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B. Ya. Levin and A. Pfluger showed ((!), Chs. I, ITI; (>3)) that an entire func-
tion of order p > 0 has completely regular growth if and only if the set of its
zeros {z,,} is regularly distributed, i.e.:

1. For all 6, € [0,27] \ N, where N is at most countable, there exists the
limit

lim TL(’I”, 017 02)
r—00 rP

= A(01792>7 (1)

called the angular density (see (1), p. 118).

2. In the case of integer p, the zeros z,, are arranged with a special symmetry,
namely, there exists the limit

lim Z 2" =0 # <. (2)

In the works of the authors cited, a formula for the indicator of these entire func-
tions was also obtained. In article (4) these results were extended to functions
of noninteger order, regular in a half-plane. For them, the concept of argument
density, which is an analogue of angular density, is introduced in a special way,
and a formula for the indicator is obtained. In the present note we consider
functions of integer order in a half-plane. Definitions of the order of a function
and of functions of completely regular growth (in an open or closed angle) are
given in article (*).

Theorem 1. Every function, regular and of integer order p > 0 inImz > 0, is
uniquely representable in the form
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where a;, are real constants; z,, are the interior (lying in Im z > 0) zeros of f(2);
p(t) is a real nondecreasing function for which ¢’ (t) = 0 almost everywhere and

the integral
/ d(t)
1 tpt2

The theorem is readily obtained from the analogous theorem given in (*).*

idg(t)
—Z
de

CONVETgES.

* For the case of integer order, Theorem 1 is in a certain sense more convenient
than the one mentioned (p(t) and a;, in these theorems are different).

Starting from representation (3), for an arbitrary function f(z), regular and of
integer order p > 0 in Im z > 0, we introduce the following notation:

1 fflf@)], 1 de(e)
/1 dx + / , t>1,

2 T 2 T
T(t) = ) (4)
1 /71 La
Ll L
27 J, || 2 x|
C<T7771a 772) = Z sin env r> 1 (Zn = Tneien)v (5)
11<6,,<ny, 1<r, <r
e(ryny, M), 0<n <my <,
c(r,0,my) —7(r), 0=m <ny <,
a(r,my,m2) = ° tome (6)
c(r,ny,m) —7(=r), 0<n <my=m,
c(r,0,m) —7(r) —7(=r), m =0, =7
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a(r,n,ny) = —a(r,my,ny), 1y > s a(r,n,n) = 0.

Definition 1. If for a function f(z), regular and of order p > 0 in Imz > 0,
for all ny,m, € [0 < 0 < 7]\ N, where N is at most countable and contains no
points n = 0, n = m, there exists the finite limit

lim a(T, M 772)
r—=00 rP

= A1, 7M2),

then we shall say that the set of zeros of the function f(z) has an argument-
boundary density in the half-plane Im z > 0.

Definition 2. A function f(z) of order p > 0 in Im z > 0 is called a function
of finite type if, asymptotically,

sup  |f(2)] < exp(K7rP), K = const. (7)

|z|<r, Im 2>0

Denote by A, (by Zp) the class of functions regular of order p and of finite type
in Im z > 0, having completely regular growth in the open angle 0 < argz < 7
(in the closed angle 0 < argz < 7).

Theorem 2. Let the function f(z) be regular of integer order p > 0 and of
finite type in Im2z > 0. Then, in order that f(z) belong to the class A, it is
necessary and sufficient that the set of its zeros have an argument-boundary
density and that there exist the finite limit

) 1 sinpf,, 1 In|f(x)] 1 do(x)
O':TILI{.IO — Z 5 —%/ 7xﬂ+1 dl‘—%/ s .
P 1<r, <r n 1<|z|<r 1<|z|<r
(8)

Theorem 3. If f(z) € A, and p > 0 is an integer, then the indicator of the
function f(z) is expressed by the formula

h;(8) = (20 — a,) sin pf + 2 cos pf / " Ssi?npf A1)+
0

0 T
Y. Y—7
2 /0 o sin p(0 — ) dA(W) + 2 /9 Tsinp0- D) AW, (0)

where A(¢)) = A(0,%) is the argument-boundary density of the zeros of f(z),
and o and a, are defined respectively by relations (8) and (3).

Remark. For writing formula (9) in other forms, Theorem 4 may be useful.
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Theorem 4. If A(¢)) = A(0, ¢) is the argument-boundary density of the function
f(z) € A,, p> 0 an integer, then the equality

/ TSI ) =0 (10)
0

holds.

Definition 3. Let the function f(z) be regular and of order p > 0 in Imz > 0,
and let 7(r) be defined by equality (4). Then the limits

im 2 g lim =)
r—+oo 1P r—+oo P

=1y, (11)

if they exist and are finite, are called, respectively, the right- and left-hand
boundary density of the set of zeros of the function f(z). If in (11) upper limits
are taken, then we shall call them upper boundary densities (/5 and [3).

Definition 4. Let a set of points {z,}, n = 1,2, ..., be given in Im z > 0, all of
whose limit points lie on the real axis. Then, if for all 7;,7, € (0 <75 < 7)\ N,
where IV is at most countable and does not contain n = 0,7 = 7, there exists
the finite limit

. C T777 717
lim S0 ) 11(11,75), (12)

r—00 rP
then we shall say that the set {z,} has, in the domain Im z > 0, an argument
density with exponent p (or an upper argument density p*(n;,n,), if in (12) an
upper limit is taken).

Theorem 5. If f(z) is a function of order p > 1 and of finite type in Im z > 0,
then its upper boundary densities are finite, and its upper argument density is
bounded.

Theorem 6. If f(2) is a function of class A, and p > 0 is an integer, then the
indicator of f(z) can be expressed by the formula (0 < 8 < )

T )+ w17

a ™
hy(6) = 2{ sin pd - {a—l’{ + (—1)°Pl5 — ?p] + cos pf - [/0 P

sin

+/09 v sinp<9—w)du*(w>+/;

¢_7T . o *
S0 ” sin p(0 — 1) dp (¢)}~

Theorem 7. Let f(z) be regular in Imz > 0 and continuous in Im z > 0, and
have integer order p > 0 and finite type. Then f(z) € A, if and only if:
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1. The zeros of f(z) have boundary and argument density, the latter being
continuous at ¢ =0 and ¥ = .
2. The function ¢(t), defined from (3), satisfies the equality

3. There exists the finite limit (8).
4. The indicator h;(6) is continuous at § = 0 and 0 = .

The indicator of the function f(z) € Zp has the following form (0 < 6 < 7):

he(0) = 2{ sin p6 - [0 — 1+ (=1)*l, — %’J] + cos pf - [/O P % du(y) + wp(—l)pZQ}

6 T
(L Y—7
; /O o sinp(0 = ¥) dulv) + /9 - smp(e—wdu(w)}.

Theorem 8. If the assumptions of Theorem 7 are satisfied and p is odd, then
f(z) € A, if and only if:

1. The set of zeros of the function f(z) has, in the open angle 0 < § < 7, an
angular density (see (1), where it is assumed that 0 < 6, < 7).

2. The limit (8) exists.
3. The indicator h(0) satisfies the condition

T—0

he(0) + hy(m) = 277/ sin py dA ().

+0

We note that the last improper integral certainly converges for every function
of the class A, ((*, p. 498)).

In conclusion we give two theorems concerning functions of finite degree, i.e.,
functions of order not exceeding one and of finite type.

Definition 5. A function analytic in Im 2 > 0, whose zeros z,, = r,,e?

the condition (see (1, p. 289))

» satisfy

o0 .
sind,,
g < 00,
n=1 Tn

is called a function of the class A.

Theorem 9. In order that a function f(z), regular and of finite degree in
Imz > 0, belong simultaneously to the classes A and A;, it is necessary and
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sufficient that the limits
1 ("1 — 1 ("1
limf/ bl P limf/ Wl @, g,
1 T 1

r—oo 1 r—oo 1 T

(the left and right boundary densities) exist, and that the integral
[o.] 1 _
[ s, "
x
1
converge.

Theorem 10. In order that a function, regular and of finite degree in Im z > 0,
belong simultaneously to the classes A and A, it is necessary and sufficient that
the integral (14) converge and that the condition

h4(0) + h () = 0.

be satisfied.

It must be noted that, for the case of sufficiency, Theorem 10 was established
earlier (see (1, p. 317)).

In conclusion I express my deep gratitude to Prof. F. D. Gakhov, who supervised
the present work.
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