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1. A method for constructing an associative calculus with an undecidable
equivalence problem was first indicated in papers of A. A. Markov (1)
and Post (?). The defining systems of calculi constructed by this method
consist of a considerable number of relations. G. S. Tseitin, in paper (®),
constructed an associative calculus with a defining system of 7 relations
for which the equivalence problem is undecidable. A method for construct-
ing an associative calculus with a defining system of 7 relations and an
undecidable equivalence problem is also indicated by Scott ().

In the present paper we construct an associative calculus with an undecidable
equivalence problem for a fixed word, whose defining system consists of 5 rela-
tions. In addition, we indicate a method for constructing an associative calculus
with a defining system of 3 relations for which the equivalence problem for some
fixed word is also undecidable.

2. Let A denote the alphabet {a,b,c,d,e}. Let ¢ be a nonnegative integer.
Denote by €, the following associative calculus in the alphabet A:

ac < ca, ad < da,
bc < ¢b, bd < db,
ce < eca, de <> edb,

cdtca < cdicae.

By €, we denote the associative calculus in the alphabet A with defining system

ac < ca, ad < da,
bc < ¢b, bd < db,
ce < eca, de <> edb,

cdica < cdice.
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G. S. Tseitin, in paper (3), proved that, whatever the nonnegative integer i, for
the calculus €, the equivalence problem for some fixed word is undecidable. In
an analogous way one can prove that, whatever the nonnegative integer 4, for
the calculus €; the equivalence problem for some fixed word is undecidable.

3. Denote by B the alphabet {a, 0}, and by ¢ the following normal algorithm
in the alphabet A U B:

a — aaoq,
b — acaa,
c— ao,
d— oo,

e — aaq.

Denote by $) the following associative calculus in the alphabet B:

QAoOQQ0 <> 000,
AOOQOQ <> OOQQoOQ,
QOO <> OO0,
000000 <> 00000,

OO0 O <> OOOOLOLOL.

Theorem 1. Whatever the words P and ) in the alphabet A, in order that
¢, : P Q, it is necessary and sufficient that $ : o(P) || ¢(Q).

Necessity follows from the fact that

(ac) || p(ca), 9 : plad
(be) | p(cb),  H: p(bd
(ce) [ pleca), $: o(de

S & &
€ €6

$H: p(cdea) || p(edee).

Sufficiency is proved by induction on the length of the $)-sequence connecting
the words ¢(P) and ¢(Q).

The base of the induction is obvious.
The induction step is carried out on the basis of the following lemma.

Lemma 1. Whatever the word R in the alphabet A and the word V in the
alphabet B, if $: (R) || V, then one can construct a word S in the alphabet A
such that €; : R || S and ¢(S)=V.

It follows immediately from Theorem 1 that for the calculus $) the equivalence
problem for a certain fixed word is undecidable.
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4. Denote by B the alphabet AU {f,..., f7}, and by £ the following asso-
ciative calculus in the alphabet B:

fi < ac, f) < ca,
fo & ad, f, < da,
fa & be,  fy > cb,
faebd,  fy < db,
fs < ce,  fse&efi,
fe <> de,  forefy,
Tz cfy fr ¢ fre,
Izl fror fre

(the last two relations are repeated because in what follows we shall need the
fact that the number of relations of the calculus 8 is a power of the number 2).

Lemma 2. Whatever the words P and Q in the alphabet A, €, : P || Q if and
only if R: P || Q.

Denote by I' the alphabet {,~}, and by ¢ the following normal algorithm in
the alphabet BUT":

f1 = BBYBY*2,

fi = BBy By,

f12 = BBY'2 B,

where fg, ..., fi5 denote the letters a, b, ¢, d, e, respectively.
Denote by A, ..., A4, By, ..., B1g words in the alphabet B such that the system
A; <> B, (i=1,...,16) is a defining system of the calcul-

calculus 8. Denote by C; the word ¥(4;), and by D, the word (B;) (i =
1,...,16). Denote by £ the associative calculus in the alphabet I whose defining
system is the system C; <+ D, (i =1,...,16).

Lemma 3. Whatever the words P and Q in the alphabet B, & : P||Q if and
only if £:¢(P) [ 4(Q).
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Denote by p; ; the i-th letter from the left of the word C; (i = 1,...,16", j =
1,..,16), and by g¢;; the i-th letter from the left of the word D;
(i=1,..,32™ j=1,...,16). Denote by M the word

P1,1--P1,16P2,1 -+ P2,16 -+ P16,1 -+ P16,16>

and by N the word

q1,1---91,1692,1 --- 42,16 --- 432,1 -+ 432,16"

Denote by A the alphabet I' U {e}, and by 9t the following associative calculus
in the alphabet A:

eff < P, ey & P,

ey ¢ e, EYY € e,

M < N.

Theorem 2. Whatever the words P and Q in the alphabet B, & : P | Q if and
only if M = P(P)ye* | (Q)ye*.

Denote by 7 the following normal algorithm in the alphabet B U A:

8 — oa,

g — aaQ.

Denote by 91 the associative calculus in the alphabet B whose defining system
is the system

aqoao < oo, Qoo < oo,

T(M) <> 7(N).

Theorem 3. Whatever the words P and Q) in the alphabet B, in order that
R: P|Q, it is necessary and sufficient that N : 7(Y(P)ye?) | 7((Q)yet).
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Necessity follows immediately from Theorem 2 and the following easily verified
assertions:

N:7(efp)|r(Be),  N:7(evB)|7(Be),

N:r(efy)|r(ve),  N:rlery)r(ve),

N:7(M)|7(N).

From Lemma 2 and Theorem 3 it follows immediately that for the calculus N
the problem of equivalence to a certain fived word is undecidable.

Remark. We have reduced the equivalence problem for the calculus €, to the
equivalence problem for the calculus 9. In an analogous way, the equivalence
problem for an arbitrary associative calculus can be reduced to the equivalence
problem for a certain associative calculus in a two-letter alphabet, whose defining
system consists of 3 relations.
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