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1. In the present paper we give some results connected with the question
of a constructive characterization of nonperiodic functions in the integral
metric. In the metric C' this question was completely solved in the works
of S. M. Nikol' skii (1), A. F. Timan (*?), and V. K. Dzyadyk (*). In
(27%) it was established that, in order that a function f(z), given on the
segment [—1, 1], have there, for some nonnegative integer r, a derivative
f"(x) of order r belonging to the class Lipa (o < 1), it is necessary and
sufficient that for every natural n there be an ordinary polynomial P, (x)
of degree not exceeding n such that, for all z € [—1, 1], the inequality

f@) = P@)] < C(Vi—a?/n+1/n?) .

holds.

In the integral metric the first works in this direction were carried out by G. K.
Lebed’ and M. K. Potapov (°9).

2. In what follows we shall everywhere consider classes of functions integrable
to the p-th power with norm

1 1/p
|f||p={ / If(r>|”dx} .

By VV<T>111;0u (respectively I/VWA;;)7 1 < p < oo, we denote the class of
functions given on the interval [—1,1] and having there an r-th derivative
f")(z), Lebesgue integrable to the p-th power, for which, for any h > 0,
the inequality

|f" @+ h) = fO @)L —1,1-m) < w(h)
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holds, respectively the inequality

f (x\/l —h2—hV1-— :v2) — f(x)

w(\/l—m2h+h2) =C

LP

For w(t) = t* these classes will be denoted by H;,HO‘) (respectively A;,Ha) ). The
classes W™ A% were introduced by G. K. Lebed’ (°) and M. K. Potapov (57).
It is known that for p = oo the classes W H% and W) A%, coincide (see, for
example, (°)), while for 1 < p < co the intersection of these classes is nonempty.

G. K. Lebed’and M. K. Potapov gave the following constructive characterization
of the class A;,Ha) for 0 < ao < 1. In order that f(z) € A;Ha), it is necessary and
sufficient that for every natural number n > 0 there be an algebraic polynomial
of degree not exceeding n such that the inequality

fx) — P, (x) ¢

n

< )
(x/l—x2+1/n>r+a L, "

holds, where the constant C' does not depend on n and f(x). However, even after
these works there remained open the question of a constructive characterization
of the class WWH;;’ , and also the connection between the classes W(T)H;j and

W(T)Ag had not been clarified.

3. In this section we formulate several theorems showing how the classes
W“’)Hg’ and W(”A;’ are related. Obviously, it is enough for us to consider
the case r = 0.

Theorem 1. For any function f(z) € W(O)HZ‘;J the inequality

f(avVi=h% = hV/1—2a?) — f(2) Uy 1
H <Cln 7 (1)

w(x/l—th-i-hQ)

Lp
Theorem 2. For any function f(x) € W<O)A;f the inequality

|2+ 1) = F@)l 1,1m) < Colh) ' b @

It can be shown by examples that, in the case w(t) = t* (0 < o < 1), there
exist functions f, (x) and f, (z), belonging respectively to the classes Hy and
Ag, and a constant C, (Cy, generally speaking, depends on «) such that the
sign of the inequality in (1) and (2) is reversed. In some cases the logarithms in
the right-hand side of inequalities (1) and (2) can be omitted. For example, the

classes of functions H; and Azl, coincide (consequently, the classes of functions

H,(,T+1> and A;“ coincide for any integer r). Besides this case, it is interesting
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to note one more case of coincidence of the classes H, and A5. A function f(x),
defined on [~1,1], belongs to the intersection of the classes Hy and A if it
satisfies the condition

Z |f(z;) = f(z0) Pl — 2y 707 = O(1), (3)

where z; are arbitrary points of the interval [—1,1] (z,,; > x;); moreover, it is
sufficient that condition (3) hold not on the whole interval, but only near the
endpoints.

4. Tt follows from Theorem 1 that if f(x) € H;Ha), then for each n =
0,1,2, ... there exists an algebraic polynomial of degree not exceeding n
such that the inequality

f(x) = P,(x) o' n
(\/er l/n)Ha B =7 prte

(4)

holds.

This result is one of the variants of the strengthened Jackson theorem in the

metric L,,. However, inequality (4) does not characterize the class Hér+a)7 since

functions of the class A;,TJ”X) also satisfy this inequality. But, on the other hand,

in the right-hand side of inequality (4) one cannot replace the quantity n% In'/”n

by a function w(1/n) such that

— Y w(u) B 1
hmV/ 2d4 meﬁzw. (5)
h

h—0 u

The latter follows from the inverse theorems of G. K. Lebed’ (5) and the results
of Sec. 3. As a consequence of inequality (4), we note Theorem 3.

Theorem 3. Any function f(x), belonging on the segment [—1,1] to the class

H,(,H'a) (r+a > 1/4), is expanded in a Fourier-Legendre series converging in
the metric L to the function f(z), and the estimate

/,

It was indicated above (see Sec. 2) that the class A5, in terms of approximation
by algebraic polynomials, can be defined as the class of functions for which the

inequality f)— P.(o) X
S R

pi(l—a% + 1)
sovietrxiv.org/items/ru-196701.33017 Machine Translation
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F) =3 aPy(e)
=0

de < O Inn/n2* 12 r4+a<1/2,
- Inn/n"t r+a>1/2.

holds.
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holds.

where P, (z) is an algebraic polynomial of degree not exceeding n, py(t) = /.
Naturally, the question arises: can p(t) be determined so that equality (7) would
be equivalent to the assertion that f(z) € H7? The answer to this question is
negative.

The following variant of an strengthened Jackson theorem in the integral metric
is proposed.

Theorem 4. If a function f(x) is given on the interval [—1,1] and belongs to
the class W(0>HI‘;’, then there exists a sequence of algebraic polynomials P, (x)
such that, for every n, the inequality

(£ [ weriorad <ol ()). o

i=—k—1
n; = [ny/1—a;;

a; are points of the interval [—1,1] such that

1
V1—a, = — 2v/n > 28 > \/n, gy =1 (i=0,1,....k).

AN

holds, where

a_;=a

There is also a theorem converse to Theorem 4.

Theorem 5. If, for a function f(x) given on the interval [—1,1], there exists
a sequence of algebraic polynomials such that inequality (8) holds, where w(t) is

some modulus of continuity, then
1
2
t/ w(i;) n =Y qu| .
U t

Thus, a theorem has been proved which gives a constructive characterization
of the class W(O)H;’ under the additional assumption that w(t) satisfies the
condition

W(f;t)Lp =0

t/t % du = Olw(t)]. (9)

Theorem 6. In order that a function f(x), given on the interval [—1,1], belong
to the class W<O)H;", where w(t) satisfies condition (9), it is necessary and
sufficient that inequality (8) hold.

Remark. The points a; may be chosen arbitrarily, but so that
V1i—a; <Ay/1—a;,

where A is some positive number. In this case, of course, the constant in the
right-hand side of inequality (8) depends on A.
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For classes of functions W(T)H;j (r > 0), under the condition that w(t) satisfies

condition (9) and
/ A g0 = Ofuin)],

the following is valid.

Theorem 7. In order that a function, given on the interval [—1,1], belong to
the class W(T>H;’, it is necessary and sufficient that there exist a sequence of
algebraic polynomials such that, for every n, the inequality

(£ [ e} <offu(@)].

i=—k—1va;

holds, where
n; = [ny/1—a,],

a; are points of the interval [—1,1] such that

1
=a;, J1—a,=— ag =1 (i=0,1,..,k);  2Vn>2">n.

21’

5. In the works of M. K. Potapov (°,7) and G. K. Lebed’ (°), other functional
spaces L, with norm ||f||Lp(71’1> = were also considered.

1 1/p
p_ 4z
:{/1 I7@) m} ‘

By definition, f(z) € W<T)ﬁ§‘, if f(z) has an r-th derivative f")(z) for which,
for any h > 0, the inequality

[£(z+ 1) = () < h

L,(~1,1-h)

holds, and f(z) € W(”AV;’;, if the r-th derivative f(")(z) exists and satisfies the
condition

FO (V1 —=h2 — V1 —2?) — f(x)
(V1—22h+h?)"

= 0(1).

L,y(=1,1)

As M. K. Potapov showed (7), the definition of the class W“)EE in differential-
difference terms is equivalent to the following definition of this class in terms
of approximation by algebraic polynomials: the class W(T)Xg‘ consists of those
and only those functions f(z), defined on the interval [—1, 1], for which

sovietrxiv.org/items/ru-196701.33017 Machine Translation


https://sovietrxiv.org/items/ru-196701.33017

—0 (nlm) . (11)

L,(~1,1)
In the same work M. K. P(f)zapov posed the problem of a constructive charac-
terization of the class W(T)H;" and of the relation between the classes VV“’)HZ?K

H f(z) — P,(x)
(V1—a?+ 1/n)r+a

and W“’ul%. Of all the theorems analogous in meaning to Theorems 1-7, we
note the following one.

Theorem 8. In order that a function f(x), defined on the interval [—1,1],

belong to the class W(T)ﬁ;j‘, it is mecessary and sufficient that there exist a
sequence of polynomials P, (x) such that

where n; = [n/1—a;] and \/1—a; < A\/T—a;,,, A is some fized number.

In conclusion I express my gratitude to Prof. S. M. Nikol’ skii for posing the
problem and for his attention to the work, and also to Yu. A. Brudnyi for
valuable general considerations on the questions considered.

Received
17 III 1966
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