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MATHEMATICS

L. A. PETROSYAN, N. V. MURZOV

A DYNAMIC GAME OF PURSUIT
(Presented by Academician Yu. V. Linnik on 23 IV 1966)

The pursuit takes place in the 𝑛-dimensional Euclidean space 𝑅𝑛. Two particles
—the pursuer 𝑃 and the evader 𝐸—with masses 𝑚𝑃 and 𝑚𝐸, at the initial
moment of time are located at the points 𝑞0, 𝑟0 and have momenta 𝑝0 and 𝑠0,
respectively. The players 𝑃 and 𝐸 move in 𝑅𝑛, having the ability at each instant
of time to change the direction of the applied forces, the magnitudes of which,
generally speaking, may depend on the positions of the players and on their
momenta. On 𝑅4𝑛 there is given a certain smooth real function 𝑈(𝑧) (in what
follows we shall use the notation 𝑧 = (𝑞, 𝑝, 𝑟, 𝑠)). Let 𝑧(𝑇 ) be the state of the
system at the time 𝑡 = 𝑇 ; then the objective of 𝑃 is to maximize the quantity
𝑈[𝑧(𝑇 )], while player 𝐸 pursues the opposite objective. At each instant of time
the players have complete information about the state of the system.

Let us give a formal definition of the game. Let 𝔓 and 𝔈 be sets of vector
functions

𝜑(𝑧, 𝑇 ) = [𝜑1(𝑧, 𝑇 ), … , 𝜑𝑛(𝑧, 𝑇 )],

𝜓(𝑧, 𝑇 ) = [𝜓1(𝑧, 𝑇 ), … , 𝜓𝑛(𝑧, 𝑇 )],

having the following properties:

1.
𝑛

∑
𝑖=1

[𝜑𝑖(𝑧, 𝑇 )]2 = Φ2(𝑧).

2.
𝑛

∑
𝑖=1

[𝜓𝑖(𝑧, 𝑇 )]2 = Ψ2(𝑧).

Φ(𝑧) ≥ 0, Ψ(𝑧) ≥ 0 are certain prescribed functions.

3. For any 𝜑 ∈ 𝔓 and 𝜓 ∈ 𝔈 the system of equations
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̇𝑞𝑖 = 𝑝𝑖
𝑚𝑃

, ̇𝑝𝑖 = 𝜑𝑖(𝑧, 𝑇 ), ̇𝑟𝑖 = 𝑠𝑖
𝑚𝐸

, ̇𝑠𝑖 = 𝜓𝑖(𝑧, 𝑇 ), 𝑖 = 1, … , 𝑛,
(*)

has a unique solution for any initial conditions 𝑧0.

The sets 𝔓 and 𝔈 are the sets of strategies of players 𝑃 and 𝐸. In the situation
(𝜑, 𝜓) the payoff function is defined as follows. Let 𝑧(𝑡) be the solution of
the structural equations (∗) of the game in the situation (𝜑, 𝜓) under the initial
conditions 𝑧0. Then 𝐾(𝑧0; 𝜑, 𝜓) = 𝑈[𝑧(𝑇0)], where 𝑇0 is a prescribed in advance
duration of the game, and 𝑈(𝑧) is a certain smooth real function given on 𝑅4𝑛.

Having specified the sets of strategies of the players and the payoff function in
each situation, we have defined a certain pursuit game in normal form. We shall
denote it by Γ(𝑧0, 𝑇0).
The following theorems hold (see (1)).
Theorem 1. In order that the game Γ(𝑧, 𝑇 ) have a continuously differentiable
value in pure strategies, it is necessary that the problem

for the Cauchy equation

𝜕𝑉
𝜕𝑇 −

𝑛
∑
𝑖=1

(𝜕𝑉
𝜕𝑞𝑖

𝑝𝑖
𝑚𝑃

+ 𝜕𝑉
𝜕𝑟𝑖

𝑠𝑖
𝑚𝐸

)+Ψ [
𝑛

∑
𝑖=1

(𝜕𝑉
𝜕𝑠𝑖

)
2
]

1/2

−Φ [
𝑛

∑
𝑖=1

(𝜕𝑉
𝜕𝑝𝑖

)
2
]

1/2

= 0

(1)

with the initial condition 𝑉 (𝑧, 𝑇 )∣𝑇 =0 = 𝑈(𝑧) has a solution.

Theorem 2. Let 𝑉 (𝑧, 𝑇 ) be the solution of the Cauchy problem for equation
(1), and let 𝜑∗ = (𝜑∗

1, … , 𝜑∗
𝑛), 𝜓∗ = (𝜓∗

1, … , 𝜓∗
𝑛), where

𝜑∗
𝑖 = Φ 𝜕𝑉

𝜕𝑝𝑖
[

𝑛
∑
𝑖=1

(𝜕𝑉
𝜕𝑝𝑖

)
2
]

−1/2

, 𝜓∗
𝑖 = −Ψ 𝜕𝑉

𝜕𝑠𝑖
[

𝑛
∑
𝑖=1

(𝜕𝑉
𝜕𝑠𝑖

)
2
]

−1/2

(2)

belong to the sets 𝔓 and 𝔈, respectively; then

valΓ(𝑧, 𝑇 ) = 𝑉 (𝑧, 𝑇 ),

(where valΓ(𝑧, 𝑇 ) denotes the value of the game), and the optimal strategies
are determined by formulas (2).

In what follows we shall assume
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Φ = const, Ψ = const .

Put 𝑛 = 2 and

𝑈(𝑧) = − [(𝑞1 − 𝑟1)2 + (𝑞2 − 𝑟2)2] , (3)

which corresponds to the case of pure pursuit in the plane.

By direct substitution we verify that the solution of the Cauchy problem for
equation (1) with initial condition (3) has the form

𝑉 (𝑞1, 𝑞2, 𝑝1, 𝑝2, 𝑟1, 𝑟2, 𝑠1, 𝑠2, 𝑇 ) = − {[( 𝑝1
𝑚𝑃

− 𝑠1
𝑚𝐸

) 𝑇 + (𝑞1 − 𝑟1)]
2

+ [( 𝑝2
𝑚𝑃

− 𝑠2
𝑚𝐸

) 𝑇 + (𝑞2 − 𝑟2)]
2

}
1/2

− ( Φ
𝑚𝑃

− Ψ
𝑚𝐸

) 𝑇 2

2 }
2

.

(4)

We shall assume that:

1. Φ
𝑚𝑃

− Ψ
𝑚𝐸

> 0.

2. [
2

∑
𝑖=1

[( 𝑝0
𝑖

𝑚𝑃
− 𝑠0

𝑖
𝑚𝐸

) 𝑇0 + (𝑞0
𝑖 − 𝑟0

𝑖 )]
2
]

1/2

> ( Φ
𝑚𝑃

+ Ψ
𝑚𝐸

) 𝑇 2
0
2 .

It follows from condition 1 that the maneuverability of the pursuer 𝑃 exceeds
the maneuverability of the pursued 𝐸. Condition 2 means that capture cannot
occur in the time 𝑇 ≤ 𝑇0.

Denote

Φ
𝑚𝑃

− Ψ
𝑚𝐸

= ℎ,

[
2

∑
𝑖=1

[( 𝑝0
𝑖

𝑚𝑃
− 𝑠0

𝑖
𝑚𝐸

) 𝑇0 + (𝑞0
𝑖 − 𝑟0

𝑖 )]
2
]

1/2

= 𝑎2.
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According to Theorem 2, the optimal strategies of the players 𝑃 and 𝐸 are de-
termined by the formulas (the optimal strategies could also be obtained directly,
using the maximum principle (2))

𝜑∗
𝑖 = −Φ (𝑝𝑖/𝑚𝑃 − 𝑠𝑖/𝑚𝐸)𝑇 + (𝑞𝑖 − 𝑟𝑖)

[∑2
𝑖=1 [(𝑝𝑖/𝑚𝑃 − 𝑠𝑖/𝑚𝐸)𝑇 + (𝑞𝑖 − 𝑟𝑖)]

2]
1/2 , (5)

𝜓∗
𝑖 = −Ψ (𝑝𝑖/𝑚𝑃 − 𝑠𝑖/𝑚𝐸)𝑇 + (𝑞𝑖 − 𝑟𝑖)

[∑2
𝑖=1 [(𝑝𝑖/𝑚𝑃 − 𝑠𝑖/𝑚𝐸)𝑇 + (𝑞𝑖 − 𝑟𝑖)]

2]
−1/2 , 𝑖 = 1, 2. (6)

Conditions 1 and 2 guarantee that the radical expression in (5), (6) is nonzero.

Optimal trajectories are determined from the system of equations

̈𝑥𝑖 = − ℎ[ ̇𝑥𝑖(𝑇0 − 𝑡) + 𝑥𝑖]
[∑2

𝑖=1 | ̇𝑥𝑖(𝑇0 − 𝑡) + 𝑥𝑖|
2]

1/2 , (7)

̈𝑐𝑖 = 0, (8)

where 𝑥𝑖 = 𝑞𝑖 − 𝑟𝑖, 𝑖 = 1, 2, are the coordinates of the relative radius-vector of
the points 𝑃 and 𝐸, and

𝑐𝑖 = 1
ℎ ( Φ

𝑚𝑃
𝑟𝑖 − Ψ

𝑚𝐸
𝑞𝑖) , 𝑖 = 1, 2.

We shall call the point 𝑐 = (𝑐1, 𝑐2) the center of pursuit. From (8) it follows
that, in the course of the game in the equilibrium situation,

𝑐𝑖(𝑡) = 𝐴𝑖𝑡 + 𝐵𝑖, 𝑖 = 1, 2, (9)

where the constants 𝐴𝑖 and 𝐵𝑖 are determined from the initial conditions. The
system of equations (7) can be reduced to a system of first-order equations

̇𝑥1(𝑇0 − 𝑡) + 𝑥1 = 𝑧 cos 𝜃,

̇𝑥2(𝑇0 − 𝑡) + 𝑥2 = 𝑧 sin 𝜃,

𝑧 ̇𝜃 = 0,

sovietrxiv.org/items/ru-196701.30107 Machine Translation

https://sovietrxiv.org/items/ru-196701.30107


̇𝑧 = −ℎ(𝑇0 − 𝑡).

The optimal trajectory is determined from the equation

𝑥𝑖(𝑡) = − ℎ
2𝑎2 (𝑥0

𝑖 + ̇𝑥0
𝑖 𝑇0)𝑡2 + ̇𝑥0

𝑖 𝑡 + 𝑥0
𝑖 , 𝑖 = 1, 2, (10)

and equation (9), where 𝑥0
𝑖 , ̇𝑥0

𝑖 , 𝑖 = 1, 2, denote the corresponding quantities at
the moment of time 𝑡 = 0.
Let us now consider a pursuit game that differs from the game Γ(𝑧, 𝑇 ) in that
the payoff function has the form

𝐹(𝑢) = 𝐹[−(𝑞1 − 𝑧1)2 − (𝑞2 − 𝑟2)2], (11)

where 𝐹(𝑢) is some strictly monotonically increasing and differentiable function.
Then, as is easy to verify, the solution of the Cauchy problem for equation (1)
under the initial condition

𝑉1(𝑧1, 𝑇 )∣𝑇 =0 = 𝐹[−(𝑞1 − 𝑟1)2 − (𝑞2 − 𝑟2)2]

is equal to 𝐹(𝑉 ), where 𝑉 is determined by formula (4). The optimal strategies
have the same form as before and are determined by formulas (5), (6). The
independence of the optimal strategies from the form of the function 𝐹(𝑈) is in
complete agreement with known results of game theory (see (3)).
In the case where the pursuit takes place in an 𝑛-dimensional Euclidean space
𝑅𝑛 and the payoff function is defined as

𝑈(𝑞, 𝑝, 𝑟, 𝑠) = −
𝑛

∑
𝑖=1

(𝑞𝑖 − 𝑟𝑖)2,

the value function of the game is equal to

𝑉 (𝑧, 𝑇 ) = −
⎧{
⎨{⎩

[
𝑛

∑
𝑖=1

[( 𝑝𝑖
𝑚𝑃

− 𝑠𝑖
𝑚𝐸

) 𝑇 + (𝑞𝑖 − 𝑟𝑖)]
2
]

1/2

− ℎ𝑇 2

2
⎫}
⎬}⎭

2

.

In conclusion, we note that if a solution of the Cauchy problem for equation
(1), satisfying the requirements of Theorem 2, exists, then it is unique among
solutions of this type. This follows from Theorem 2 and from the uniqueness of
the value function of the game.
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