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(Presented by Academician I. N. Vekua on 22 IV 1967)
§ 1. Consider the equation

Llu] = ug, + a(§n)ue + b(§nu, +c(§nu=0 (L)

in the characteristic triangle OyA,Cy (the domain A, Oy(0;0), Ay(&§5;—Eo),
OO<O7 _€0>7 EO > O)a a, a{a bv cE C<O)<A \ OOAO)' Let

3
h=ag+ab—c=h;+ h,y, hy <0in A; ﬁ:exp{/ bdf}; a = Ba;
0

v =—phy — Bhy =7 + 75 c=c +cy, ¢; <0in A.

We shall say that the coefficients of (£) satisfy in A conditions (C) if: 1) a < 0
on OyCy \ Oy; 2)

—a(P) > /P 2l + Bl

in AUCyA4,, and conditions (D), if in AUCyA,: 1) a <0, 2)

~A(Q)a(Q) > /P e

where P € OyCy \ O, PQ is a segment of the characteristic = const. We
shall call a function u(&;7n) a solution of equation (£) of class [R] if £u] =0 in
A, ue C?(A), ue COA), ue CV(ANOyA), ulg g =0,
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maxu > 0, max u > —minu.
A A A

Theorem 1 (maximum principle). Let the coefficients of (£) satisfy in A
conditions (C) or (D), and let uw(&§;n) be an arbitrary solution of (L) of class
[R].

Then maxz u is attained only on OyA,.

Suppose the contrary. Let

Represent (£) in the form ()

(&Ln)‘E + (ozu)§ +yu =0

and integrate this equation along the segment PQ:

MQm4Q>={—auan»+/

PQ

1)
M@%@Fﬁﬂ@d®w®—/'w%. (2)

By virtue of conditions (C) and (D), respectively, from (1) and (2) we obtain
u, (Q) > 0, which is impossible and proves the theorem.

Example 1. Denote by (£n") the equation (£) in which

oy f(&n) oy g(&;m)
= b:
“Tagry e 2e+n) | (E—nE
_ &)
(=€ —m)2ortr’
2—m 4—m m
O<m<2, )\<m, M<m7 Ulzmv

f7 (£+n)f§a g, re C(O)(Z)
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Lemma 1. If the length of the segment OyA, is sufficiently small, then the
. L. . . . ALl
mazimum principle is valid for the equation (£,)').

Indeed, for a sufficiently small length of OyA, the coefficients of (ﬁ;\n“ ) satisfy
conditions (C)

o) =g 1= o Zrom)|. o=3Tm-as
m(d+m 1
h= - Sl (e,
—o(P) = [ Bl ds = g l1= (&),
m 2 g
W(esn) = o [(A+ G ) £6m) = Fraléinm) = (6 + nfel6m+

+(=E=n)7f(&mg(&n) — (=€ — ) Fr(&n)],

e ) = 03 [£(0:m) + (—m)*2 (g m)] |

3 t
AR A (4(1/)] . g(3m) .
W(f, 77) - Z (—t _ 77)3/20'1+H P {\/{; (—T — T})201+)‘ d } dt.

Example 2.

_ A Iz A Iz _
imm[u] :U§n+ (m*a) ’LL§+ (m‘i’m) un—O. (Z)J?M)

Lemma 2. For the equation (SDTM), forany0<A<1,0< u<1, A\ +u+#0,
the maximum principle is valid.

Indeed, in A conditions (C) are satisfied

A A— A2 —

o(P) n E+m2 =7

3
A 2
—a(P) — 2/ |vo| d€ > —% + #(1 — 2071y > 0.
0
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It can be shown that for the equation (90,,,) with A =0, 0 < p <1 (the Euler-
Poisson-Darboux equation) the well-known maximum principle for hyperbolic
equations does not hold ((*), theorem 1).

§ 2. Consider the general generalized F. Tricomi equation

M(x;y)u N(m;y)u F(x;y)
Tyl Yy

u=0 (T,,)

in the domain D, bounded by: 1) a simple Jordan arc T', situated in the upper
half-plane and resting on the axis y = 0 at the points O(0;0) and A(a;0),
a > 0; 2) the characteristics OC and AC. Let D; and D, be, respectively,
the subdomains of ellipticity and hyperbolicity of the equation (T,,); OA is
the line of transition; M, N, F € C'9(D,); M,N,F € C'9(D,); F <0 in D;
M,N € C(D,); N >0in D, only when a > 0; m >0, 8 <1—m/2, a <1,
v < 1—m/4. We shall call the function u(x;y) a regular solution of the
equation 7,,,[u] = G(z;y) (G(x;y) € CO(D)), if T,,[u] = G(z;y) in Dy U Dy;
u € C¥(Dy UDy); ue COD); ue CYID, U(Dy\ OA); u,(x;0 4 0) =
,(2;0 —0) for 0 < z < a, and these limits are finite—the gluing condition. A
regular solution of the equation (T,,) will be regarded as belonging to the class
Py if

u‘ 0, maxu > 0, maxu > —minu.

oc D D D

Problem T (F. Tricomi). Find a regular solution u(x,y) of the equation
T,,[u] = G(z;y) from the data: 1) ulp = ¢, 2) u|gz = ¥, where ¢ and v are
continuous functions; ¢(0) = (0).

We shall say that for equation (T,,) the principle of the (strict) maximum for
problem T is valid if an arbitrary solution of class [P,] attains its maximum in

D (only) in the closure of the “elliptic” arc T'.

Theorem 2. If in equation (T,,), 0 <m <2, a = =+~ =0, and the length of
the transition line is sufficiently small, then the principle of the strict maximum
for problem T is valid for it.

Suppose the contrary. Let u(x;y) € [P,], maxpu = u(Q), but @ € D\T.
By the known property of elliptic equations and Lemma 1 the point Q € OA.
Consequently, by the modified lemma of E. Hopf (1), Lemma 2, u,(2g;0+0) < 0.
But uy(:cQ; 0 —0) > 0, which contradicts the gluing condition and proves what
is required.

Theorem 3. If in equation (T,,), 0 < m < 2, and the length of the transition
line is sufficiently small, then the mazimum principle for problem T is valid for
it.
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Suppose the contrary. Let u(z;y) € [Fy], maxp u = u(Q), but Q € T. Conse-
quently, @ € OA. But then, by virtue of the lemma of K. I. Babenko (?) (one
can show that its assertion is also valid in the case o > 0, but with NV > 0 in
Dy), u,(g;0+ 0) < 0, which is impossible by the gluing condition.

Theorem 4. Let the coefficients of an equation of the form (L), corresponding
to the equation (T,,), satisfy in the domain A the conditions (C) or (D). Then
for equation (T,,) the following are valid: 1) the principle of the strict maximum

for problem T, if o« = 8 =~ =0; 2) the mazimum principle for problem T.
The proof is analogous to the proofs of Theorems 2 and 3.

Theorem 5. For the equation T,,[u] = G(z;y), the solution of problem T is
unique if 0 < m < 2 and the length of the transition line is sufficiently small.

The proof follows easily from Theorems 2 and 3.

Theorem 6. If the coefficients of equation (T,,) satisfy the conditions of The-

orem 4, then for the equation T, [u] = G(x;y) the solution of problem T is
unique.

§ 3. Consider an equation of mixed type with two mutually perpendicular
parabolicity lines of the first kind

m >0, n >0, m+n+0

in a domain D, consisting of three subdomains D, Dy, D4. The domain D, (z >
0; y > 0) is bounded by the coordinate axes and by a simple Jordan arc I resting
on them at the points A(a;0) and B(0;b). The domains Dy(z > 0; y < 0) and
Ds(z < 0; y > 0) are bounded respectively by two pairs of characteristics
OC and AC, OF and BE. We shall call a function u(x;y) a regular solution
of equation (T},,,,) if T,,,[u] = 0 in D; U D, U D;, u € C* (D, U D, U D5),
ue CO(D), uec CY[D, U (Dy\ OA) U (D4 \ OB)],

,(2;0 4+ 0) = u,(z;0 —0) for 0 <z <a, u, (0+0;y) = u, (0 —0;y)

for 0 < y < b, and these limits are finite—the gluing conditions. We shall regard
a regular solution u(x;y) of equation (7,,,,) as belonging to the class [Py], if

u’ =0, maxu > 0, maxu > —minu.

OCUOE D D D
Problem T. Find a regular solution u(zx;y) of equation (7,,,,) from the data: 1)
ulp = ¢, 2) ulge = ¥y, 3) ulgg = ¥y, where @, 1,1, are continuous functions;

¢1 (0) = ¢2 (0>
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Theorem 7 (the strong maximum principle for problem T). An arbitrary solu-
tion of the equation (T,,,,) of class [P,,] attains its maximum in D only in the
closure of the “elliptic” arc T'.

The proof is analogous to Theorem 2 and follows from the modified E. Hopf
lemma ' and Lemma 2.

Theorem 8. For the equation (7,,,), the solution of problem T is unique.

The proof follows from Theorem 7.

In conclusion we note that a somewhat different extremum principle for problem
T in the case of the Lavrent’ ev-Bitsadze and Tricomi equations belongs to A.
V. Bitsadze 3.

The author expresses his gratitude to S. P. Pul’ kin and the participants of his
seminar, especially V. F. Volkodavov, for their discussion of the results presented
above.
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