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MATHEMATICS

Yu. V. MATIYASEVICH

SIMPLE EXAMPLES OF UNDECIDABLE AS-
SOCIATIVE CALCULI
(Presented by Academician P. S. Novikov on 21 VI 1966)

1. A method for constructing an associative calculus with an undecidable
equivalence problem was first indicated in papers of A. A. Markov (1)
and Post (2). The defining systems of calculi constructed by this method
consist of a considerable number of relations. G. S. Tseitin, in paper (3),
constructed an associative calculus with a defining system of 7 relations
for which the equivalence problem is undecidable. A method for construct-
ing an associative calculus with a defining system of 7 relations and an
undecidable equivalence problem is also indicated by Scott (4).

In the present paper we construct an associative calculus with an undecidable
equivalence problem for a fixed word, whose defining system consists of 5 rela-
tions. In addition, we indicate a method for constructing an associative calculus
with a defining system of 3 relations for which the equivalence problem for some
fixed word is also undecidable.

2. Let 𝐴 denote the alphabet {𝑎, 𝑏, 𝑐, 𝑑, 𝑒}. Let 𝑖 be a nonnegative integer.
Denote by ℭ𝑖 the following associative calculus in the alphabet 𝐴:

𝑎𝑐 ↔ 𝑐𝑎, 𝑎𝑑 ↔ 𝑑𝑎,
𝑏𝑐 ↔ 𝑐𝑏, 𝑏𝑑 ↔ 𝑑𝑏,

𝑐𝑒 ↔ 𝑒𝑐𝑎, 𝑑𝑒 ↔ 𝑒𝑑𝑏,
𝑐𝑑𝑖𝑐𝑎 ↔ 𝑐𝑑𝑖𝑐𝑎𝑒.

By 𝔈𝑖 we denote the associative calculus in the alphabet 𝐴 with defining system

𝑎𝑐 ↔ 𝑐𝑎, 𝑎𝑑 ↔ 𝑑𝑎,
𝑏𝑐 ↔ 𝑐𝑏, 𝑏𝑑 ↔ 𝑑𝑏,

𝑐𝑒 ↔ 𝑒𝑐𝑎, 𝑑𝑒 ↔ 𝑒𝑑𝑏,
𝑐𝑑𝑖𝑐𝑎 ↔ 𝑐𝑑𝑖𝑐𝑒.
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G. S. Tseitin, in paper (3), proved that, whatever the nonnegative integer 𝑖, for
the calculus ℭ𝑖 the equivalence problem for some fixed word is undecidable. In
an analogous way one can prove that, whatever the nonnegative integer 𝑖, for
the calculus 𝔈𝑖 the equivalence problem for some fixed word is undecidable.

3. Denote by 𝐵 the alphabet {𝛼, 𝜎}, and by 𝜑 the following normal algorithm
in the alphabet 𝐴 ∪ 𝐵:

𝑎 → 𝛼𝛼𝜎𝛼,
𝑏 → 𝛼𝜎𝛼𝛼,
𝑐 → 𝛼𝜎,
𝑑 → 𝜎𝜎,
𝑒 → 𝛼𝛼𝛼.

Denote by ℌ the following associative calculus in the alphabet 𝐵:

𝛼𝜎𝛼𝛼𝜎 ↔ 𝜎𝜎𝛼𝛼𝜎𝛼,
𝛼𝛼𝜎𝛼𝜎𝛼 ↔ 𝜎𝜎𝛼𝛼𝛼𝜎𝛼,
𝛼𝜎𝛼𝛼𝛼𝜎 ↔ 𝛼𝜎𝜎𝛼𝜎𝛼,

𝜎𝜎𝜎𝛼𝛼𝜎𝜎𝛼𝛼𝜎𝛼 ↔ 𝜎𝜎𝜎𝛼𝜎𝜎𝛼𝛼𝛼𝛼,
𝛼𝛼𝛼𝛼𝜎𝜎𝛼𝛼𝜎𝛼 ↔ 𝜎𝜎𝛼𝛼𝛼𝛼.

Theorem 1. Whatever the words 𝑃 and 𝑄 in the alphabet 𝐴, in order that
ℭ1 ∶ 𝑃 ∥ 𝑄, it is necessary and sufficient that ℌ ∶ 𝜑(𝑃) ∥ 𝜑(𝑄).
Necessity follows from the fact that

ℌ ∶ 𝜑(𝑎𝑐) ∥ 𝜑(𝑐𝑎), ℌ ∶ 𝜑(𝑎𝑑) ∥ 𝜑(𝑑𝑎),
ℌ ∶ 𝜑(𝑏𝑐) ∥ 𝜑(𝑐𝑏), ℌ ∶ 𝜑(𝑏𝑑) ∥ 𝜑(𝑑𝑏),
ℌ ∶ 𝜑(𝑐𝑒) ∥ 𝜑(𝑒𝑐𝑎), ℌ ∶ 𝜑(𝑑𝑒) ∥ 𝜑(𝑒𝑑𝑏),

ℌ ∶ 𝜑(𝑐𝑑𝑐𝑎) ∥ 𝜑(𝑐𝑑𝑐𝑒).

Sufficiency is proved by induction on the length of the ℌ-sequence connecting
the words 𝜑(𝑃) and 𝜑(𝑄).
The base of the induction is obvious.

The induction step is carried out on the basis of the following lemma.

Lemma 1. Whatever the word 𝑅 in the alphabet 𝐴 and the word 𝑉 in the
alphabet 𝐵, if ℌ ∶ 𝜑(𝑅) ∥ 𝑉 , then one can construct a word 𝑆 in the alphabet 𝐴
such that ℭ1 ∶ 𝑅 ∥ 𝑆 and 𝜑(𝑆) = 𝑉 .

It follows immediately from Theorem 1 that for the calculus ℌ the equivalence
problem for a certain fixed word is undecidable.
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4. Denote by 𝐵 the alphabet 𝐴 ∪ {𝑓1, … , 𝑓7}, and by 𝔎 the following asso-
ciative calculus in the alphabet 𝐵:

𝑓1 ↔ 𝑎𝑐, 𝑓1 ↔ 𝑐𝑎,
𝑓2 ↔ 𝑎𝑑, 𝑓2 ↔ 𝑑𝑎,
𝑓3 ↔ 𝑏𝑐, 𝑓3 ↔ 𝑐𝑏,
𝑓4 ↔ 𝑏𝑑, 𝑓4 ↔ 𝑑𝑏,
𝑓5 ↔ 𝑐𝑒, 𝑓5 ↔ 𝑒𝑓1,
𝑓6 ↔ 𝑑𝑒, 𝑓6 ↔ 𝑒𝑓4,
𝑓7 ↔ 𝑐𝑓1, 𝑓7 ↔ 𝑓7𝑒,
𝑓7 ↔ 𝑐𝑓1, 𝑓7 ↔ 𝑓7𝑒

(the last two relations are repeated because in what follows we shall need the
fact that the number of relations of the calculus 𝔎 is a power of the number 2).

Lemma 2. Whatever the words 𝑃 and 𝑄 in the alphabet 𝐴, ℭ0 ∶ 𝑃 ∥ 𝑄 if and
only if 𝔎 ∶ 𝑃 ∥ 𝑄.

Denote by Γ the alphabet {𝛽, 𝛾}, and by 𝜓 the following normal algorithm in
the alphabet 𝐵 ∪ Γ:

𝑓1 → 𝛽𝛽𝛾𝛽𝛾12,

… … … …

𝑓𝑖 → 𝛽𝛽𝛾𝑖𝛽𝛾13−𝑖,

… … … …

𝑓12 → 𝛽𝛽𝛾12𝛽𝛾,

where 𝑓8, … , 𝑓12 denote the letters 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, respectively.

Denote by 𝐴1, … , 𝐴16, 𝐵1, … , 𝐵16 words in the alphabet 𝐵 such that the system
𝐴𝑖 ↔ 𝐵𝑖 (𝑖 = 1, … , 16) is a defining system of the calcul-

calculus 𝔎. Denote by 𝐶𝑖 the word 𝜓(𝐴𝑖), and by 𝐷𝑖 the word 𝜓(𝐵𝑖) (𝑖 =
1, … , 16). Denote by 𝔏 the associative calculus in the alphabet Γ whose defining
system is the system 𝐶𝑖 ↔ 𝐷𝑖 (𝑖 = 1, … , 16).
Lemma 3. Whatever the words 𝑃 and 𝑄 in the alphabet 𝐵, 𝔎 ∶ 𝑃 ‖ 𝑄 if and
only if 𝔏 ∶ 𝜓(𝑃) ‖ 𝜓(𝑄).
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Denote by 𝑝𝑖,𝑗 the 𝑖-th letter from the left of the word 𝐶𝑗 (𝑖 = 1, … , 16∗, 𝑗 =
1, … , 16), and by 𝑞𝑖,𝑗 the 𝑖-th letter from the left of the word 𝐷𝑗
(𝑖 = 1, … , 32∗∗, 𝑗 = 1, … , 16). Denote by 𝑀 the word

𝑝1,1 … 𝑝1,16𝑝2,1 … 𝑝2,16 … 𝑝16,1 … 𝑝16,16,

and by 𝑁 the word

𝑞1,1 … 𝑞1,16𝑞2,1 … 𝑞2,16 … 𝑞32,1 … 𝑞32,16.

Denote by Δ the alphabet Γ ∪ {𝜀}, and by 𝔐 the following associative calculus
in the alphabet Δ:

𝜀𝛽𝛽 ↔ 𝛽𝜀, 𝜀𝛾𝛽 ↔ 𝛽𝜀,

𝜀𝛽𝛾 ↔ 𝛾𝜀, 𝜀𝛾𝛾 ↔ 𝛾𝜀,

𝑀 ↔ 𝑁.

Theorem 2. Whatever the words 𝑃 and 𝑄 in the alphabet 𝐵, 𝔎 ∶ 𝑃 ‖ 𝑄 if and
only if 𝔐 ∶ 𝜓(𝑃)𝛾𝜀4 ‖ 𝜓(𝑄)𝛾𝜀4.

Denote by 𝜏 the following normal algorithm in the alphabet 𝐵 ∪ Δ:

𝛽 → 𝜎𝛼,

𝛾 → 𝜎,

𝜀 → 𝛼𝛼.

Denote by 𝔑 the associative calculus in the alphabet 𝐵 whose defining system
is the system

𝛼𝛼𝜎𝛼𝜎 ↔ 𝜎𝛼𝛼, 𝛼𝛼𝜎𝜎 ↔ 𝜎𝛼𝛼,

𝜏(𝑀) ↔ 𝜏(𝑁).

Theorem 3. Whatever the words 𝑃 and 𝑄 in the alphabet 𝐵, in order that
𝔎 ∶ 𝑃 ‖ 𝑄, it is necessary and sufficient that 𝔑 ∶ 𝜏(𝜓(𝑃)𝛾𝜀4) ‖ 𝜏(𝜓(𝑄)𝛾𝜀4).
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Necessity follows immediately from Theorem 2 and the following easily verified
assertions:

𝔑 ∶ 𝜏(𝜀𝛽𝛽) ‖ 𝜏(𝛽𝜀), 𝔑 ∶ 𝜏(𝜀𝛾𝛽) ‖ 𝜏(𝛽𝜀),

𝔑 ∶ 𝜏(𝜀𝛽𝛾) ‖ 𝜏(𝛾𝜀), 𝔑 ∶ 𝜏(𝜀𝛾𝛾) ‖ 𝜏(𝛾𝜀),

𝔑 ∶ 𝜏(𝑀) ‖ 𝜏(𝑁).

From Lemma 2 and Theorem 3 it follows immediately that for the calculus 𝔑
the problem of equivalence to a certain fixed word is undecidable.

Remark. We have reduced the equivalence problem for the calculus ℭ0 to the
equivalence problem for the calculus 𝔑. In an analogous way, the equivalence
problem for an arbitrary associative calculus can be reduced to the equivalence
problem for a certain associative calculus in a two-letter alphabet, whose defining
system consists of 3 relations.

Leningrad State University
named after A. A. Zhdanov
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∗ 16 is the length of the word 𝐶𝑗.
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