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ISOTHERMIC COORDINATES ON SUR-
FACES OF BOUNDED INTEGRAL MEAN
CURVATURE

(Presented by Academician A. D. Aleksandrov on 6 VIII 1966)

1. The concept of a surface of bounded integral mean curvature was introduced
by I. A. Danilich (1’2). The purpose of the present note is to clarify certain
questions connected with the problem of the analytic representation of such
surfaces.

In what follows R™, n > 3, denotes n-dimensional Euclidean space; R? is the
plane of the complex variable z = u + iv; @, is the disk {z € R? | |2| < r}.

Let P be an arbitrary surface of disk type in R" (see (3%)); X : Q; — R" a
parametrization of the surface P. We shall say that the parametrization X is
isothermic if it satisfies the following conditions:

I,. The coordinates of the vector-function X have in (), generalized first deriva-
tives that are square-summable on every disk @,, where 0 < r < 1.

I,. For almost all z € Q; the equalities hold:

(X, ()] = [X, ()%, X,(2)X,(2) =0.

A parametrization X : Q; — R" of the surface P is called §-subharmonic if it
satisfies the following conditions:

S;. The parametrization X is isothermic.

S,. The Laplace operator AX of the vector-function X, understood in the sense
of the theory of generalized functions, is a completely additive vector-function
of a set on the o-ring of Borel subsets of the disk (),, and the total variation of
this function on the disk Q) is

|AX](Qy) < oo

We note that for n = 3 in the regular case we have

AX(E) = / 2HvdS,
E
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where H is the mean curvature at a point of the surface, v is the unit normal
to the surface, and dS is the area element.

2. Let P be an arbitrary nondegenerate polyhedral surface of disk type in R™;
X : @, — R™ an isothermic parametrization of P. Then there exists a curvilin-
ear triangulation 7" of the disk @), such that the image of each of the triangles
U, 7=1,2,...,m, composing T, under the mapping X is a plane triangle in R",
and the edges of the triangulation are analytic (up to the endpoints) simple arcs
in the plane. Let [;, ¢ = 1,2,...,p, be all the interior edges of the triangulation
T. The vector-function X is continuous in the disk @); and inside each of the
domains Uj is analytic and satisfies there the equation AX = 0. The generalized
function AX is therefore concentrated on the set Iy Uly U+ UL,

In order to describe the generalized function AX precisely, let us define certain
quantities associated with the polyhedron P. Consider an edge I; of the triangu-
lation T'. Let U; and U, be the triangles of the triangulation 7" whose common
boundary is the edge [;. Consider the triangles A; = X(U;) and A, = X(U,)
and the segment \; = X(I;) on the surface P. Let e;; and e;;, be unit vectors
lying in the planes A; and A, respectively, perpen-

perpendicular to A; and directed from A; each toward the side of the correspond-
ing triangle. We put

0; = (i €ix)s hy =e;; + €.

By s;(E) we denote the set function defined as follows: s;(F) is equal to the
Lebesgue measure of the set X(E N1;) on the line A;. We put

H(E) = Z 0;s:(E), h(E) = Z his;(E).

i=1 i=1

The generalized function AX for a polyhedron coincides with the vector-valued
set function h(E). The isothermal parametrization of a polyhedral surface is,
therefore, d-subharmonic.

The quantity H(P) = H(Q,) is called the integral mean curvature of the
polyhedron P.

Let P be a nondegenerate surface of disk type in the space R™. The surface
P is called a (1,2) surface of bounded integral mean curvature if there
exists a sequence of polyhedra P,,, m =1,2,..., converging to the surface P as
m — oo and such that the sequence {H(P,,)} is bounded.

3. Lemma. Let P be an arbitrary nondegenerate surface of disk type in the
space R"; let P, m =1,2,..., be a sequence of surfaces of disk type converging
to P asm — oo. Let X, : Q; — R", m = 1,2, ..., be parametrizations of the
surfaces P,, satisfying the following conditions:
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A. Each of the parametrizations X,,, m = 1,2, ..., is isothermal.

B. The parametrizations X,, are all J-subharmonic, and the sequence
{|AX,,|(Q;)} of total variations of the vector-valued functions AX, (E) on the
disk @, is bounded.

C. There exists a constant ¢ > 0 such that, for all m, the point X, (0) is at a
distance not less than ¢ from the boundary contour of the surface P,,.

Then the sequence of vector-functions {X,,} is equicontinuously uniformly con-
tinuous in the disk @;. If X is the limit of an arbitrary convergent subsequence
{ X, by my < my < < my, < -+, then X is an isothermal d-subharmonic

parametrization of the surface P.
As one of the consequences of this lemma we note:

Theorem 1. If P is a nondegenerate surface of disk type of bounded integral
mean curvature, then P admits an isothermal d-subharmonic parametrization.

A surface P of disk type will be called minimal if it admits an isothermal
parametrization X : @); — R" such that AX = 0.

A simple closed curve I' in the space R™ is called an admissible contour if
there exists at least one surface P of disk type such that the area of this surface
is finite and the curve I' is the boundary contour of P. It is known that over
every admissible contour one can span at least one minimal surface. Using the
lemma, the admissibility condition for the contour can be removed.

Theorem 2. For every simple closed curve I' in the space R™ there exists at
least one minimal surface whose boundary contour coincides with IT.
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