ s and oo =lim @, Put 6, =R, ,—R|, where [[(a;;)]| = max;;[a;;|.
It is easy to obtain the estimate

|th75(uv Uy Y1 y2> - @m(uw Uy Y15 y2)|
< Cexp{—(4rg —4r)) (W3 +¥3)6, R, |1+ yi+13)},

(6)

where C' depends only on u, ry, 7. From (5) and (6) we obtain

D EX X, < 2/ t|F, — F|dt <
1 0

<2a/ \Ft—Foo|dt+2Cl/ t6,|R,|3/2 dt. (7)
0

a

The first integral is finite, since DN (0, a) < co. It is obvious that | R,| is bounded
below uniformly in ¢ on [a, 00) for any a > 0. In addition, §, < |r,| + |r;| + |77 |;
therefore the second integral on the right-hand side of (7) is also finite. Finally
we obtain

Z EXy (1) X, (1) < K,

where K does not depend on 7. By Lemma 1, EXZ(7) — 0o as 7 — oo. Choose
7 so that EX2(7) > 2K. Now (4) can be rewritten as follows:

DN(0,n7)=n (EX%(T) + QiEXO(T>Xk(T) + 0(1)) =

—nod(L+0(1), o #0.

Put 02 = 0?/7, and let T — oo, n = [T'/7].

‘DN(O7 T 1‘ _ IDN(0.T) ~ DN(0.n7)| ,

02T 02T
1 1 DN(0,n7)
DN — — 1| =0o(1).
+DN(0,n7) (sz' 02T> ‘ o2nrt ‘ o(1)
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Lemma 3. Let R, denote the correlation matrix of the vector {&;,&,, fo, §t} If

8) . . . .
7'1(5 ) is continuous, then in some neighborhood of zero

|R,| = ct® + o(t®), ¢ > 0.

Proof. Putting ry = 1, we find

Ryl = (rf 47§ —rer{)? = (rf = 7).

It is enough to expand the terms in the parentheses up to 5, since the expansion
will begin with 2. We obtain

tS

IRyl = 17 (6" —762) (6”75 —5"%) + ot%).

From the positive definiteness of R, it follows that the coefficient of t® is nonneg-
ative. Let r{") = 7/ /2. This means that E&2EEZ = (E€&,&,)2. But in the range
space of &,, which is the closure in mean square of the linear span of the vari-
ables §; , such an equality is possible only under the condition E(éo —2)2 =0,
where A is some number; this cannot occur when the process ¢, is Gaussian.

Similarly we verify that 7“83) vl — ré4)2 S0

Lemma 4. If there exists and is continuous in mean square d*¢,/dt*, and
Ty, 7,1 = O@(™Y) ast — oo for some « > 13, then for all u

114(T) = B(N(0,T) —EN(0,T))" = O(T?) as T — co.

Proof. From (5) it follows that u,(7") < oo. In the notation (1) we have

pa(n) <nEXZ + ) |E(X2X2+ X2X))|+ D [EXZX, X,

i iF it
+ > [EXX XX
i gEkE (8)
=0 <n2 + > EXXXx Y |EXinXle|> :
1<j—1<k—2 1<j—1<k—2<I-3

Put N(it, (i +1)7) = N;, N;(N;, —1) = NZ-(Z). Consider the second term on the
right-hand side of (8):

EX?X,;X;, = E(N” N, + N,N, — (N\*) + N,)EN, — (EN,)?N,) X;.  (9)
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As in (4), we obtain:

2
ENN,X, = / dt,dt, / di, / (Foytytyts = Fritrgo0) dta, (10)
A

A, XA, A, X

where

oo o]
Ft1t2t3t4 :/ / yl--~y4<ptlmt4(ua~..,u,y1,..,7y4) dyldy4
0 0

and ¢y 4 (T, s Tyy Y15 -0, Yy) I8 the density of the vector {&; , ..., & & s, &, )
Fy oo =My oo By yy oy, Withty #1, € A = (i1, (i+1)7), t3 € Aj. Denote

by R, _, the correlation matrix of the vector {€t1a§t27étlvét2}~ By Lemma 3
there exists ¢, such that for all ¢;,t, for which [t; —t,] < t;,

|Ry, | > clty —1,)®, c>0.

Introduce the function

B = By(r) = max(|r,| + i) + Ir2).

Put

1/13 1/13
Ag={tity € Ay |ty — 1) < 815 + 82 1,

Ay ={tty € Ay [ty — 1] > 5}, Ay = (A; x A\ (AU Ay).

For sufficiently large 7, 4gA; = 0 for all ¢ < j—1 < k — 2. We split the
outer integral in (10) into three, over the sets Ay, A;, A,, respectively. The first

integral will be of order ﬂjlf il + B,ié 1]?:1, as follows from the proof of Theorem
3 in (5). The second is estimated in the same way as in the proof of Lemma 2.
To estimate the integral over A,, we use the obvious analogue of relation (6).

We obtain:

. —3/2
Fy 1, — Ft1t2t3oo’ < Cby, g, [mm{|Rt1A..t4|a |Rt1t2t3m|}]

)

where C' depends only on u, ry, ;. Obviously, on A,

. 1/13 1/13
mln{|Rt1...t4|7 |Rt1...oo|} > Cl(ﬁjii—l + Bkéj,1)7

and, since 6, , = |[Ry, ,, — Ry | < Bj_j_1, it follows that
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1/13 1/13
Pty = Foyoo] < CLB 2L+ B0,

Lty T

Thus, for the integral (10) there is the estimate

[ENPINX,| < (828 + 8.

Jj—i—1

Similarly one estimates |ENZ-(2)X «|- For the other terms in (10) we easily obtain
|[EN;N; X,| < C3By_j_1, |IENX| < Cyfy_j_. Finally,

5 |Exijxk|:o( 3 (ﬂjllf_ﬁﬁ,i/?;1)+n2>:0(n2).

i<j—l<k—2 i<j—1<k—2

For the last term in (8) we find the estimate:

\EXinXle| =
i<j—1<k—2<I—3

=0 ( Z min(ﬁjilvﬁlk1)> =0 <n2 zojiﬁl) = O(n?).

1<j—1<k—2<1-3

Thus, puu(nt) = O(n?) for some sufficiently large 7. Hence the assertion of
Lemma 4 follows.

Suppose now that £, satisfies the strong mixing condition in the sense that

p(t)= sup [P(AB)—P(A)P(B)| — 0, (11)
AeFO t—o0
BeF &

where 7% is the o-algebra generated by &,, t € [a,b]. As a consequence of
Lemmas 2 and 4, the following is obtained.

Theorem. Under the conditions of Lemma 4 and (11)

N(0,T)—EN(0,T) 1 "
{ DNO.T) < z} — m/_ooe 2 dx (12)

as T — oo, for all u.

Proof. According to Theorem 18.4.1 in (3), in order to prove (12) for T = nr,
where 7 is fixed, it is sufficient to verify, for any integer-valued function p = p(n)
such that p — oo, p = o(n), and any € > 0, the relation
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n

— Z2dF,(z) =0 asn— oo,
o

bon |z|>e0,

where 02 = DN(0,n7), F,(2) = P{N(0,p7) — EN(0,p7) < 2}. We have

’I’L: P

n 2 npy(pT) (P _
n J|z|>eo,

Now, for arbitrary T, (12) is proved with the aid of the obvious proposition: if
P{¢, +n, <z} — F(z), where F is some distribution function and 7,, — 0 in
probability, then P{¢,, < z} — F(x).

I take this opportunity to express my gratitude to Prof. O. V. Sarmanov for
proposing the problem and for his attention to its solution.
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