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Abstract

Full Text
MATHEMATICS
M. L. RASULOV

APPLICATION OF THE CONTOUR-INTEGRAL
METHOD TO THE SOLUTION OF MIXED
PROBLEMS FOR A PARABOLIC SYSTEM

(Presented by Academician I. N. Vekua, March 1, 1967)

In the present note, by the contour-integral method (1), the mixed problem (1)
—(3) for a system of equations of heat and mass transfer (?) is solved. The
existence of a solution of this problem is proved, and its representation in the
form of the contour integral (21) is given; this integral converges very well for
t > 0 in comparison with the Laplace integral, owing to the fact that

lexp{A\?t}| < exp{—¢c|A[*t}

along the contour S. This circumstance makes it possible to compute the con-
tour integral and to construct the solution of the problem effectively (). Special
cases of problem (1)—(3) have been solved by other authors (2).

1. Consider the mixed problem

v/dt = AAv; (1)
tin { (a0 + a1 1) 2420 4 (36a) + an)n (015 ) vl = v
zeT; (2)
v(z,0) = ®(z), (3)
where:

1) A is a constant invertible matrix of second order, composed of elements
a;; (i,j =1,2); system (1) is parabolic in the sense of I. G. Petrovsky.

2)
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B (5 g 5) = (000 a2 ) g+ (B0 + 28,1 5 )

n, is the direction of the inner normal to T' at the point z € T; oy (2), Bi(2)
(k = 0,1) are matrices of second order, continuous on T'; for sufficiently large
complex A,

(ag(2) + Ay (2)) " (Bo(2) + Ny (2) B4 (2))
is bounded by a constant; ¥(z) is a continuous vector-function on T; T is a
Lyapunov surface.

3) ®(z) is a continuously differentiable vector-function in the three-
dimensional domain D, equal to zero in some boundary strip of the
domain.

2. Consider the spectral problem

AAu — Nu = &(z); (4)

lim B (z,d/dn,, \?) u(z,\) = ¥, (2), zeT, (5)

T—z

in the domain D.

Let p, g be the roots u of the quadratic equation

12 4 (agy + agp) b + ay1099 — 1905, = 0. (6)

By virtue of condition 1), the real parts of the complex numbers p, g are negative.

With the aid of the Fourier integral method, a fundamental matrix P(x — &, \)
of solutions of the homogeneous system (1) is constructed, with a singularity at

at the point = £. For the elements P, (x — &, \) of the matrix P(xz — &, ) the
following formulas hold:
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if the roots p, ¢ of the quadratic equation (6) are distinct; here |z — | denotes
the length of the vector x — &; © = (2, T4, x3), £ = (&,&5,&3).

Iw\/;;f]

If, however, the roots p, q of the quadratic equation (6) coincide, then for the
elements Py (x — &, A) of the matrix P(z — &, \) the formulas are

o1 Qo2 209, lz —¢|
Pute =60 = ooz (v (142 )+ 22 bew [ ]

s AP 2 L lz=¢
Pks(m_g’”_fswp?{ P +|x—£|}exp{ A\/—*p}

fork=1, s=20rk=2 s=1,

1 a 2a |z — |
A/—D <l—|—£> —H}exp [—/\ ] .
8mp? { p ) fr=¢ V=P
3. Denote by u;(z,\) the solution of the spectral problem (4)—(5) for the

corresponding homogeneous system (4). Seeking u, (z, A) in the form of a
simple-layer potential

Pyy(z =& N) =

(0, ) = //T P —y, ply, ) dT, (9)
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leads to the integral equation

(2, A) + //T K (2,9, Nialy, A) dT, = by (2, \), (10)

where

K (2,5, 2) = 24 [dP(z =y, ) /dn, + (ag(2) + X201(2)) " (Bo(2) + X204 (2)8,(2)) Pz =, M)

-1

Py (2,A) = 24 (a(2) + Ny (2)) ~ h(2).

Let R be the region of values of A satisfying the inequalities

cosarg A > 4, Al > R,

where R is sufficiently large and § is a sufficiently small number.

Under conditions 1)—3) of item 1, the kernel K(z,y, \) of the integral equation
(10) has a weak singularity; moreover, for A € Rs the estimate

C
K (2,9, A)] < Wexp{*slx\l\zfylh (11)

holds, where « is the Lyapunov exponent, and C, ¢ are positive constants.
With the aid of estimate (11) one proves

Theorem 1. Under conditions 1)—38) of Sec. 1, the spectral problem (4)—(5)
has a solution uy(x,\), analytic in A\ € Ry, representable in the form of the
double-layer potential (9), where u(y,\) is the solution of the integral equation
(10), for the resolvent R(z,y, A) of which an estimate of the form (11) is valid

|R(z,y,A)| <

C
Wexp{—slkllz—y\}- (12)

If D, is a domain lying together with its boundary in the domain D, then for
all z € D, the estimate

OFuy(x, )
Ox¥

C
‘ < s exp{—¢|Ao} (k=0,1,2), (13)

holds, where o is the distance between the boundaries of the domains D, D;.
For all x € D + T the inequality
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k
‘jmculw,»‘ <0 (k=0.1) (1)

z

holds.

Let Q(x,&, A) be the regular part of the Green matrix G(z,&, \) of problem (4)
—(5):

G(‘T7€a )‘> :P(.Q?—f, A)-Q(Q?,&A) (15)

Seeking Q(x,&, \) in the form of a single-layer potential

Qx,&N) = // (x —y, Ny, & A) dT, (16)

we arrive at the integral equation:

(26, p) + /sz, 1y, €N dT, = f(2,6, ), (17)

where

+ (ap(2) + A204(2)) " (Bo(2) + A2y (2)B,(2)) | P(2—6, N).

d
f(z,6,A) =2A Lln

z

As is seen, the integral equations (10) and (17) differ from each other only in
the free terms 1, (2, \), f(z,£,A). Consequently,

M(Z’ & )‘> = f(Z, & )‘> - / R(Z, Y, A)f(yv £ ) dTy (18)
T

From (7), (8), (11), (12), (16), and (18) it follows that
Theorem 2. Under conditions 1)—3) of Sec. 1, for all X € Ry there exists a

solution analytic in X
(z,\, D) /// 7,6, M) ®(§) dDg; (19)

the regular part Q(z,&,\) of the Green matriz is determined by formula (16).
For every pair of points x, & from the domain D, lying together with its boundary
in the domain D, the estimate
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‘3’@(% )

oxk

K2

C
< trew(-eWle-) (k=012 @

holds. For all x € D+ T lying on the normal n, (z € T), and & € Dy, the
inequality

|dQ(z, &, \)/dn.| < C/o?

is satisfied.

4. Let S be an infinite open contour of the A-plane, coinciding with the
boundary of the domain Rj; outside a circle of sufficiently large radius
centered at the origin. Following the proof scheme of Theorems 38, 39 of
the author’ s book (@), it is not difficult to prove

Theorem 3. Under conditions 1)—3) of item 1, the mized problem (1)—(3) has
a solution v(x,t), representable by the formula

v(z,t) = W\E /Sex"f {W — )\//D Gz, &, \)®(€) dDg} dx. (21
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