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MATHEMATICS

M. E. LERNER

ON A MAXIMUM PRINCIPLE FOR HYPER-
BOLIC EQUATIONS AND ITS APPLICATION
TO EQUATIONS OF MIXED TYPE
(Presented by Academician I. N. Vekua on 22 IV 1967)

§ 1. Consider the equation

ℒ[𝑢] ≡ 𝑢𝜉𝜂 + 𝑎(𝜉; 𝜂)𝑢𝜉 + 𝑏(𝜉; 𝜂)𝑢𝜂 + 𝑐(𝜉; 𝜂)𝑢 = 0 (ℒ)

in the characteristic triangle 𝑂0𝐴0𝐶0 (the domain Δ, 𝑂0(0; 0), 𝐴0(𝜉0; −𝜉0),
𝐶0(0; −𝜉0), 𝜉0 > 0), 𝑎, 𝑎𝜉, 𝑏, 𝑐 ∈ 𝐶(0)(Δ̄ ∖ 𝑂0𝐴0). Let

ℎ = 𝑎𝜉 + 𝑎𝑏 − 𝑐 = ℎ1 + ℎ2, ℎ1 ≤ 0 in Δ; 𝛽 = exp {∫
𝜉

0
𝑏 𝑑𝜉} ; 𝛼 = 𝛽𝑎;

𝛾 = −𝛽ℎ1 − 𝛽ℎ2 = 𝛾1 + 𝛾2; 𝑐 = 𝑐1 + 𝑐2, 𝑐1 ≤ 0 in Δ.

We shall say that the coefficients of (ℒ) satisfy in Δ conditions (C) if: 1) 𝑎 < 0
on 𝑂0𝐶0 ∖ 𝑂0; 2)

−𝑎(𝑃) > ∫
𝑃𝑄

[2|𝛾2| + 𝛽|𝑐2|] 𝑑𝜉

in Δ ∪ 𝐶0𝐴0, and conditions (D), if in Δ ∪ 𝐶0𝐴0: 1) 𝑎 < 0, 2)

−𝛽(𝑄)𝑎(𝑄) > ∫
𝑃𝑄

|𝛾| 𝑑𝜉,

where 𝑃 ∈ 𝑂0𝐶0 ∖ 𝑂0, 𝑃𝑄 is a segment of the characteristic 𝜂 = const. We
shall call a function 𝑢(𝜉; 𝜂) a solution of equation (ℒ) of class [𝑅] if ℒ[𝑢] ≡ 0 in
Δ, 𝑢 ∈ 𝐶(2)(Δ), 𝑢 ∈ 𝐶(0)(Δ̄), 𝑢 ∈ 𝐶(1)(Δ̄ ∖ 𝑂0𝐴0), 𝑢|𝑂0𝐶0

= 0,
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max
Δ̄

𝑢 > 0, max
Δ̄

𝑢 ≥ − min
Δ̄

𝑢.

Theorem 1 (maximum principle). Let the coefficients of (ℒ) satisfy in Δ
conditions (C) or (D), and let 𝑢(𝜉; 𝜂) be an arbitrary solution of (ℒ) of class
[𝑅].
Then maxΔ̄ 𝑢 is attained only on 𝑂0𝐴0.

Suppose the contrary. Let

max
Δ̄

𝑢 = 𝑢(𝑄), 𝑄 ∈ Δ̄ ∖ 𝑂0𝐴0.

Represent (ℒ) in the form (1)

(𝛽𝑢𝜂)𝜉 + (𝛼𝑢)𝜉 + 𝛾𝑢 = 0

and integrate this equation along the segment 𝑃𝑄:

𝛽(𝑄)𝑢𝜂(𝑄) = {−𝑎(𝑃)𝑢(𝑄) + ∫
𝑃𝑄

[𝑢(𝑄) − 𝑢]𝛾2 𝑑𝜉 − 𝑢(𝑄) ∫
𝑃𝑄

𝛽𝑐2 𝑑𝜉}+∫
𝑃𝑄

[𝑢(𝑄)−𝑢]𝛾1 𝑑𝜉−𝑢(𝑄) ∫
𝑃𝑄

𝛽𝑐1 𝑑𝜉;

(1)

𝛽(𝑄)𝑢𝜂(𝑄) = −𝛽(𝑄)𝑎(𝑄)𝑢(𝑄) − ∫
𝑃𝑄

𝛾𝑢 𝑑𝜉. (2)

By virtue of conditions (C) and (D), respectively, from (1) and (2) we obtain
𝑢𝜂(𝑄) > 0, which is impossible and proves the theorem.

Example 1. Denote by (ℒ𝜆𝜇
𝑚 ) the equation (ℒ) in which

𝑎 = 𝜎1
2(𝜉 + 𝜂) + 𝑓(𝜉; 𝜂)

(−𝜉 − 𝜂)2𝜎1+𝜆 , 𝑏 = 𝜎1
2(𝜉 + 𝜂) + 𝑔(𝜉; 𝜂)

(−𝜉 − 𝜂)2𝜎1+𝜆 ,

𝑐 = 𝑟(𝜉; 𝜂)
(−𝜉 − 𝜂)2𝜎1+𝜇 ;

0 < 𝑚 < 2, 𝜆 < 2 − 𝑚
2 + 𝑚, 𝜇 < 4 − 𝑚

2(2 + 𝑚), 𝜎1 = 𝑚
2 + 𝑚,

𝑓, (𝜉 + 𝜂)𝑓𝜉, 𝑔, 𝑟 ∈ 𝐶(0)(Δ).
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Lemma 1. If the length of the segment 𝑂0𝐴0 is sufficiently small, then the
maximum principle is valid for the equation (ℒ𝜆𝜇

𝑚 ).
Indeed, for a sufficiently small length of 𝑂0𝐴0 the coefficients of (ℒ𝜆𝜇

𝑚 ) satisfy
conditions (C)

𝑎(𝑃) = 𝜎1
2𝜂 [1 − (−𝜂)𝜎 2

𝜎1
𝑓(0; 𝜂)] , 𝜎 = 2 − 𝑚

2 + 𝑚 − 𝜆 > 0,

ℎ = −𝑚(4 + 𝑚)
4(2 + 𝑚)

1
(𝜉 + 𝜂)2 [1 − (−𝜉 − 𝜂)𝜎𝔚(𝜉; 𝜂)] ,

−𝑎(𝑃) − ∫
𝑃𝑄

𝛽|𝑐| 𝑑𝜉 = −𝜎1
2𝜂 [1 − (−𝜂)𝜎Ω(𝜉; 𝜂)] ,

𝔚(𝜉; 𝜂) = 4(2 + 𝑚)2

𝑚(4 + 𝑚) [(𝜆 + 3
2𝜎1) 𝑓(𝜉; 𝜂) − 𝜎1

2 𝑔(𝜉; 𝜂) − (𝜉 + 𝜂)𝑓𝜉(𝜉; 𝜂)+

+(−𝜉 − 𝜂)𝜎𝑓(𝜉; 𝜂)𝑔(𝜉; 𝜂) − (−𝜉 − 𝜂)1+𝜆−𝜇𝑟(𝜉; 𝜂)] ,

Ω(𝜉; 𝜂) = 2
𝜎1

[𝑓(0; 𝜂) + (−𝜂)3/2 𝜎1+𝜆𝜔(𝜉; 𝜂)] ,

𝜔(𝜉; 𝜂) = ∫
𝜉

0

|𝑟(𝑡; 𝜂)|
(−𝑡 − 𝜂)3/2 𝜎1+𝜇 exp {∫

𝑡

0

𝑔(𝜏; 𝜂)
(−𝜏 − 𝜂)2𝜎1+𝜆 𝑑𝜏} 𝑑𝑡.

Example 2.

𝔐𝜆𝜇[𝑢] ≡ 𝑢𝜉𝜂 + ( 𝜆
𝜉 + 𝜂 − 𝜇

𝜉 − 𝜂 ) 𝑢𝜉 + ( 𝜆
𝜉 + 𝜂 + 𝜇

𝜉 − 𝜂 ) 𝑢𝜂 = 0. (𝔐𝜆𝜇)

Lemma 2. For the equation (𝔐𝜆𝜇), for any 0 ≤ 𝜆 ≤ 1, 0 ≤ 𝜇 ≤ 1, 𝜆 + 𝜇 ≠ 0,
the maximum principle is valid.

Indeed, in Δ conditions (C) are satisfied

𝑎(𝑃) = 𝜆 + 𝜇
𝜂 < 0; ℎ1 = − 𝜆 − 𝜆2

(𝜉 + 𝜂)2 ≤ 0; ℎ2 = 𝜇 − 𝜇2

(𝜉 − 𝜂)2 ≥ 0,

−𝑎(𝑃) − 2 ∫
𝜉

0
|𝛾2| 𝑑𝜉 > −𝜆 + 𝜇

𝜂 + 2𝜇
𝜂 (1 − 2𝜇−1) > 0.
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It can be shown that for the equation (𝔐𝜆𝜇) with 𝜆 = 0, 0 < 𝜇 < 1 (the Euler–
Poisson–Darboux equation) the well-known maximum principle for hyperbolic
equations does not hold ((1), theorem 1).

§ 2. Consider the general generalized F. Tricomi equation

𝑇𝑚[𝑢] ≡ sgn 𝑦 ⋅ |𝑦|𝑚𝑢𝑥𝑥 +𝑢𝑦𝑦 + 𝑀(𝑥; 𝑦)
|𝑦|𝛽 𝑢𝑥 + 𝑁(𝑥; 𝑦)

|𝑦|𝛼 𝑢𝑦 + 𝐹(𝑥; 𝑦)
|𝑦|𝛾 𝑢 = 0 (𝑇𝑚)

in the domain 𝐷, bounded by: 1) a simple Jordan arc Γ, situated in the upper
half-plane and resting on the axis 𝑦 = 0 at the points 𝑂(0; 0) and 𝐴(𝑎; 0),
𝑎 > 0; 2) the characteristics 𝑂𝐶 and 𝐴𝐶. Let 𝐷1 and 𝐷2 be, respectively,
the subdomains of ellipticity and hyperbolicity of the equation (𝑇𝑚); 𝑂𝐴 is
the line of transition; 𝑀, 𝑁, 𝐹 ∈ 𝐶(0)(𝐷1); 𝑀, 𝑁, 𝐹 ∈ 𝐶(0)(𝐷2); 𝐹 ≤ 0 in 𝐷1;
𝑀, 𝑁 ∈ 𝐶(1)(𝐷2); 𝑁 ≥ 0 in 𝐷1 only when 𝛼 > 0; 𝑚 ≥ 0, 𝛽 < 1 − 𝑚/2, 𝛼 < 1,
𝛾 < 1 − 𝑚/4. We shall call the function 𝑢(𝑥; 𝑦) a regular solution of the
equation 𝑇𝑚[𝑢] ≡ 𝐺(𝑥; 𝑦) (𝐺(𝑥; 𝑦) ∈ 𝐶(0)(𝐷)), if 𝑇𝑚[𝑢] ≡ 𝐺(𝑥; 𝑦) in 𝐷1 ∪ 𝐷2;
𝑢 ∈ 𝐶(2)(𝐷1 ∪ 𝐷2); 𝑢 ∈ 𝐶(0)(𝐷); 𝑢 ∈ 𝐶(1)[𝐷1 ∪ (𝐷2 ∖ 𝑂𝐴)]; 𝑢𝑦(𝑥; 0 + 0) =
𝑢𝑦(𝑥; 0 − 0) for 0 < 𝑥 < 𝑎, and these limits are finite—the gluing condition. A
regular solution of the equation (𝑇𝑚) will be regarded as belonging to the class
[𝑃0] if

𝑢∣𝑂𝐶 ≡ 0, max
𝐷

𝑢 > 0, max
𝐷

𝑢 ≥ − min
𝐷

𝑢.

Problem T (F. Tricomi). Find a regular solution 𝑢(𝑥, 𝑦) of the equation
𝑇𝑚[𝑢] = 𝐺(𝑥; 𝑦) from the data: 1) 𝑢|Γ = 𝜑, 2) 𝑢|𝑂𝐶 = 𝜓, where 𝜑 and 𝜓 are
continuous functions; 𝜑(0) = 𝜓(0).
We shall say that for equation (𝑇𝑚) the principle of the (strict) maximum for
problem T is valid if an arbitrary solution of class [𝑃0] attains its maximum in
𝐷 (only) in the closure of the “elliptic”arc Γ.

Theorem 2. If in equation (𝑇𝑚), 0 < 𝑚 < 2, 𝛼 = 𝛽 = 𝛾 = 0, and the length of
the transition line is sufficiently small, then the principle of the strict maximum
for problem T is valid for it.

Suppose the contrary. Let 𝑢(𝑥; 𝑦) ∈ [𝑃0], max𝐷 𝑢 = 𝑢(𝑄), but 𝑄 ∈ 𝐷 ∖ Γ.
By the known property of elliptic equations and Lemma 1 the point 𝑄 ∈ 𝑂𝐴.
Consequently, by the modified lemma of E. Hopf (1), Lemma 2, 𝑢𝑦(𝑥𝑄; 0+0) < 0.
But 𝑢𝑦(𝑥𝑄; 0 − 0) ≥ 0, which contradicts the gluing condition and proves what
is required.

Theorem 3. If in equation (𝑇𝑚), 0 < 𝑚 < 2, and the length of the transition
line is sufficiently small, then the maximum principle for problem T is valid for
it.
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Suppose the contrary. Let 𝑢(𝑥; 𝑦) ∈ [𝑃0], max𝐷1
𝑢 = 𝑢(𝑄), but 𝑄 ∈ Γ. Conse-

quently, 𝑄 ∈ 𝑂𝐴. But then, by virtue of the lemma of K. I. Babenko (2) (one
can show that its assertion is also valid in the case 𝛼 > 0, but with 𝑁 ≥ 0 in
𝐷1), 𝑢𝑦(𝑥𝑄; 0 + 0) < 0, which is impossible by the gluing condition.

Theorem 4. Let the coefficients of an equation of the form (ℒ), corresponding
to the equation (𝑇𝑚), satisfy in the domain Δ the conditions (C) or (D). Then
for equation (𝑇𝑚) the following are valid: 1) the principle of the strict maximum
for problem T, if 𝛼 = 𝛽 = 𝛾 = 0; 2) the maximum principle for problem T.

The proof is analogous to the proofs of Theorems 2 and 3.

Theorem 5. For the equation 𝑇𝑚[𝑢] = 𝐺(𝑥; 𝑦), the solution of problem T is
unique if 0 < 𝑚 < 2 and the length of the transition line is sufficiently small.

The proof follows easily from Theorems 2 and 3.

Theorem 6. If the coefficients of equation (𝑇𝑚) satisfy the conditions of The-
orem 4, then for the equation 𝑇𝑚[𝑢] = 𝐺(𝑥; 𝑦) the solution of problem T is
unique.

§ 3. Consider an equation of mixed type with two mutually perpendicular
parabolicity lines of the first kind

𝑇𝑚𝑛[𝑢] ≡ sgn 𝑦 ⋅ |𝑦|𝑚𝑈𝑥𝑥 + sgn 𝑥 ⋅ |𝑥|𝑛𝑢𝑦𝑦 = 0, (𝑇𝑚𝑛)

𝑚 ≥ 0, 𝑛 ≥ 0, 𝑚 + 𝑛 ≠ 0

in a domain 𝐷, consisting of three subdomains 𝐷1, 𝐷2, 𝐷3. The domain 𝐷1(𝑥 >
0; 𝑦 > 0) is bounded by the coordinate axes and by a simple Jordan arc Γ resting
on them at the points 𝐴(𝑎; 0) and 𝐵(0; 𝑏). The domains 𝐷2(𝑥 > 0; 𝑦 < 0) and
𝐷3(𝑥 < 0; 𝑦 > 0) are bounded respectively by two pairs of characteristics
𝑂𝐶 and 𝐴𝐶, 𝑂𝐸 and 𝐵𝐸. We shall call a function 𝑢(𝑥; 𝑦) a regular solution
of equation (𝑇𝑚𝑛) if 𝑇𝑚𝑛[𝑢] ≡ 0 in 𝐷1 ∪ 𝐷2 ∪ 𝐷3, 𝑢 ∈ 𝐶(2)(𝐷1 ∪ 𝐷2 ∪ 𝐷3),
𝑢 ∈ 𝐶(0)(𝐷), 𝑢 ∈ 𝐶(1)[𝐷1 ∪ (𝐷2 ∖ 𝑂𝐴) ∪ (𝐷3 ∖ 𝑂𝐵)],

𝑢𝑦(𝑥; 0 + 0) = 𝑢𝑦(𝑥; 0 − 0) for 0 < 𝑥 < 𝑎, 𝑢𝑥(0 + 0; 𝑦) = 𝑢𝑥(0 − 0; 𝑦)

for 0 < 𝑦 < 𝑏, and these limits are finite—the gluing conditions. We shall regard
a regular solution 𝑢(𝑥; 𝑦) of equation (𝑇𝑚𝑛) as belonging to the class [𝑃00], if

𝑢∣𝑂𝐶∪𝑂𝐸 ≡ 0, max
𝐷

𝑢 > 0, max
𝐷

𝑢 ≥ − min
𝐷

𝑢.

Problem T. Find a regular solution 𝑢(𝑥; 𝑦) of equation (𝑇𝑚𝑛) from the data: 1)
𝑢|Γ = 𝜑, 2) 𝑢|𝑂𝐶 = 𝜓1, 3) 𝑢|𝑂𝐸 = 𝜓2, where 𝜑, 𝜓1, 𝜓2 are continuous functions;
𝜓1(0) = 𝜓2(0).
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Theorem 7 (the strong maximum principle for problem T). An arbitrary solu-
tion of the equation (𝑇𝑚𝑛) of class [𝑃00] attains its maximum in 𝐷̄ only in the
closure of the “elliptic”arc Γ.

The proof is analogous to Theorem 2 and follows from the modified E. Hopf
lemma 1 and Lemma 2.

Theorem 8. For the equation (𝑇𝑚𝑛), the solution of problem T is unique.

The proof follows from Theorem 7.

In conclusion we note that a somewhat different extremum principle for problem
T in the case of the Lavrent’ev–Bitsadze and Tricomi equations belongs to A.
V. Bitsadze 3.

The author expresses his gratitude to S. P. Pul’kin and the participants of his
seminar, especially V. F. Volkodavov, for their discussion of the results presented
above.

Kuibyshev Polytechnic Institute
named after V. V. Kuibyshev
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14 III 1967

REFERENCES
1 S. Agmon, L. Nirenberg, M. H. Protter, Comm. Pure and Appl. Math., 6,
No. 4, 455 (1953).
2 K. I. Babenko, On the theory of equations of mixed type, Abstract of doctoral
dissertation, Moscow, 1951.
3 A. V. Bitsadze, Equations of mixed type, Itogi Nauki, Publishing House of the
Academy of Sciences of the USSR, 1959, p. 84.

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196701.28869 Machine Translation

https://sovietrxiv.org/items/ru-196701.28869

	Abstract
	Full Text
	ON A MAXIMUM PRINCIPLE FOR HYPERBOLIC EQUATIONS AND ITS APPLICATION TO EQUATIONS OF MIXED TYPE
	REFERENCES


